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Homework – on my website

Definition:

We say that a function, f, has a limit, L, as x approaches a when the value for f(x) can be made as close to L as we want by using x’s that are closer and closer (but not equal to) a.

Notation:
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Example 1:

Let’s look at a nice linear function:
f(x) = 3x + 15

The domain and the range are all Real numbers, the y-intercept is 15 and the x-intercept is (5.  Here’s the graph:
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Let’s look at the limit of f(x) as 

x approaches (3.

Here’s the notation:
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Now, here we have an unusually nice situation to work with.  The domain and the range are all real numbers.

On the x axis, x can approach (3 from two directions:


from the left, through numbers smaller than (3
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and 


from the right, through numbers larger than (3
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We will make a table of values using some of these numbers and use a calculator to see these values for the function.
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	(3.1
	(3.01
	(3.001
	(3.0001

	f(x) = 3x + 15
	5.7
	5.97
	5.997
	5.9997
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	(2.9
	(2.99
	(2.999
	(2.9999

	f(x) = 3x + 15
	6.3
	6.03
	6.003
	6.0003


The number that we’re heading toward is, of course, 6.  
Since 6 is the target from above AND below we can say that 
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As this is an unusually nice example, you may note that the actual value of the function is also 6:  f((3) = 6.

Summary:

[image: image8.wmf]6

15

x

3

lim

3

x

=

+

-

®

…look at 
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 and what is happening on the y axis as we approach this number on x on the axes, without the graph:


[image: image11]
So, taking is limit is a process…something is happening on both axes and with the graph points.  And the limit itself is a number.
Popper 07, Question 1

Example 2:

Let’s look a another graph:
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The domain is all Real numbers.  The range is [(4, (). The x-intercepts are 2 and (2 while the y-intercept is (4.

Here’s the graph: 

Let’s talk about 
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First let’s talk about approaching 2 though numbers less than two…coming in from the left:
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Then we’ll talk about approaching 2 through numbers slightly more than 2…coming down the axis from the right:
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As always, I’ll use a table and calculate the values with a calculator.
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	1.9
	1.99
	1.999
	1.9999
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	( 0.39
	( 0.0399
	( 0.003999
	( 0.00039999
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	2.1
	2.01
	2.0001
	2.00001
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	0.41
	0.0401
	0.0004
	0.00004


As the number we’re zooming in on is 0…and we’re getting it from both sides,

we can say:
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And, since this is a really nice example f(2) = 0.

Let’s review our definition from page 1:

Definition:

We say that a function, f, has a limit, L, as x approaches a when the value for f(x) can be made as close to L as we want by using x’s that are closer and closer (but not equal to) a.

Notation:
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In example 2, can we get as close as we want to 0?  Sure just add some more zeros in the x’s that are approaching two and you can get as close to zero as you want.

Now, if everything worked this way, we’d have no need for limits.  
But it is just not the case that the domain is all Reals all the time.

Example 3:
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This is the line y = x + 2 with a hole at x = (1.
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Let’s look at that graph:

Note that the point ((1, 1) is totally missing

because the function is given as a rational

function.  This means that (1 is missing

from the domain and 1 is missing from the 

range:

Domain:
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Range:
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And we want some way to talk sensibly 

about the graph at the missing point.

So we take an limit at x = (1:

Find 
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	(1.1
	(1.01
	(1.001
	(1.0001

	x + 2
	0.9
	0.99
	0.999
	0.9999
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	(.9
	(.99
	(.999
	(.9999

	x + 2
	1.1
	1.01
	1.001
	1.0001


Both rows are heading right for 1…a number that is NOT in the range!
We may, however, say the 
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 and have some information about the graph.  

The ends of the graph are neatly lined up and are “pointing” right at one another.  
Note that f(−1) is undefined.  We can have a limit where we do NOT have a graph point.
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Example 4:

Here’s a new function:

[image: image29.wmf]x

x

)

x

(

f

=

.

It’s NOT a polynomial; it IS a sort of rational function but with a twist…the absolute value in the numerator.

Let’s look at a few point pairs and then the graph of it.

First, though, what’s the domain?

	    x
	   f(x)

	   2
	

	 (2
	

	   3
	

	 (3
	

	  10
	

	(10
	

	500
	

	 (500
	

	
[image: image30.wmf]6

10


	

	(
[image: image31.wmf]6

10


	


Then:
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Here’s the graph:

Let’s talk about 
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And we can do it with the usual table and approaching zero from above and below.
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	(.1
	(.01
	(.001
	(.0001

	f(x)
	(1
	(1
	(1
	(1
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	0.1
	0.01
	0.001
	0.0001

	f(x)
	1
	1
	1
	1


So what we have here is
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and
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two different numbers!

So we say that this limit does not exist.  And saying this gives us a different kind of information about this graph.  The ends are NOT “pointing” at one another over a one point hole…they aren’t related at all.

In symbols:
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There’s a whole category of functions called “Piecewise Defined functions” that we’ll look at now, with an eye toward talking about whether limits at the ends of the “pieces” exist or not.
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Piecewise Defined Functions:

In these functions, the domain is given to you in pieces with a different formula for calculating the y’s for each piece.

Example 5:
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Let’s look at the domain; it’s all Real numbers, broken into 3 parts:
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Here’s one piece

and you calculate all

the second coordinates with 

x + 1 for this piece – note the hollow dot

Here’s  the middle piece – note the solid dots…use x ( 1 to get these y’s
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And the last piece is an open ray, just like the first piece:


Use (x to get these second coordinates.

Here’s a typical College Algebra quiz question:

Calculate
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Let’s do this right now.

Continuing, here’s the graph:
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Let’s talk about end points and limits here.  Note that the domain really is all Reals BUT the form of the function’s definition induces some real breaks in the graph.
First:
Why are some points solid and some hollow?
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Let’s do this by inspection rather than doing the table of calculations!
Second:
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Now lets talk about
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So, you may actually evaluate a limit by evaluating the function directly if you KNOW there’s no problems at that point.
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Let’s do some more examples:

Example 6:
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Example 7:
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Example 8:
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Domain

holes

VA

HA  NONE!

x-intercepts

y-intercept
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Now let’s talk a bit about limits and vertical asymptotes

Look at the graph above…you can see the x’s approaching (6 from both sides…
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   what are the y’s approaching?

We actually can write what’s called a one-sided limit with the following notation:
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strictly speaking DNE
This tells you that there’s a vertical asymptote and on the left the behavior of the graph is descending quickly to negative infinity, i.e. 
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strictly speaking DNE
and the actual
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And there’s a whole lot of information in the two one-sided limits.  So, we’ll be adding those to your repertoire of “ mathy things”.
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Example 9:
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Domain

End behavior of graph

x-intercepts

y-intercept

Review of factor by grouping
(btw:  the internet will have lots on this) 
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Graph 


What’s the range?
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Limits:
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Now let’s extend this notion.    What does it mean if I write this:
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Using this information!

Example 10

f(x) is a polynomial and
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What do you know about the graph and the formula for the graph?

Suppose, further, I told you that the x-intercepts were (2, (1, 3, (3, and 5 and that the y-intercept is 180.

What can you tell me now about the formula and the graph?  (hint watch that y-intercept there’s an important fact in it)

Sketch a likely graph and come up with its formula:

Popper 07
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Example 11
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What’s another way to say the information contained in these limits?

Limits and Continuity

A function is said to be continuous on an interval if we have that

· the limits exists for every point on that interval and

· the value of the function is the limit at every point on that interval.

Recall:  “the limit exists” means that the two one-sided limits agree as to the value of the limit at that point.

If a function is not continuous for any point or part of an interval, we say the function is discontinuous there.

Example 17


[image: image79.wmf]32
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Domain

x-intercepts

End behavior

y-intercept

Graph:

Are there any places where the limit DNE?  Are there any places where the limit is not the function value?

We say that polynomials are everywhere continuous.
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Let’s revisit this function from Example 3
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This is the line y = x + 2 with a hole at x = (1.

Let’s look at that graph:

Domain:
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BUT the function is not continuous there!

Let’s look at the definition again:

A function is said to be continuous on an interval if we have that

· the limits exists for every point on that interval and

· the value of the function is the limit at every point on that interval.

Example 18

A step function:

The Greatest Lower Integer Function:
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This function rounds DOWN to the integer part of every mixed number.

Examples:

1.53

(3½

0.00003

(.001

Graph:

Let’s look at:
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How many places of discontinuity are there?

How can you say this efficiently, in a “mathy” way?

Example 19

Rational functions have their little quirks, too
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Limits:
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Where is the graph continuous?

Let’s revisit this piecewise defined function from Example 5.  Where is it continuous?
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Where is this function continuous?
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Question 10
End Video 1
Limits of a sequence

Recall that a sequence is a function having a domain of the natural numbers (or whole numbers).  When you graph a sequence, you get dots in the plane.

n will be a natural number in all these examples.

Note that sequences are not continuous because the domain isn’t an interval of points.  There is no way to build a table of values approaching a domain value from the left or right.  We say that sequences are discrete functions not continuous functions.
Example 1
Given the sequence
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Tell me everything!

The terms of the sequence are {0, ½, ¾, 4/5, 5/6, …}

The bounds of the sequence are 0 and 1.  0 is in the set and 1 is not.

I may actually say:
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Now the difference between a bound that is not a limit and a bound that is a limit is that with a limit, I cannot draw an enclosure around the limit without enclosing all of the elements of the sequence from a specific n on…and with a bound that is not a limit, I can draw an enclosure that excludes infinitely many of the sequence elements.  

Let’s look at this with a graph.


Let’s set our boundaries on the enclosure at 1/5 above and below.


[image: image91]
At what point do all the following terms of the sequence end up inside the boundary?

from 5/6 on

And if I tighten up on the boundary…it moves the inclusion point but not the fact that from the inclusion point on all terms are inside the boundary.

Look at an enclosure around 0.  One point is in there and nothing else unless I make it a big boundary.

So we have bounds that aren’t limits called “bounds” and bounds that ARE limits and we call those limits.

1 is a bound that is a limit because a narrow enclosure around 1 captures infinitely many sequence terms.

0 is a bound that is not a limit because a narrow enclosure around 0 captures only finitely many sequence terms.

Popper 08
Question 1

Example 2
Given the sequence:
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Tell me everything.

The terms of the sequence are {2, 4, 2, 4, 2, 4, …}

If you graph the sequence, you get:


two rows of dots…is the sequence bounded?

May I talk sensibly about 
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Sequences that approach a limit are said to converge.  Ex. 1 is a convergent sequence.  

Sequences that do not approach a limit are said to diverge.  Ex. 2 is a divergent sequence. Ex. 3 is a divergent sequence.
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Example 3
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Tell me everything.

The domain is all natural numbers.

The first 5 terms of the sequence are {1, ¼, 1/9, 1/16, 1/25 …}

1 is a bound that is in the set. 0 is a bound that is not in the set.
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(note that using the sequence notation doesn’t say anything different from calling it a function 
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Let’s set the enclosure boundary at 1/30…where’s the domain value for which all of the rest of the terms are inside the boundary?

So this is a convergent sequence and it converges to the limit 0.
Popper 08
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Now, an example of a divergent sequence:
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terms:
{4, 5, 6, 7, 8, …}

and it is an arithmetic sequence (4, 3)

Let’s suppose someone suggests 50 as the limit:


[image: image98]We  have 49  and then 50 and then 51, 52, 53,   and we’re outside the enclosure in two steps.  There really is no upper bound so there’s no limit to be had.
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Example 4
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The domain is all natural numbers.

The first five terms of the sequence are:  {2, 
[image: image100.wmf]1111

1,1,1,1,...

2356

}.

Does this sequence converge or diverge?

Let’s talk about putting an enclosure around 1 – let’s make it 2/15ths wide…at which term will all the rest of the sequence be inside the enclosure?


[image: image101]
Now let’s look at a clever algebra trick:  Multiply the top and the bottom of the rational expression by 1/n
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what is 1 divided by a really really huge number?
Now, 
[image: image103.wmf]x

1

lim11

n

®¥

+=


This trick works on lots of situations.
Example 5 – not a sequence but a candidate for the dividing trick!
Suppose I go from sequences to a rational function and I ask you
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Use the algebra trick from above

Do you see that you’ll get the horizontal asymptote as your answer?

What happens if I go to negative infinity?

Using the new algebra trick again, let’s find the limit as x goes to negative infinity for
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Question 5
Difference Quotients
En route to the derivative, we’ll start doing Difference Quotients.

The formula is
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The definition of derivative is
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So we’ll be doing this here.

f(x + h)

Calculating f(x + h) is the hardest part of all of this.  Let’s do some practicing:

Basically, everywhere you have an “x” you replace it with “x + h” and then do the algebra.

Calculate f(x + h) for f(x) = 5x ( 1


f(x + h) = 5(x + h) ( 1 = 5x + 5h ( 1

Calculate f(x + h) for 
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Calculate f(x + h) for 
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Question 6

Example 1
Find the Difference Quotient for
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f(x) = 3x + 2

f(x + h)
3(x + h) + 2



3x + 3h + 2

f(x + h) ( f (x)

3x + 3h + 2 ( 3x ( 2 = 3h

divide by h

3h/h


DQ is 3

What is 
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So, the derivative of f(x) = 3x +2 is 
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Example 2
Find the Difference Quotient for
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f(x + h)
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When you subtract f(x) be sure to line up the similar terms:

Then divide by h to get


DQ is 2x + h + 1
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The derivative of a quadratic is a line…interesting.
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Question 7

Example 3

Tell me everything about 
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What kind of function is it?

Domain

Range

Sketch the graph

x-intercept

y-intercept

VA

HA

holes
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Where is it continuous?

Difference Quotient is:
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Divide by h is the same as multiply by 1/h

DQ = 
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So the derivative for 
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The derivative of 
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Question 8

Example 4

Tell me everything about 

[image: image129.wmf]f(x)3x
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What kind of function is it?

Domain

Range

Sketch the graph:

x-intercept

y-intercept

Where is it continuous?

What is the Difference Quotient?

What is the derivative?

What do you notice about the leading powers?

Example 5
What is the Difference Quotient for
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What is the derivative?

Popper 08
Question 9
Example 6
What is the Difference Quotient for 
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Let’s talk for a minute about the derivative:

Sketch the graph, calculate the given points and give the limits of the function as x approaches positive and negative infinity.

Example 7
Give the Difference Quotient for
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What’s the derivative?

What’s the pattern with the polynomials?
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Question 10

End Video 3
2





2





(3





(3





y = 1





y = 50








PAGE  
65

_1264689094.unknown

_1292151788.unknown

_1391072248.unknown

_1391072631.unknown

_1391072906.unknown

_1391078759.unknown

_1391079754.unknown

_1391080506.unknown

_1391078824.unknown

_1391072980.unknown

_1391072702.unknown

_1391072714.unknown

_1391072653.unknown

_1391072547.unknown

_1391072601.unknown

_1391072329.unknown

_1391071810.unknown

_1391072202.unknown

_1391072220.unknown

_1391072071.unknown

_1391071585.unknown

_1391071643.unknown

_1292151790.unknown

_1293610036.unknown

_1265363673.unknown

_1265366926.unknown

_1265453814.unknown

_1265718137.unknown

_1265718451.unknown

_1265988559.unknown

_1265988560.unknown

_1265718969.unknown

_1265988558.unknown

_1265718283.unknown

_1265718315.unknown

_1265718168.unknown

_1265716513.unknown

_1265716867.unknown

_1265716963.unknown

_1265717140.unknown

_1265716725.unknown

_1265716316.unknown

_1265716401.unknown

_1265541026.unknown

_1265540863.unknown

_1265453457.unknown

_1265453527.unknown

_1265453557.unknown

_1265453472.unknown

_1265453200.unknown

_1265381141.unknown

_1265453160.unknown

_1265365984.unknown

_1265366226.unknown

_1265366648.unknown

_1265366111.unknown

_1265364195.unknown

_1265365177.unknown

_1265365265.unknown

_1265364904.unknown

_1265363812.unknown

_1264690734.unknown

_1264691199.unknown

_1265362535.unknown

_1265362709.unknown

_1265362146.unknown

_1265362476.unknown

_1264691233.unknown

_1264691099.unknown

_1264691171.unknown

_1264690918.unknown

_1264689648.unknown

_1264689752.unknown

_1264690392.unknown

_1264689681.unknown

_1264689306.unknown

_1264689427.unknown

_1264689129.unknown

_1264680921.unknown

_1264687638.unknown

_1264687723.unknown

_1264688943.unknown

_1264689028.unknown

_1264688863.unknown

_1264687664.unknown

_1264687696.unknown

_1264687648.unknown

_1264687505.unknown

_1264687539.unknown

_1264687600.unknown

_1264687521.unknown

_1264681022.unknown

_1264686459.unknown

_1264681007.unknown

_1264680017.unknown

_1264680332.unknown

_1264680670.unknown

_1264680689.unknown

_1264680406.unknown

_1264680042.unknown

_1264678632.unknown

_1264679557.unknown

_1264679854.unknown

_1264679867.unknown

_1264679358.unknown

_1264678859.unknown

_1264678367.unknown

_1264678496.unknown

_1264677067.unknown

_1264678053.unknown

_1264677018.unknown

_1264676540.unknown

