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Abstract

The shearlet representation has gained increasing recognition in recent years as a framework for the
efficient representation of multidimensional data. This representation consists of a countable collection
of functions defined at various locations, scales and orientations, where the orientations are obtained
through the use of shearing matrices. While shearing matrices offer the advantage of preserving the inte-
ger lattice and being more appropriate than rotations for digital implementations, the drawback is that
the action of the shearing matrices is restricted to cone-shaped regions in the frequency domain. Hence,
in the standard construction, a Parseval frame of shearlets is obtained by combining different systems
of cone-based shearlets which are projected onto certain subspaces of L? (RD ) with the consequence that
the elements of the shearlet system corresponding to the boundary of the cone regions lose their good
spatial localization property. In this paper, we present a new construction yielding smooth Parseval
frame of shearlets for L?(R”). In particular, all the elements of the shearlet systems obtained from this
construction are compactly supported and C*° in the frequency domain, hence ensuring that the system
has also good spatial localization.
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1 Introduction

Several advanced multiscale representations were introduced during the last 10 years to overcome the limita-
tions of wavelets and other traditional multiscale methods in dealing with multidimensional data efficiently.
Indeed, wavelets are not very efficient in capturing the geometry of images with edges, so that they can
only provide suboptimal approximations for these and other higher dimensional data. Starting with the
introduction of wedgelets [7] and ridgelets [2], it was recognized that to achieve sparser representations of
multidimensional data, one has to consider representation systems with ability to deal with anisotropic fea-
tures much more efficiently than traditional wavelets. The construction of the system of curvelets [3] can be
considered a breakthrough in this direction, since it was the first non-adaptive representation to be proved to
provide (nearly) optimal approximations for a large class of images. Curvelets are a collection of analyzing
functions defined not only at various scales and locations as wavelets do, but also at various orientations, with
the number of orientations increasing at finer scales. Another fundamental property is that their supports
are highly anisotropic, and this also plays a fundamental role in their approximation properties. However,
the curvelet construction has a number of drawbacks. In particular, this system is not singly generated, i.e.,
it is not derived from the action of countably many operators applied to a single (or finite set) of generating
functions. In addition, its construction involves rotations and these operators do not preserve the digital
lattice, which prevents a direct transition from the continuum to the digital setting.

The shearlets, originally introduced by the authors and their collaborators in [13, 29], provide an alterna-
tive approach to the construction of sparse and efficient multidimensional representations, which overcomes
the main drawbacks of the curvelet representation. In fact, shearlets were derived from the framework of



wavelets with composite dilations, a method introduced to provide a truly multivariate extension of the
wavelet framework through the use of affine transformations [20, 21, 22]. In this approach, the shearlet
system is obtained by applying a countable collection of operators to a single or finite set of generators. In
particular, the directional selectivity of the system is controlled through the use of shearing matrices. This
is another fundamental difference with respect to curvelets, since the shear matrices preserve the integer
lattice and this allows the shearlet systems to provide a unified treatment of the continuum and digital
setting. These properties and the special flexibility of the shearlet framework have made this approach very
successful both as a theoretical and a applicable tool (see, for example, publications [5, 8, 14, 16, 19, 25, 28]
for the main theoretical results, and [4, 9, 10, 11, 28, 31, 32] for some applications).

In this paper, we introduce a new construction which allows us to obtain smooth Parseval frame of
shearlets for L?(RP); specifically, all elements of these new shearlet systems are C> and compactly supported
in the frequency domain, hence ensuring that they are well localized. This new approach overcomes an
outstanding problem concerning the construction of well localized Parseval frames of shearlets in L?(R”). In
fact, the standard construction of reproducing shearlet systems produces smooth Parseval frames of shearlets
defined only over certain proper subspaces of L?; when shearlet systems associated to these subspaces are
combined to obtain a reproducing system for the whole L? space, either the tightness of the system is
lost (e.g., the enlarged shearlet system is a non-tight frame of L2(R”)) or the system loses its spatial
localization since the enlarged shearlet system is a Parseval frame of L2(RP), but not all of its elements are
well localized. This new construction is especially relevant since the new smooth Parseval frames of shearlets
for L?(RP) introduced in this paper offer the appropriate representation methods needed to provide highly
sparse approximations for a large class of multidimensional data. In particular, for D = 3, this new smooth
Parseval frame of shearlets provides nearly optimally sparse approximations piecewise C? functions in L?(R3)
[17, 18].

1.1 Shearlet representations

In order to better explain the significance of the new construction presented in this paper, let us recall the
main ideas of the traditional shearlet construction in dimension D = 2 (cf. [14, 29]). For an appropriate
v € L%(R?), a system of shearlets is defined as a collection of functions of the form

{%,e,k(w) = |det Aq)["/? (B, A,

4 0 1 1
A(l) = (0 2) ) B(l) = (0 1> : (1.2)

Notice that the matrix A(;) is a dilation matrix whose integer powers produce anisotropic dilations and,
more specifically, parabolic scaling dilations similar to those used in the curvelet construction; the shearing
matrix B(;) is non-expanding and its integer powers control the directional features of the shearlet system.
The generator function « is defined in the frequency domain as

x—k):j,éez,keZZ}, (1.1)

where

6) = 461 &2) = w(En) o)
and it is possible to choose functions w, v € C°(R) so that the corresponding system (1.1) is a Parseval
frame of L?(R?). As a result, the system (1.1) forms a Parseval frame of waveforms defined at various scales,
orientations and locations, controlled by j, £, and k, respectively.

Despite its simplicity, however, the shearlet system derived from this construction has a directional bias,
due to the fact that the shearing matrices Bfl) produce elements whose support is increasingly more elongated
along the vertical axis, in the Fourier domain, as || increases (see illustration in Fig. 1(a)). This directional
bias affects negatively the approximation properties of the system (1.1) and makes it impractical in most
applications. Hence, to avoid this problem, the shearlet system is usually modified by: (i) restricting the
shearing parameter ¢ so that the frequency support of the shearlet system (1.1) is contained inside the cone
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Figure 1: The tiling of the frequency plane produced by: (a) a singly generated horizontal shearlet system;
(b) two cone-based systems of horizontal and vertical shearlets.

|§—?\ < 1, and (ii) adding a second shearlet system which is rotated by m/2 with respect to the first one. That
is, for d = 1,2, one defines the cone-based shearlet systems

{19 = [ det Ag)| 77/ Y (BgyAlpz —k), 520,00 <27,k 7%}, (1.3)

where Ay = (39), By = (19), v = 7, v? is defined by 4 (&1,&) = w(&)v (—;), and the index
d = 1,2 is associated with the horizontal and vertical truncated cone regions given by

731:{(51,52)6]&21 21<1, &) > 5 }772 {(fl,ﬁz)ERQ | = |>1 |§1|_é}7 (1.4)

respectively. In fact, for each value of index d, one can show that the shearlet systems (1.3) are smooth
Parseval frames of the subspace of L?(R?) given by

L2(73d)v ={f e L*(R?%: supp f C ’ﬁd}.

In order to obtain a Parseval frame of shearlets of L?(R?), each of these systems is projected onto the
subspaces L?(P4)V, d = 1,2; in addition, a coarse scale system is included to take care of the low frequency
region. That is, we obtain a cone-based Parseval frame of shearlet of L?(IR?) of the form

{P5 lyjlk §>0,1l <2 keZ®d _12}U{(I)k k € 7%},

where Pp is the orthogonal projection (Pg h)"(§) = h(€) x5,(§) and @ is an appropriate band-limited
function (lcf 13, 14]). As illustrated in Fig. 1(b) the cone-based shearlet system produces a tiling of the
Fourier plane whose directional selectivity is much more uniform than the previous construction, and this
makes this approach highly preferable in most situations'.

The outstanding issue in this cone-based construction is that the orthogonal projection operator has
the effect of destroying the spatial localization properties of the shearlet elements whose frequency support
overlaps the boundaries of the cone regions P; and Ps. This is due to the fact that the boundary shearlet

INote that the frequency tiling Fig. 1(b) is very similar to the one used by the contourlets [6], a purely discrete approach
introduced as a discretization of curvelets



elements are truncated in the frequency domain. While one can preserve the continuity in the frequency
domain, it is not possible to match the boundary elements so that also the smoothness is preserved.

As indicated above, in this paper we introduce a new shearlet construction which allows us to obtain
smooth Parseval frame of shearlets for L?(RP”); specifically, all elements of these new shearlet systems are
C* and compactly supported in the frequency domain, hence ensuring that they are well localized. As will
be discussed below in detail, this is obtained by slightly modifying the definition of the cone-based shearlets
and by appropriately defining the shearlet elements whose frequency supports overlap the boundaries of the
cone regions. This modified construction, which is rather saddle, becomes increasingly more complicated as
the dimension D increases and is obtained at the expense of the affine structure of the system. That is, the
new smooth Parseval frame of shearlets is not obtained from the action of a countable set of operators on a
single or finite set of generators as in (1.3). Nevertheless, as will be clear below, the new system is indeed
finitely generated in the frequency domain (unlike curvelets). In fact, the new construction corresponds
very nicely to what is needed for some digital implementations such as the one considered in [10], where the
shearlet decomposition is derived directly in the discrete Fourier domain.

Before presenting our new construction, it is important we mention that an alternative solution for the
construction of smooth reproducing shearlet systems for L?(RP) consists in weakening the requirement that
the Parseval frame condition is satisfied and considering band-limited shearlet frames which are not tight
frames, as were recently proposed in [12] (where similar dual frames are also constructed). Finally, we
recall that there is a very different approach to the construction of shearlet systems, recently introduced in
[23, 27, 26], which produces well localized compactly supported frames of shearlets, where the frames are not
tight. It is an open problem whether Parseval frames of such compactly supported systems of shearlets exist.

The paper is organized as follows. In Sec. 2, we introduce the new systems of shearlets in dimension
D = 2 and show that they produce smooth Parseval frames of L?(IR?). In Sec. 3, we extend this construction
to dimension D = 3. This construction is significantly more complicated, due to the need to define different
types of boundary shearlet functions. In Sec. 4, we briefly describe how the new shearlet construction extends
to higher dimensions D. In Sec. 5, we recall a notion of shearlet molecules previously introduced by the
authors and show that the new shearlets are also shearlet molecules. This is useful to provide an additional
insight into the close relationship between the new and old shearlet constructions.

2 A new shearlet construction (D = 2)

We start with the construction of a smooth Parseval frame of shearlets for LQ(RQ)

Let ¢ be a C univariate function such that 0 < ¢ < 1, ¢ = 1 on [— 75> 15) and é = 0 outside the
interval [fg, g] That is, ¢ i 1s the scaling function of a Meyer Wavelet rescaled so that its frequency support
is contained the interval [—4, £].

For ¢ = (€1,&) € B?, let o -
() = B(61,6) = $(61) 4(&2) (2.5)

and

W(E) = W(g,6) = \/32(2-261,2-26,) — 82(61, ).
It follows that

*(6,&) + Y W 27Y6,27%6) =1 for (&,&) € R (2.6)
j>0
Notice that each function VV2 W?2(27%.) has support into the Cartesian corona
O = [-22—1 92 —1]2\ [—2%—4 9242

In particular, the functions WjQ7 j > 0, produce a smooth tiling of the frequency plane into Cartesian coronae:

STW2(27%E) =1 for £ € R?\ [f%, é}z CR2. (2.7)
j=0



Next, let v € C*°(R) be chosen so that suppv C [—1,1] and
lo(u — )2 + |v(uw))®> + [v(u+ 1) =1 for |u| < 1. (2.8)

In addition, we will assume that v(0) = 1 and that v (0) = 0 for all n > 1. Tt was shown in [14] that
there are several examples of functions satisfying these properties. It follows from equation (2.8) that, for
any 7 >0,

27

Z [v(27u—m)? =1, for |u| <1. (2.9)

m=—27

For £ = (£1,&) € R? and V(1) (&1, &) = v(5 ), the horizontal shearlet system for L?(R?) is defined as the
countable collection of functions

{085 >0,-27 <0< k ez, (2.10)

where

DU (6) = | det Ay |9/ W (27%€) Vo) (€A B 2743 Pk, (2.11)

and A1), B(y) are given by (1.2). The term horizontal refers to the fact that the elements of this system
(except for £ = £27) have frequency support contained inside the horizontal cone Py, given by (1.4) and
that, as will be shown below, the system (2.10) forms a Parseval frame for the L?(Py)".

Remark. The new shearlet system (2.10) has virtually the same spatial-frequency interpretation as the
“standard” system of shearlets (1.1) whose elements, in the Fourier domain, can be written as

3 0(6) = [det A)| 72 w(27280) Vi) (€A B 7AW PwY, (2.12)

where w is a one-dimensional Meyer wavelet with frequency support in [—%, 3]\ [~ 15, 75]. In fact, both the
functions 9; ¢k, given by (2.12), and the elements 1/3512 &> given by (2.10), are supported inside the trapezoidal
regions

{(61,&) : & € [-297, 2%~ u ¥4 2%, |§*2 — 277 <279}
1

in the Fourier plane, so that they produce the same frequency tiling. However, due to the shear-invariance
of the function w, the system of shearlets {7, ¢} is affine-like. In fact, we have that

; 5 £
F.06(€) = [det A | 9PA(EAT B e 2T EAG Bk

where ¥ is the function 4 = w V, so that in space domain they produce the system (1.1).
By contrast, the new system of shearlets (2.10) is not affine-like. In the space domain, its elements are
of the form

bjen(@) = | det Ay P72 4y 0(Bly Afyyz — k),
where

by.0(€) = W(2T¥EB AL V().

As the expression above shows, the function W is not shear-invariant. On the other hand, as we will show
below, the new definition will allow us to construct a smooth cone-based Parseval frame of shearlets not only
for certain proper subspaces of L?(R?) but for the whole space L?(R?), whereas this is not possible using
the affine-like shearlet construction.

We first show that the system of shearlets (2.10) is a Parseval frame for L2(P;)Y. Notice that this result
is similar to the one valid for the affine-like shearlet system (1.3).

Proposition 2.1. The system of shearlets (2.10) is a Parseval frame for LQ(’ﬁl)v.



Proof. Notice that _ ' _
(&1,62) A JB_) (27%¢,,279¢ — 0272 ¢y).

Hence, we can write the elements of the system of shearlets (2.10) as
wj ‘ ) (€1,6) =273 W(2%g,, 2728, v(2j§—2 - e) 2migAGS BTk
1
Let f € L2(P;)V. Using the change of variable 1 = §A(1) and the notation Q = [—1, 3]%, we have:

9
SN ST AP

§>0 4=—27 keZ2

Yy Y

j=>0¢0=—27 kez?

Yy Y

j>0¢=—27 keZ?

_Z Z /23 \fnB 1)A(1))\ W (1,279 (12 + 012 |U(Zz)|2

2

/ % f 2j§17 272]‘52) v (ng - E) eQﬂgA(_l';Bafk d¢

2

3

/5 (B Afy)) W (n1»2‘j(?72+€771))v(%)eQ”i”’“dn

j>04¢0=—27
S LR w2 g (22 - o) pag
j>04=—27
OF T 3 We-Be,2 Ye )l (@2 o) Pas
§>0 ¢=—2i &1

In the computation above, we have used the fact that the function
W .27 (e + ) v (22
m
is supported inside @ since v(22) is supported inside the cone [2] <1 and W (1,2~ I(n2+m1)) is supported

inside the strip |n;| < 1.
Finally, using (2.7) and (2.9) if follows that

o
Z Z W (2720€,,272¢,) 2 |v(2]§2 £)|2 _ Z|W(272j£1 “2ig,)[2 Z v (2J 5)‘2

j>0¢=—27 j>0 0=—27
= Y W2 ¥, 27%8) =1 for (&,6) € Py
j>0

Thus, we conclude that, for each f € L? (751)\/, we have:

3 Z ST A LN =1IF17 O

§>0 £=—27 keZ?

A similar construction yields a Parseval frame for L2(P,)Y, where Ps is given by (1.4). Namely, let

{z/;]“ §>0,-20 <0 <2 keZ?, (2.13)



where
~ . . [ miEA I Bt
d’fé),k(ﬁ) = | det /1(2)\7”2 W(27%7€) Vg (fA(2J)B(2§) M ek, (2.14)

Ay =(39), Boy=(19), Vioy)(§) = v(%) Then a very similar argument to the one above gives:

Proposition 2.2. The system of shearlets (2.13) is a Parseval frame for L2(752)V.

2.1 A smooth Parseval frame of shearlets for L?(R?)

We will obtain a smooth Parseval frame of shearlets for L?(R?) using an appropriate combinations of the
horizontal and vertical systems of shearlets together with a coarse scale system, which will take care of the
low frequency region. To ensure that all elements of this combined shearlet system are C2° in the frequency
domain, those elements overlapping the boundaries of the cone regions in the frequency domain will be
appropriately modified 2.

In the following, we will use the notation:

P = {(51,52) e R?: |€£| < 1} , Py = {(51752) eR?: |§£| > 1} .
& &1
The new shearlet system for L?(R?) is given by

{&,l,k ke ZQ} U {@,M,d L0 <2 ket d= 1,2} U {Jmk > 0,0=+2 ke ZQ} , (2.15)
consisting of:

e the coarse-scale shearlets {15—1,1@ = ®(-— k) : k € Z*}, where ® is given by (2.5);
e the interior shearlets {’lz}'j’g’k’d = wj(-fie)_’k 17> 0,10 <29k €Z? d= 1,2}, where the functions w](.f?’k are
given by (2.11),(2.14);

e the boundary shearlets {%7“ 1 j > 0,0 =42k € Z?}, obtained by joining together slightly modified
versions of ¢§lg) . and 1/}522 u» for £ = £27_ after that they have been restricted in the Fourier domain to

the cones P; and Po, respectively. The precise definition is given below.

For j > 1, ¢ = £27, k € Z?, we define

[SI[)

5. 1 ) . . wica—lA—I B¢ .
W6, 270) o2 — 1) ST AR e Py

- 2-
(Vi,e6)"(€) = , . . , i
’ 2 W (2, 27 g) o (P8 - 0) SETAGPE e e Py,

For j =0, k € Z2, { = %1, we define

W, &) v 82 —0) itk if e e Py

({EO,Z,I@)A(E) = ;
W(&,&)v( & — )™k, if € € Py

Notice that the boundary shearlets {zﬂ/;j,g,k 1§ > 0,0 =421k € Z*} are compactly supported and C>

functions in the frequency domain. In fact, the support condition follows trivially from the definition. To

show that (¢ ¢)" is continuous, it is easy to verify that the two terms of the piecewise defined function

2As it will be clear from the calculations below, this modification of the boundary elements produces the desired smooth
Parseval frame of shearlets; the same modification would not produce the same result using the systems (1.3).



are equal for §; = +&. The smoothness is similarly verified that checking the derivatives of these functions
along the lines & = £&;. Specifically, for the functions (¢; 2, )", we have that

Ge W (¥ (E - 1) e P

91
22 W g-2ig, 5-ig) () e2miz ¥t
91

P w(e e, 2 (0) ek
& 7

F2mi(272 7 ey — 27T Ry ) W(27H gy, 2728, ) u(0) €272 ek

S W (2 (- 1)) e AT

o6,
22 W g2igy 9-2ig,) y(0) e2riz ek
o6;

2i . - i1
+§— W(27%7¢,27%€) 0/ (0) 22 L
1

+2mi(27 ey = 279 ) W27, 2709 61) 0(0) 27 TR

Since v'(0) = 0, the two partial derivatives above agree for & = &. A very similar calculation shows that
also the partial derivatives with respect to &3 also agree for §; = ;. This observation can be repeated for
higher order derivatives since v(")(0) = 0 for all n > 1, implying that the functions (¥j,2i )" are infinitely
differentiable. The same observation holds for the functions (’le,_gj)k)/\.

We can now prove that we obtain a smooth Parseval frame for L?(R?).

Theorem 2.3. The system of shearlets (2.15) is a Parseval frame for L*(R?). In addition, the elements of
this system are C*° and compactly supported in the Fourier domain.

Proof. The smoothness and compact support of the coarse-scale and interior shearlets in the Fourier
domain follow directly from the definition. The smoothness and support conditions of the boundary shearlet
elements have been discussed above. Hence, it only remains to show that the system of shearlets (2.15) is a
Parseval frame of L?(R?).

We start by examining the tiling properties of the boundary elements for {Jj’Qj’k :j > 1,k € Z%}. For
any f € L?(R?), we have:

kez?
3.1 2 ; j &2 omie2 A B |
=Y | [ 2w a2 e o(2(2 - ) e E T  ag
kez2 17 P o
Y 2
L3 | [ o weta, s g u(@(E - p) e ey L )
kezz 1Pz ?

We will use the change of variable n = §2_1A(_1§ B(_Sj. Hence, for n = (n1,12), we have that £ = ZT]B?IJ)Agl) =

(2%+1y,, 229y, 4+ 27+1y,). Using this variable change, we obtain that

af?j> <772>
v<2€1 2 v " ,



. . 92j+1 ) _
(2351 2J)v(25 = 2J>v<n2. )
&2 220y, + 271y, m+277ne
W(27%€,27%6) = W (201,277 (n2 + 27m)).
By the conditions on the support of v and W, it follows that v (”2> is supported inside the region |Z—f| <1

and W (2n1,27971 (ny + 2911)) is supported inside the region || < 1. Thus, the function

T (moma) = W (200,277 (2 + 27m1)) v(%)

is supported inside ). Next consider the function

_ — —j+1 j 2
Lo (m,m2) = W (20,277 (2 +27m)) v (m T 2_jn2> :

Similar to the case above, the assumption on the support of W implies that I's ; is supported inside the
region || < %. In addition, the support condition of v implies that, for j > 1,

" <
n + 27719
It follows that
2 ‘1+2 =12\ <1 497
m m 771
so that
—i\ | T2
1-279) |2 <1,
( ) |
and finally
n2

<(1-279)7"1<2 sincej>1.

m

This shows that, if [;| < §, then |na| < 2| | < 4. Thus, I'y ;(n) is also supported inside @ for j > 1.
Using these observatlons from (2.16) we have that, for j > 1:

S, (D000

keZ?
—85-1 —2j —2j j 52 omic2~ A B 2 )k 2
2 TR fE)W(27 1,27V E) v( 2 (?_1) e wBa e
1
3j—%f j j & 2mig2 1A= B2y ?
+Z / 2_5J‘5f(£)W(2‘2351,2‘27§2)v(27(——1))e’” @Bk ge
2 [/ P2 52
kez
2
=2 / 249%% f(20B 1>A(1))W(2m,2‘j+1(n2+2jm))v(@) ek dny
kEzZ.2 Q T
2
3i+3 f —j j —2 2mink
+ /22 2 f(2nB} Al ) 2m, 2 ]+1(772+23771 v() ™" dn
k%/z: Q (205 4y) WL N \nvem
:/ o (2J)23j+1‘f(2773 (1))| W (201, 279 (12 + 271)) |2 |U( )|2
P12-YAT B m

(1)7(1)

—Jj j —2 2
) 29 0By Ay W 2 2 4 2Pl ()
. 1A(1J)B((1)2J) |f( o (1) (1))| W (2m (12 m))|” | 2 in, |“ dn



= [ 1HOP W a2 )P (22 - )P ds
P1 1

+ [ 1 ORIWE 6,2 )P (2 - D) P e (2.17)
Py 2

For j = 0 and ¢ = 1, since supp (W) C @, we have that

> 1F Wok)”

kez?

= f 2milk 2 A (51 B ) — 2
kgz 7>1 W&, &) v (5 1) e +k§2 -, FEOW(&,&)v 5 1) e de

-/, FOP W (&, &) v (5— >|2d§+/ FO W (L, &) v (_1) 2 de. 218)

Using (2.17) and (2.18) into (2.16), we conclude that for any f € L?(R?)

ST UE W)

j>0 keZ?

=3 [ 1R W e )R (2 (2 - 1) P e

7>0

o[ ifer |W<2*2J'51,2*2J'52>|2\v(w(g—l—1>)|2ds.
P 2

An analogous result holds for the boundary elements (’(Zj,_gj,k)/\.
Using the observations above and (2.9), we now have that for any f € L?(R?):

2
SN S iend) P D D i)

d=1j>0 |¢|<2i keZ? >0 (=427 keZ?
=3 SO DT ST HERIP DS D Y I W)
Jj2>0 |£|<27 keZ? J2>0 |0|<27 keZ? j=>0¢=427 kez?
= [ 1fer X weer (Z pEE-0r+ X (g 1) )df
Jj=0 |¢|<27 |e|<27
JRGh W] (2 )P e
+ [ IFOF et (2 - 1) g
>0
+ [ IFOR Xt (2 + 1) g
>0
+ [ IFOR et (2 + 1) g
>0

= [ 1or S we P (Z (28 - ) Prm ©) + Z_w(zjzw)ﬁmxa) d

3>0

10



= [ VFOF Wi

7>0

Finally, using (2.6), we have that for any f € L?(R?):

STHAEG P+ D3 S W diewa) P> D D NG

kez? d=1j>0 |¢|<2i kez? >0 =427 keZ?

= [ OrIe©Ras+ [ 17OF S Wk

7>0

= [UOF (m@F+ X weer | = [ (fore o

j=0

3 A new shearlet construction (D = 3)

In this section, we extend the construction presented above to D = 3. While the main ideas of the construc-
tion are similar to the 2D case, there are several technical additional difficulties, especially for what concerns
the construction of the boundary shearlet elements.

As in the 2D case, let ¢ be a C*° univariate function such that 0 < ¢ < (;AS =1on [—1—16 %] and (b =0
outside the interval [—g, 3], For £ = (&,&2,&3) € R3, define
B(E) = B(61, 62, 63) = 9(&1) H(E2) d(&a) (3.19)
and
W(e) = /3222 - 8(0).
It follows that
)+ Y W27¥E) =1 for £ € R®. (3.20)
7=>0
Notice that each function T/V2 W?2(27%.) has support into the Cartesian corona
Oj _ [_22j71,22j71}3 \ [_22j747 22j74]3 C RS.

The functions WjQ, j > 0, produce a smooth tiling of the frequency plane into Cartesian coronae, where

SOW2%g) =1 for £ €RY\ [ é,%}?’. (3.21)
3>0

We will define 3 shearlet systems associated with the pyramidal regions

7’1={(§1,§2,€3)6R3 |>= |<1| |<1},

:{(51,52,53>em3:| <1, |<1},

P3:{(£1a§27€3)€R3 | |<1 | |<1}
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For that, let the anisotropic dilation matrices be given by

4 0 0 2 00 2 00
Apy=(0 2 0], A2 =10 4 0|,As =10 2 0],
0 0 2 0 0 2 0 0 4
and, for ¢ = ({1, 03) € Z2, let the shear matrices be defined by
1 4 4y 1 0 0 0 0
Bl =[0o 1 of,B=|6 1 &) B=[0 1 0
0 0 1 0 0 1 0 4y 1

Hence, for & = (£1,&9,63) € R3 and d = 1,2, 3, the 3D shearlet systems associated with the pyramidal regions
P4 are defined as the collections

(W8 520,27 <ty,6, <2 k€ 2%, (3.22)

where
“(d g Y a\ on (]
w§ g)k(f) = |det A2 W(27%¢) V(d)(fA(dj)BEd) )€ €A B ) k) (3.23)

Vi (615 €2,6) = v(2)0(8), Vi) (€1, 62, &) = v(E)0(£), Vig) (€1, €2,3) = v(g)v(§2), and v is defined as in
Sec. 2, that is, it is a C°° functions supported 1n51de [ 1,1], with v(0) = 0, v (0) = 1 for all n > 1 and
satisfying (2.8). Notice that (B([f;]))_l = B([;)e]).

Similar to the 2D case, each system of shearlets (3.22), for d = 1,2, 3, is a Parseval frame for Lz(ﬁd)v,
the subspace of L? functions whose frequency support is contained inside the truncated pyramidal regions

Pa=Pa{(é1, &) € R?: [&] > £},
Proposition 3.1. For each d =1,2,3, the system of shearlets (3.22) is a Parseval frame for Lz(ﬁd)v.

Proof. We only present the argument for d = 1 since the other cases are very similar.
Notice first that

(€1,&2,€3) (f)B[ )Z] (27271, —012729& + 277 &y, — 0,272 4+ 277¢3).

Hence, we can write the elements of the system of shearlets (3.22), for d = 1, as

1/3](-1z)k(§17§2,§3) =27 H W(27%€,,27%&,27%¢3) U(Qjé2 - £1) U(jS?’ - fz) 2REAGI By
- &1 &1

Let f € LQ(’ﬁl)V. Using the change of variable n = §A(_1§B([I)e] and the notation Q = [—3, 1], we have:

ST P

kez3
2
=> / 2—2jf(£>W(2‘2j£1,2—2j52,2—%53)1)(2]’5—2— ) o(2 52—@) 2T By dg‘
kezs |V R? & &1
2
= || B AL W2+ ). 27 () o(2) o 22) 2k ay
kezs 1V Q m m

= | 20Tl ALy W 2 e ) o (72 2o () Pl

= [ VORI 2 2 i) (2 — )R (2 E - ) P (3:24)

12



In the computation above, we have used the fact that the function
W (1,277 (n2 + Lam), 277 (n3 + £n2)) ”(%) U(%)
1 1

is supported inside @ since v(%) is supported inside the region \Z—ﬂ <1, U(Z—f) is supported inside the region
|%\ < 1and W(n,277(n2 + €1m1),277 (13 + 2)) is supported inside the region |n;| < 1.
Using (3.21) and (2.9) if follows that

2J 27
SN Y W e, Ve r e P lo(2 - 0) (¥ - 6P

520 0y=—2i f3=—2i &1 &1

27 27
=Y weta s ey ta)l 3 p(rE-a)k Y (e o)
3>0 f=—2i f——27 1
=1 for (fl,fg,gg,) S ﬁl. (325)

Thus, using (3.24) and (3.25), we conclude that, for any f € L2(P;)Y, we have:

9 23
SN S el Lo =12 o

>0 0 =—27 y=—27 kEL2

3.1 A smooth Parseval frame of shearlets for L*(R?)

Similar to the 2D case, we will obtain a Parseval frame of shearlets for L?(R?) using an appropriate com-
bination of the systems of shearlets associated with the 3 pyramidal regions Py, d = 1,2, 3, together with
a coarse scale system, which will take care of the low frequency region. To ensure that all elements of this
combined shearlet system are C¢° in the Fourier domain, we will introduce appropriate boundary elements
corresponding to the boundaries of the 3 pyramidal regions. The main difference with respect to the 2D
case is that there are two classes of such boundary shearlets, corresponding to boundary planes (where 2
pyramidal regions intersect) and boundary lines (where 3 pyramidal regions intersect), respectively. As will
be shown in Sec. 4, the same type of situation, requiring different types of boundary shearlets, will occur in
higher dimensions.

The new shearlet system for L?(R3) is defined as the collection

{on ke U {iona: 520,061 <2, 16| <2, ke2,d=1,2,3}
U{Bser 520,610 =229 k e 7°) (3.26)
consisting of:
e the coarse scale shearlets {_y, = ®(- — k) : k € Z3}, where ® is given by (3.19);
o the interior shearlets {154 = wﬁ),k 1§ > 0,46 <29,k € Z3,d = 1,2,3}, where the functions
w%{ . are given by (3.23);

o the boundary shearlets {t; o pa : j = 0,6y = 29 |6o| < 29k € Z3,d = 1,2,3} and {tjpp : j >
0,01,05 = +27 k € Z3}, obtained by joining together slightly modified versions of ¢g(',1e),kv 7/’3(22)1« and
z/J](‘? w» for 01,05 = £27 after they have been restricted in the Fourier domain to the pyramidal regions

P1, P2 and Ps, respectively. Their precise definition is given below.
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For j > 1, {1 = +27 |{3] < 27, we define

. . . . . Jpl—(£1,¢ )]
; ey < [FETWEEO(PE -0 ) o218 - ) STEENTTE iteepy
(V5.01,02.0.2)" (§) = =28 7 (=24 e 6 mier A Bk
(2 5)1}25—2—61 v2£—2—€2 e ™=@ if £ € Ps.
(3.27)
. . . . e — i pl—(2,£1)]
; ey < [ FETWEEO(PE ) o2 - 0) SO T ey
(V5.01,02,0,2)" (§) = . , . , omig2 A Bl
2-21-3 1/ (2-2%¢) v(zﬂg - 62) v(2ﬂ§§ - el) 2TE A B , ifEePy
. . . . e — [—(1,€2)]
e
(wj,lhlg,kﬁ) (f) = 9i_3 2 e e 2mig2 2 A j gl=(t1.€2)] .
9-2i=3 1 (2~ 75)1}(2%—;761)@(27&—276)6 @B . ifeePs

For j > 1, {1,05 = +27, we define

) . ‘ . - Bl (1.2)]
W (g )2 ) T e
({/;Ml,b,k)A(f) — ) 9-2i-3 W(Q—ng)v( a g ),U(Qj% B €2> (2mi€2” 2ALB ([1>(1/1,142)]k7 it &Py,

s - . eo—2 4—3 gl—(t1,£2)]
9-2i=3 | (2-2¢) U(ZJE—; - el) v<23% - eg) 2TE2TEAGBL TR i e e .
Similarly, for j = 0, {1 = +1, we define

W(EQuv(g -t )v(g)emek  ifcepy

7 3 &1
(& 1,0,k, a §) = )
( 0,4 Okl) ( ) W(f)’l) %—61 v % eszk’ iffePQ.
N . W(E)v(E)v(8 —f)e™k, ifEeP,
(Y0,6,,0,k,2)"(§) = . c prieh

W) wv E—; v 5—;—81 e2mick - if ¢ € Ps.
~ N W()v %) v(g—f —0y) ek if & e Py
(7/)0,21,0,k,3) (5) = 13 3 o2mitk .

W () v 5—;—€1>1}(5—§ 2k if £ € Py

For 7 =0, {1 = +1 and ¢5 = £1, we define
W(Eo(&—t)vo(8—ts) ™, iteeP
(W00, 20) (€)= S WO v(E — 1) v( £ — 1) 2™k, if £ € Py

W(Ev( & —t1)v(8 —ty) 2™k, it & e Ps.
Notice that the boundary shearlet functions are compactly supported in the Fourier domain by construction.
In addition, it can be shown that they are C° in the Fourier domain. In fact, let us consider the function
(V.25 05.1)", given by (3.27). To show that it is continuous, it is easy to verify that the two terms of the
piecewise defined function are equal when & = & and & = £3. The smoothness is verified that checking the
derivatives of these functions on the plane & = £ = £3. Specifically, we have that

0 iy ) &3 2rig2~2 A~ BI=2 42l
e W@ 0(2(F =) u(PE — ) AT g,
9 OW

=2 8&- (2 & (51751,51)) ( ) (2]762) 627Ti2_2j_2£1k1
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27 _ o

= W(27% (&, &,6)) 0 (0)0(27 — £5) 272 25-2¢ 1,
24 : oy — 37

—E WY&, ) v(0) V(2 — ) B2k

+27i(272 2 kg — 2777 2 ky — 27 2 Uoks) W(27% (&1, £1,&1)) v(0) 0(27 — £3)

X627ri(2*2j—2€1k1+2*j*2(§2_€1)k2+2—j72(€3_€22,]€1)k3);

2w ( (21_1))"(2j§£_52) PGB,

851 9 52
= 2—2jg%(2—2j (51751’ 51)) U(o) 1}(2j _ g2) 62wi2*2j—2£1k1
51 W (272 (&1,81,6)) v/ (0)v(27 — £y) 272 7 ek

+2mi(27 Pk — 279 kg — 27 P laks) W(27H (61,61, £1)) 0(0) (27 — £o)
w22 TR e k427 T (6 ke 427 T (60227 61 )hs)

Since v/(0) = 0 and v/(27 — ¢3) = 0 (this is due to the fact that v'(0) = 0 and v’ vanishes outside its support
n (—1,1)), the two partial derivatives agree for £ = & = £3. A very similar calculation shows that also the
partial derivatives with respect to & and &3 agree for §; = & = £3. This observation can be repeated for
higher order derivatives since v(™)(0) = 0 for all n > 1, implying that the functions (¢;.¢, ¢, x)"(£), given by
(3.27), are infinitely differentiable. A similar computation shows that all boundary shearlets are infinitely
differentiable.

We have the following result.

Theorem 3.2. The system of shearlets (3.26) is a Parseval frame for L*(R3). In addition, the elements of
this systems are C'°° and compactly supported in the Fourier domain.

Proof. The interior and coarse scale shearlets are clearly C*° and compactly supported in the Fourier
domain by construction. As discussed above, the boundary shearlets also satisfy this property. Thus, it only
remains to prove that the system of shearlets (3.26) is a Parseval frame.

We will first examine the tiling properties of the boundary shearlets starting with the functions {’l’[){j_ygj Oa k1
Jj>0,|l] <27,k eZ3}. For f € L2(R?) we have:

ZZ {EJZszkl) >‘2

>0 kez?
_ —2j—3 ¢ —2j &2 j§3 2mi€22 A 1JB[12 —ea]y 2
=S| T wEe V(2 (3—1))1;(2{_@2)6 @B ge

>0 kezs Y P1 1 1

2
j p 1 —9 4—j pl—27,—05]

S| e wie e o2 ) ofr ) e i e

>0 kezs 1V P2 2 2

We will use the change of variable n = €272 A, jB[l)z 2 and hence £ = 22773[2 KZ]AJ = (2202 2272, ¢

20F2ny 092712y 4+ 29F2p3). Using this change of variable we have

&2 _ 38 ) (™), (7
U( (51 1)>U< (51 U) U<771>U<771>7
&1 _ ; 22742y, A —
! (2](52 - 1)> B <2j 22i+2y, 4 252, 2]) - (771 + 2_j772) 7
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v ( 7S €2> =0 <2J L2 + 20 - 52) =0 (an3 — 82772)
&2 22542y, 4 27+, 2in; +my )’
W(27%5&,27%765,27%65) = W (2%, 2772 (1 + 27m1), 2772 (s + Lamy)).

By the conditions on the support of v and W, it follows that v (Z—f) v (Z—i’) is supported inside the cone P,

and W (22n1,277%2(ny + 29m1), 27972 (n3 + Lamy)) is supported inside the region |n;| < §. Thus, the function

Ty j(n) = W(2%n1, 2772 (g + 27m1), 27772 (3 + Lom)) v (Z?) <Z?>

is supported inside ). Next, consider the function

. ; s - 27n3 — Lo
T, - W 22 9 it+2 9J 2 j+2 ¢ 2 i L .
2,5 (1) (2°m, (n2 +2'm), (ns + am)) v N1 + 279 Y 29 4+ n2

We will show that also the support of I's ; is contained inside (). In fact, the assumption on the support of
W implies that || < %. In addition, the support condition of v implies that

L_ <1
m+ 2790

It follows that

s ‘1+2 R RS
Uit Uit 771
so that
—jy |72
1270 |2 <1,
( ) mi|
and finally
2lc1-27)1<2 forj>1
m
This shows that, if 1| < §, then |nz] < 2|mi| < 4. Again, by the support condition on v, we have that
J e —
s — a2 |
27 + e
It follows that
3 _2*3[27772 < ‘14_2]’772 <1427 2 )
m m m M
Hence
Bl <y ypoi|B 4o <4 sincejZL\ |<2
m n

Combined with the observation above, this shows that, if |1 < L, then \773| < 1. Thus, also I'y j(n) is

8
supported inside @, for each j > 1.
Using these observations, from (3.28) we have that, for j > 1, |f2]| < 27:

I Wy k)

kezZ?
29,0, 2
-/ 2SO W) o(2(E - 1) o(2 2 - ) e AEIT g
kez3 !
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2

. X [—29,—¢5]
+3 / 2y W De o (2L 1) o(22 - 6y) FETAGETT g
S 1P, ) &2
2
= Z / 22043 f( 22773(21])14(1))W(2277172_j+2(772 +2711),279 2 (s +€2771))U(ig) U(nj) > dn
keZ3 " "
+ 3 / 22943 f(2°n B Azlpvv(a?wj+2<n2+2ﬂ‘n1>,2ﬂ“(nswm))v(;7:.)
=, m +277n2
2
Qe — ¢ .
v <7732772> e27r7,77k dn
27m +m2

24| (@Bl Ay P W (220,277 o+ 20), 27752 s+ Lom))? o (2 ) i

[29 132])_1

/7312—2A(1])(B(1)

JF/ 246 f(2°nB{ 1)14] )P W (221,277 2 (2 + 27m1), 2772 (s + Lamy))|?
Po2- 2A(1)(B(f§ f2ly—1

290 — lama \ |2
xIv (771+2 “72)| I ( 291 + 2 > a
o — j 52 ‘53
= | QP WP o(2/(2 = 1) Plo(27E — ) Pae
; —2j & €3
] HOPIWE P (2 (G - 0)P (2 - ) Pa (3.29)
For j = 0, since supp (W) C @ we have that

Z| ¢010k1 I

kez3
; 2 &) goricge| f (51 _ ) (ﬁs) itk
kgzzs 7’1 <51 1) (51) ¢ +k§3 o, FEW(E)v ‘s 1 o)

GG (E-1)rw(E)pace RGOS (E-1)ep(2)rie e

for any f € L*(R3). Using (3.29) and (3.30) into (3.28), we conclude that, for [¢5| < 27,

Yo @20 k)P

j>0kez3
=3 [ IfeF W (2~ 1) Rlo(2E - ) P
=0 & &
3>
“2iv12 10 (29 (5L _ 1\ 2 10 (2983 _ 5 )12
+g OF WP (2~ )P (2 )P de, (3.31)
720
with a similar result holding for 1%7_2]- o ke
Similar computations to the one above show that, for £; = +1, |[fa] < 27,
ZZ| (j.trt2,k,2)™)
7>0 keZ3
- —2j > Jgi _ 2
Z &)1 W (27¢) 2 v ( )P o(2g —0) P de
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+30 | IFOP WP (22 )Pl ( )2 d

7>0

and that

SN W @)

j>0kez3

—Z/ FOP W ED9R o(2 - ) Plo(2E - 1) P

7>0

+2 | forwe P (2 - 0) P2 - ) P

j>0

A similar computation, for j > 1, 1,0y = £27 yields:

Z | % £1,02,k >‘2
kez3

_ ; 2 i% 88 _

= /P O W@ fo(272 — 1) Plo(2 2 — ) P e
; _2j &1 i3
+ QP IWE P22 - a)Plo(2E — 6 ) P de
&2
2

¥ /p IOV TOP (P E - 6)P (2 E

Similarly, for j =0, ¢1,03 =

ez) 12 de.

Z | 77Z)051 2,k >‘2

/ FOP WL (2 - a) Pl (£ )P
+ [ erwe (—z1)| o (2—&) 2 de
[ ierwer (E-a)pw(2-n)re

Using (3.34) and (3.35), we conclude that, for ¢1, o = £27,

ZZ| 1/}][1?2 >|2

7>0 kez3

=3 | QP or (2

7>0

&1

7>0

+30 [ IFOF WP (2

7>0

%fel)mv(wfi’f@)ﬁdg
+Z/ FQRIWE )P (2 §—f€)|2|v(2ﬂg—37£)|2d5
&
&3

)|2 |v(2ﬂ§ 782)|2d§.

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

Finally, using the same argument as in the proof of Proposition 3.1 it is easy to verify that for any f € L?(R3):

¢ ¢
)OI D ATV FGTE ST S CF S (R C

3>0101],]02]<29 keZ3 j>0 [€1],]€2] <27

18
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with a similar result holding for the interior shearlets {1/1] htak)s A=
Thus, using the last observation together with equalities (3.31), ( ) (3.33) and (3.36), we now have
that for any f € L*(R3):

SN S tanrdPHY] DT S )]

d=1 >0 |01]<29 |£2] <27 kEZ? 520 01,0y =427 keZ?
3
(d) 2 " 2
_ZZ Z Z ICFs %50, 00,00 +ZZ Z Z Z [(fsVj.01,00.k,d)]
d=15>0 |£1].]¢2] <27 k€L d=17>0 6, =427 |fs]<29 keZ?

+> Y D )

52001 ,0,=%25 keZ?

- [ ior S weop ( > b(PE-a)re(E )P

j=>0 £y ,0o==227

[ o S weor ¥ p(E-a)k 22— )2 de
w O TIwe R S (2 ) (g -

j=0 £y, lo==427

Jj=0 [€1],]€2]<24
" Zl%<2j |v(2j% - £1>|2|v<2j£73 N €2> |2 " Zl%<2j |U(2]% - El)|2‘v(2]% - E2)|2) d§
+ [ or S e r ¥ o2 - 0) P (2 - ) P
j=0 =427 |05 <27
+ [ R S e r (28 - 0) Plo(2E - ) P
Jj=0 =427 [€3|<27
+ [ ifor Ciwevor 3 (28 - )P lo(2 2 - )P
j=0 =427 |05 <27
+ [ er S we e X (28 ) Plo(2 2 - ) Pag
§>0 =427 |£y] <27
+ [ ifor Ciwe e PP IRIC )P lo(2 - ) e
Jj=0 =427 |0y|<27
+ [ 1or C e r X (28 - 00) Plo(2E - ) P
Jj=0 =427 |0y|<29
(
(
(

O S weTor ¥ w(E - a)Re(2 g - w)r

J>0 £y 0y =+2

j20 [€1],]€2]<29

/ FOP Y IweeP ( > |v(2j§j—el)\2|v(2j§—j—zz)PxPl(@
+ 2 Iv(2j%—£1)l2\v(2j§—z—€) AR (2ﬂ —el)|2|v(2j§z—ez)|2xp3(§)) e

[€1]|42] <27 |€]<27
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= [ 1ior X we e

7>0

In the last step we used (2.9). From the calculations above, using (3.20) it follows that for any f € L?(R3):

3
Z|<f>{/;—1,k>\2+zz Z Z Z|<fa&j,£1,£z,k,d>|2+z Z Z|<f7$j,41,22,k>|2

kez3 d=1j>0 |¢1]<27 |£2| <27 kEZ? §>0 01 =427 keZ3
/|f )2 |0 (e \d€+/ FOFR S (W(22e)Pde
7>0

= [1HOF (128 + X Iweer | de= [ 1f@Pd O

=0

4 Higher dimensions

The construction of smooth Parseval frames of shearlets can be naturally generalized to higher dimensions. In
this section, we briefly outline the main ideas needed to construct such shearlet systems in the D-dimensional
setting.

For ¢ = (&1,...,&p) € RP, one can define a smooth low pass function EI\>(§) supported in [—%, %]D as
done in the previous sections, so that the function
6 = \/B2(220) - B2(¢)
satisfies
(&) + ) W2 %¢) =1 for £ € RP.
7>0
Next, let us define the anisotropic dilations matrices
4 0 0 2 0 0 2 0 0
0 2 0 0 4 0 0 2 0
A(l): DY DY DREEEY DY ’A(2): DY ’ ’A(D): DY ’
0 o ... 2 0 0 2 0 0 4
and, for £ = (¢1,...,€p_1), the shear matrices
1 4 lp_1 1 0 0 1 0 ... 0
0 /1 Ip_1 o 1 ... 0
(4 @ _ @ _
o=l o s Pet s s s s Pe T s
0o 0 ... 1 0o 0 ... 1 by ... 1

To obtain a smooth Parseval frame of shearlets for L?(RP), one has to combine a set of coarse-scale shearlets,
interior shearlets and boundary shearlets, similar to the constructions given above for D = 2, 3. In particular,
the coarse-scale shearlets are similarly defined as the elements of the form {®(- — k) : k € ZP}. The interior
shearlets are the elements

{wj(-fie),k 1§ >0,-20 <4y, 4p1 <2 kezZP d=1,.-- D}, (4.37)
where

~ . £]
3D, (€) = | det A /2 W(27€) Vi (64} B ™A B B ™,
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and

V&, --.6o) = |1 (Z)

m=1,.--
m;ﬁd

Notice that the index d is associated to the D-dimensional pyramid

Pa={eer?: <12 <),

and each set of interior shearlets {1/1](-:2;6} is supported inside Py in the Fourier domain. To define the
boundary shearlets, it is useful to recall that in the case D = 3 there are 3 pyramidal regions and we defined
2 sets of boundary shearlets: one set corresponding to the 6 planes where 2 different pyramidal regions
intersect; another set corresponding to the 4 lines where 3 different pyramidal regions intersect. For the D-
dimensional shearlet system, the situation is similar. In fact, there are D D-dimensional pyramidal regions.
Hence we introduce several sets of boundary shearlets, each one associated with the L-hyperplanes where
D — L pyramidal regions intersect, for L = 1,. — 1. One can verify that there are 2P~LC(D,D - L) L-
hyperplanes where D — L pyramidal regions 1ntersect where C(n, k) = m Specifically, the boundary

shearlets corresponding to the D — l-hyperplanes (there are 2°~1C(D, D — 1) of them) are defined for
0y = £27 [ly],...|¢p_1] < 27 and have the form

Bl-1
@B k

—(D-1)% 9—23L 1% 0\ 2mig2= (P~ A~Jd .
(J,de)/\(f) )2 (D=7 2= (27%¢) V(q)(fA(q])B[ )]> ¢ - if £ € Py
J558, - D+1 riga—(P—1) 4—i gl- .
2-(P=0%F 27257 W(27%¢) Viy) (fA(q) ]) 2mi2 AaBaw *if ¢ e Py,

for all combinations of pyramidal regions P, and P, . The boundary shearlets corresponding to the (D —2)-
hyperplanes (there are 2°~2C(D, D — 2) of them) are defined for ¢1, ¢, = 427, |¢3],...|¢p_1| < 2/ and have
the form

=4
( 5) ‘/(q)(fA JB[ )@]) 27ig2 (P~ 1)A<) (@ k’ iffEPq
7 [-a
() (€)= 2002 222 W2 20y Vo (€A, B P O e,

. i (D—-1) [—2] .
2-(P-08 9= B W(2-26) Vi (€A, BL ) 272 7T AGPW it g e Py,
for all combinations of pyramidal regions Py, P, and P,~. Similarly one proceeds for the boundary shearlets
corresponding to the L-hyperplanes, where L = (D — 3),(D —4),...,1

5 Shearlet Molecules

The new systems of shearlets discussed above form Parseval frames of band-limited, well localized functions
ranging at various scales and orientations under the action of anisotropic matrices and shearing transforma-
tions. The sparsity properties of these function systems are closely related to their localization properties,
their directionality and their ability to deal with anisotropic features through the parabolic scaling which is
produced by the dilation matrices. Indeed, one can try to define abstractly the type conditions which are
required by a generic shearlet-like system in order to form a sparse representation system and this leads to
a notion of shearlet molecule.

This type of notion was originally introduced by the authors in [15], in connection with the study of
the shearlet representation of Fourier Integral Operators, where the following definition was introduced (in
dimension D = 2).

Definition 5.1. Let M = {(j,£,k) : j > 0,|(] < 27k € Z*} and M; = {(j, 4, k) : |{| < 27,k € Z*}. For
= (j,t, k) € M, the function m,(z) = 2%/2 aM(Bfl)
reqularity R if the function «, satisfies the following properties:

A{l)m — k) is an horizontal shearlet molecule with
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(i) for each v = (y1,72) € Nx N and each N > 0 there is a constant Cn > 0 such that
07 au(z)] < Cyn (1+]2)™; (5.38)
(i1) for each M < R and each N > 0, there is a constant Cpr,n > 0 such that

|4, (O] < Crnrn (LH[ENT2Y (275 + &)™, (5.39)

For p = (3,4,k) € M, the function m,(f) (z) = 239/2 a#(B(ZQ)A{Q)x — k) is a vertical shearlet molecule with

reqularity R if the a,(f) satisfies (5.38) and for each M < R and each N > 0 there is a constant Cya > 0
such that

i (©)] < Cwar (L+16)72N 7% + ).
The constants Cy Ny and Cn o are independent of .

Notice that this definition of shearlet molecule is similar to the curvelet molecules introduced by Candes
and Demanet [1]. Both definitions adapt the notion of vaguelettes of Coifman and Meyer [30].

It is a very simple exercise to show that the affine-like horizontal shearlets (1.1) are also horizontal shearlet
molecules, and the same holds for the corresponding vertical systems.

It turns out that also the new shearlet systems introduced in the sections above are shearlet molecules.

Proposition 5.2. The horizontal shearlet system (2.10) is a system of horizontal shearlet molecules.

Proof. Recall that the elements of the system (2.10) are of the form

Wi (@) = det A2 5 (Bl Al o — k), 5> 0,10 <20k € 22,

where X
¥5.0(8) = Wje(€) Vi) (€)

and

Wje(€) = W(2T¥EB{ Ay) = W(61,277 (& — t1)).

Hence, we need to show that v, satisfies (5.38) and (5.39).
Notice that ;. is compactly supported, uniformly for each j,¢. In fact, the support conditions on W

and V() impose that supp ;¢ C {(&1,&) € R?: |g—f\ <1,& €[-3, 3]\ [~ 15, 15)- From this observation, it

is easy to verify that for all 3 = (81, B2) such that [3] < 2N, i = 1,2, there is a constant Cy such that
’82 (|§|2N¢j,z(§)>‘ < Cy.

This implies that (5.38) is satisfied.
To show that (5.39) is satisfied, notice first that support condition of V' implies that there is a constant
C'n such that
Vi (€)] < Cn (14 [€) 2.

Next, a direct calculation show that, for all M € N, there is a constant C'y; such that
|08 W;.0(€)] < Cua,
uniformly with respect to j, ¢, and &, and that

ag1ijl(£)|§1:0:07 nzo,l,...,M—l’

due to the support assumptions on W. Hence (5.39) is satisfied. O
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A very similar argument shows that vertical shearlet system (2.13) is a system of vertical shearlet
molecules. In addition, taking again advantage of the assumptions on W and v, one can show by direct
computation that also the boundary shearlets {&j’g’k 2§ > 0,0 = +2 k € Z%} defined in Sec. 2.1 are
horizontal shearlet molecules.

Let us briefly examine a few implications of Definition 5.1. If m,(z) is an horizontal shearlet molecule
with regularity R, then it follows from (5.38) that

|2mi€)” (O] < 07 apl| < Cs,
and, thus, for all NV > 0 there is a constant Cx such that
|a,(6)] < On (1+ (€))7,
It follows that for all N > 0 there is a constant C'y such that
[, (€)] < Oy 27372 (14 [6A™/ B4~ (5.40)

On the other hand, from (5.39) it follows that for each M < R and each N > 0 there is a constant Cy s > 0
such that

()] = lau (€ A7 B9 < O 27972 {272 (1416 )V 1+ 1647 B (5.41)

Thus, combining (5.40) and (5.41), it follows that for each M < R and each N > 0 there is a constant
Cn,m > 0 such that

10, (€)] < Cyar 279972 min {1,272 (1 + &)} (1+]gA7 B) 7. (5.42)

Similarly if mff))(x) is a vertical shearlet molecule with regularity R, then for all N > 0 and all M < R
there is a constant C', s independent of i such that:

. (0 iy ) iy M i ,N\T2N
[ (E)] < Cnar 27%/% min {1,27% (1 + |&])} (1+|§A(U]) B(U‘;|> : (5.43)

These properties are particularly useful, as discussed in [15], where it is shown that there is a notion
of almost orthogonality associated with the shearlet molecules. Related to this, it is useful to recall that
shearlet molecules were recently used to develop a notion of sparsity equivalence in [24], implying, essentially,
that all systems satisfying the conditions given in Definition 5.1 share the same sparsity properties.

This point of view makes more precise the observation that there is a close affinity between the affine-like
shearlets (1.3) and the new shearlets (2.10). Not only both systems form a Parseval frame for the same
subspace L?(Py)V. They are also both horizontal shearlet molecules, implying that they have essentially the
same geometrical and sparsity properties (when considered as systems in L?(P;)Y).

Finally, it is clear that the definition of shearlet molecules can be extended to higher dimensions. In
particular, in dimension D = 3 we have the following definition.

Definition 5.3. Let M = {(j, 0, k) : j > 0,0 = ({1,02), 1], |lo| < 27,k € Z3}. For p = (j, l1,02,k) € M
and d =1,2,3, the function m,(ji) (z) = | det A(g)|'/? aH(B([Z])Agd)x — k) is a shearlet molecule associated with
the pyramidal region Pq of reqularity R if the function o, satisfies the following properties:

(i) for each v = (y1,72,73) € N3 and each N > 0 there is a constant Cy > 0 such that
03 au(2)] < Cyv (L4 |2))~; (5.44)
(i1) for each M < R and each N > 0 there is a constant Cn pr > 0 such that

|, (€)] < Cnvaar L+ DTN 272 + Jea)™. (5.45)
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The constants C, ny and Cn ar are independent of 1.

A calculation similar to one above shows that the new cone-based shearlets (3.23) are shearlet molecules

associated with the pyramidal regions Py.
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