The Binomial Experiment

Suppose we engage in an experiment (e.g., flipping a two-sided coin) that has exactly two possible outcomes called “Success” and “Failure”.  We repeat the experiment n times (each repetition being called a trial, with the trials being independent of each other). We will let x denote the number of Successes we observe among the n trials.  A particular result of repeating the experiment n times would involve exactly x successive Successes followed by the remaining (n ‑ x) Failures‑that is,

                                                SSS……S  FFF……F
                   x        n ‑ x
Of course there would be other possible outcomes, each of which has exactly x successes, that could have been obtained that would simply appear as a rearrangement the S’s (exactly x of them) and F’s (exactly n ‑ x of them). 

We know that there are such rearrangements where is given by:





C(n, x) =        n!     





     x!(n – x)!
Now if we know the probability of Success, say p, on any one of the trials then, in the particular case of:

 SSS……S  FFF……F)
      x          n ‑ x
The probability of the x Successes = P(SSS……S  FF……F) and from the independence of the 







      x          n ‑ x
trials,


P(SSS……S  FFF……F) = P(S)P(S)P(S)…..P(S)  P(F)P(F)P(F)…..P(F) = px(1 – p)n - x


      x           n ‑ x


x                        n ‑ x
Finally, taking into account that the multiplication of the P(S)’s and the P(F)’s is commutative,

We may conclude, for the totality of the   C(n, x) =        n!        such arrangements, that





                             x!(n – x)!
The probability of observing exactly x Successes among the n trials is given by:

                                                     n!        px(1 – p)n – x    for each x = 0, 1,     ,n
            x!(n – x)!

Try the experiment flip an “unfair coin” n = 3 times when the probability of getting a head on any single independent flip is p = 5/8.  There are only eight outcomes of this experiment and you may wish to list them to better understand how the S and F arrangements appear and are counted. 

THE BINOMIAL DISTRIBUTION

Summary

LET X DENOTE THE NUMBER OF SUCCESSES, IN A SUCCESS / FAILURE EXPERIMENT, AMONG  n INDEPENDENT TRIALS; T1 , T2 ,T3 , …, Tn , WHERE THE PROBABILITY OF SUCCESS, P(Ti), ON ANY SINGLE TRIAL Ti , IS EQUAL TO  p.  NOTE THAT “INDEPENDENT TRIALS;

T1 , T2 ,T3 , …, Tn”   MEANS THAT:

                               P(Ti ∩ Tj ) = P(Ti)P(Tj ) FOR i≠j = 1, 2, 3, …,n.

LET P( X = x ) DENOTE THE PROBABILITY THAT THE NUMBER OF SUCCESSES 

AMONG THE n TRIALS IS EQUAL TO “x”.  

THE POSSIBLE VALUES “x” (NUMBER OF SUCCESSES) ARE : 

                                        x = 0, 1, 2,  3, … ,n.
AND THE PROBABILITY, P( X = x ), IS GIVEN BY THE FORMULA:

                                   P ( X = x ) = C ( n, x ) px ( 1 - p) n - x

RECALL FROM ALGEBRA THAT THE NUMBER OF ARRANGEMENTS (DIFFERENT 

SUBSETS) CONSISTING OF x OBJECTS TAKEN FROM AMONG n OBJECTS IS GIVEN BY: 

                                       C( n, x ) =  n! / x!(n - x)!    

THE MEAN AND VARIANCE OF THIS SAMPLING DISTRIBUTION ARE:

                              (X = np     AND         (X2 = np(1 – p)

EXAMPLE:  INDEPENDENTLY FLIP A COIN  n = FIVE TIMES WITH PROBABILITY OF “GETTING 

A HEAD ON ANY SINGLE FLIP”  p = .7 (I.E., THE COIN IS UNFAIR).  FOR EXAMPLE, THE 

PROBABABILITY OF GETTING THREE HEADS IN FIVE FLIPS IS:

P( X = 3)  = C(5 , 3) .73 ( 1 - .7 ) 5 - 3  =  (10) .73 .32  = .3087

NOTE, FOR EXAMPLE, THAT:  P(X ( 1) = 1 - P(X = 0) AND

                                                      P(X ( 2) = P(X = 0)  + P(X = 1) + P(X = 2)     
