Math 3379

Chapter 1 Prologue:  Euclid’s Elements
Time Line

4000 years ago

practical applications

Mesopotamia, Egypt, India, China

2500 years ago

Greek influence brings abstraction

600 BC


Thales of Miletus brings logic and logical argument

300 BC


Euclid writes Elements – the organization is key
17th Century


Descartes:
Cartesian plane; identification of point and number
19th Century


Saccheri, Bolyai, Lobachevsky, Gauss:  Hyperbolic geometry




Gino Fano – finite geometries…Geometry Explosion!
20th Century


Real numbers integrated into the study of geometry
Looking at Elements

5 Common notions – common to mathematics


CN 1


Things which equal the same thing are also equal to each other.





Transitivity of equality.


CN 2


If equals be added to equals, then the wholes are equal.





A = B
and C = D, so A + C = B + D.  Arithmetic.


CN 3


If equals be subtracted from equals, the remainders are equal.


CN 4


Things which coincide with one another are equal to one another.





Rigid motions and congruence.


CN 5


The whole is greater than the part.





A = B + C, so A > B and A > C
NOTE: positive numbers

5 Postulates – for Geometry alone


Postulate 1

It is possible to draw a straight line through any two points.


Postulate 2

Any straight line can be extended.






(no concept of infinite lines)


Postulate 3

It is possible to construct a circle with any given center and radius.


Postulate 4

All right angles are congruent.  






(congruent is a modern notion)


Postulate 5

Two lines cut by a transversal must intersect on the side





where the sum of the two interior angles is less than 90°.

This is a statement about interesting lines!  Known as the Parallel Postulate, though.

Definitions - 


A point is that which has no part – existence but no mass.





A line has breadthless length – one dimension only.





A straight line is a line that lies evenly with the points themselves.

Proposition 1 is proved from the 5 CN and 5 P
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Constructing an equilateral triangle from the 5 Postulates

[image: image4.emf]
Finish the construction.

Note the problem of the existence of the apex point.

Proposition 2 is proved from the 5 CN, 5 P and Proposition 1 
Proposition 3 is proved from the 5 CN, 5 P, Propositions 1 and 2 and so on, building.

Propositions 1 – 3

construction proofs






Straight edge 
(not a ruler!)






Compass 
(not a protractor!)

Proposition 4


The familiar Side-Angle-Side Axiom




We know now that there are geometries for which this isn’t





true so it’s gained “axiom strength”.

Further the “method of superposition” only works with the right kind of functions and space.  It isn’t universally true across all geometries.

Elements is the first book to logically organize and develop information about a geometry.  It was THE textbook until the 20th century.

Chapter 2
Axiomatic Systems and Incidence Geometries

In more recent times, and after lots of work on the foundations of mathematics, we use an axiomatic structure for many topics.  
Axiomatic structure

Undefined terms


A starting point - usually few, less than 10

Axioms



Statements that are true for the system under consideration.






Called Postulates by Euclid.

Independent – an independent axiom cannot be proved OR disproved as a logical consequence of the other axioms.

Consistent – no logical contradiction can be derived from the axioms

Definitions
Technical terms defined by various manipulations of the undefined terms and axioms or from notions introduced by proofs.

Theorems
Statements about relationships in the system that have been proved.  Called propositions by Euclid.

Interpretations

and Models
A way to give meaning to the system, often visual, models are often helpful.  A system may have more than one model.  A system with exactly one model, with all other models being isomorphic to one another is called categorical.

An example of an axiomatic system that is not categorical

not from the book
Undefined terms:
point, line, contains
	Axioms
1. There exist five points 

2. Each line is a subset of those five points.

3. There exist two lines

4. Each line contains at least two points.
Let’s come up with at least 2 non-isomorphic models for this system.


A Flexible Geometry **





not from the book
Undefined terms:

point, line, on
Axioms:


A1
Every point is on exactly two distinct lines.





A2
Every line is on exactly three distinct points.

Models:  

There are lots of very different models for this geometry.  

Here are two:

One has a finite number of points and the other has an infinite number of points, 

so they are non-isomorphs. 

Model 1:  3 points, 2 lines

[image: image5.emf]
Points are dots and lines are S-curves.  One line

is dotted so you can tell it from the second line.  
Nobody ever said “lines” have to be straight things, you know.

Note, too, that there are only 3 points so my lines are composed of some material that is NOT points, it’s “line stuff”.  Some non-point stuff.  
Luckily they’re undefined terms so I don’t have to go into it.

Model 2: an infinite number of points and lines

[image: image6.emf]C

A

D

B

This is an infinite lattice.  Each line is has 3 points along it.  It continues forever left and right

Your Model:

Ideas for Definitions:
Biangle – each two-sided, double angled half of the first model…like a triangle but only 
two points.   Do biangles exist in Euclidean geometry (ah, no…check the axioms…two lines meet in exactly ONE point in Euclidean geometry.)

Quadrangle – each diamond-shaped piece of the second model
Parallel lines – Parallel lines share no points.

The second model has them; the first doesn’t.  How many lines are parallel 
to a given line through a given point NOT on that line in the second 
model?  (two!  This, too, is really different than Euclidean Geometry).

Collinear points – points that are on the same line.

Midpoints – are these different from endpoints in a way that you can explicate in a 


sentence for Model 2?  Does it make sense to have a “distance” function in 

this geometry – maybe not…maybe this is something we’ll just leave 


alone.

What do you notice that cries out for a definition in your model?  

Theorems:   Consider the following questions and formulate some proposed theorems 

(called “conjectures” until they’re proved
Flexible Geometry Exercise:

Are there a minimum number of points?

Is there a relationship between the number of points and the number of lines?

Why is this a Non-Euclidean Geometry?

**This geometry is introduced in Example 1, page 30 of 

The Geometric Viewpoint: a Survey of Geometries by Thomas Q. Sibley; 

1998; Addison-Wesley  (ISBN 0-201-87450-4)

INCIDENCE GEOMETRIES
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Undefined terms:
point, line, on

Axioms:


IA1
For every pair of distinct points P and Q, there exists exactly one line l such that both P and Q lie on that line.

Note that the axiom uses all 3 undefined terms and is defining a relationship among them.

IA2
For every line l there exist at least 2 distinct points P and Q such that both P and Q lie on the line l.

IA3
There exist three points that do not all lie on any one line.

Definitions:

Collinear:
Three points, A, B, and C, are said to be collinear if there exists one line l such that all three of the points lie on that line.

Parallel:
Lines that share no points are said to be parallel.

Interpretations and models:

(Note:  non-categorical!)
The Three-point Geometry
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Label the points A, B, and C


Check the axioms.



What is exactly 1/3 of the way between B and C?  In other words, what are lines made of ?

Theorem 1:
Each pair of distinct lines is on exactly one point.

Proof of Theorem 1
Suppose there’s a pair of lines on more than one point.  This cannot be because then the two lines have at least two distinct points on each of them and Axiom 1 states that “two distinct points are on exactly one line”.

Thus our supposition cannot be and the theorem is true.
QED

Theorem 2:
There are exactly 3 distinct lines in this geometry.


Take a minute now and prove Theorem 2.  You may work in groups or individually.
Last but not least:

How many parallel lines are there?

Could this be called non-Euclidean?

The Four-point geometry






Same axioms!
Note the “at least 3” in IA3!

Model:  
A planar shape, a tetrahedron, or octant 1 in 3-space
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List the points:

Interpret point to be the symbol.  Or for the octant, use the usual Cartesian idea.

List the lines:
{A, B}, 

Interpret line to be a set of 2 symbols.  Or for the octant, use the usual Cartesian idea.

In the planar shape, what is inbetween A and B?
How many parallel lines are there?
The Five -point Geometry 





not from the book

Undefined terms:
point, line, on

Axioms:


IA1
For every pair of distinct points P and Q, there exists exactly one line l such that both P and Q lie on that line.

Note that the axiom uses all 3 undefined terms and is defining a relationship among them.

IA2
For every line l there exist at least 2 distinct points P and Q such that both P and Q lie on the line l.

IA3
There exist three points that do not all lie on any one line.

Definitions:

Collinear:
Three points, A, B, and C, are said to be collinear if there exists one line l such that all three of the points lie on that line.

Parallel:
Lines that share no points are said to be parallel.

Model:
[image: image9.emf]
Points:  {P1, P2, P3, P4, P5}

Lines: {P1P2, P1P3, P1P4, P1P5, P2P3, P2P4, P2P5,


P3P4, P3P5, P4P5}

Note that the lines crossover one another in the interior of the “polygon” but DO NOT intersect at points.  There are only 5 points!

 Possible Definitions
Triangle  -- a closed figure formed by 3 lines.  An example:  P2P1P4 is a triangle.



How many triangles are there?  
Quadrilateral – a closed figure formed by 4 lines.  An example:  P2P5P4P3 is a quadrilateral.  How many quadrilaterals are there?  

[image: image10.emf]
Note that line P1P2 is parallel to line P4P5.   So are P3P4 and P2P5…List them ALL! 

Five-point geometry Theorem 1:


Each point is on exactly 4 lines.

Let’s prove this right now – get in groups and get to work!
Another non-Euclidean!

The Seven-point geometry
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Also known as Fano’s geometry.
(Gino Fano, published 1892)
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{BDF} is a line!  Nobody said “straight” in the axioms!

Where does {BDF} intersect {CBA}?

7 points and 7 lines…what’s the situation with respect to parallel lines?

Enough with finite geometries – there’s an infinite number of them!
Let’s look at the Cartesian plane:
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Undefined terms:
point, line, on

Axioms:


IA1
For every pair of distinct points P and Q, there exists exactly one line l such that both P and Q lie on that line.

Note that the axiom uses all 3 undefined terms and is defining a relationship among them.

IA2
For every line l there exist at least 2 distinct points P and Q such that both P and Q lie on the line l.

IA3
There exist three points that do not all lie on any one line.

Interpretation and notation:

Point:
any ordered pair (x, y)

Line:
the collection of points whose coordinates satisfy a linear equation of the 

form y = mx + b

On:
A point is said to lie on a line if it’s coordinates satisfy the equation of that line.


[image: image1.wmf]2
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will symbolize the Cartesian plain
Why is this called the Cartesian plane and not just THE plane?

The Sphere 
The unit sphere is NOT a model for an incidence geometry but is very important in the development of an understanding of modern geometry.  We will spend a bit of time on it anyway.  
Undefined terms:
point, line, on

Axioms:


IA1
For every pair of distinct points P and Q, there exists exactly one line l such that both P and Q lie on that line.

The sphere fails to satisfy this axiom.
Note that the axiom uses all 3 undefined terms and is defining a relationship among them.

IA2
For every line l there exist at least 2 distinct points P and Q such that both P and Q lie on the line l.


True for the sphere.
IA3
There exist three points that do not all lie on any one line.
True for the sphere.
Interpretation and notation:

Point:
an ordered triple (x, y, z) such that it satisfys 
[image: image2.wmf]222
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.  In other words, points are on the surface of the unit sphere.

Line:
a great circle on the sphere’s surface.  A Euclidean plane containing a great circle includes the center of the sphere (0, 0, 0).

On:
is an element of a solution set


[image: image3.wmf]2
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will denote the unit sphere.

Let’s look at our models to see why IA1 fails.

What’s the situation vis a vis parallel lines in this model?
The Klein disk
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Points will be {(x, y) (  x2 + y2 < 1}, the interior of the Unit Circle, and lines will be the set of all lines that intersect the interior of this circle.  “on” has the usual Euclidean sense.
So our model is a proper subset of the Euclidean Plane.

Model:
Note that the labeled points (except H) are NOT points in the geometry.  A is on the circle not an interior point.  It is convenient to use it, though.  

H is a point in the circle’s interior and IS a point in the geometry.

We cannot list the number of lines – there are an infinite number of them.

Checking the axioms:
Undefined terms:
point, line, on

Axioms:


IA1
For every pair of distinct points P and Q, there exists exactly one line l such that both P and Q lie on that line.

Note that the axiom uses all 3 undefined terms and is defining a relationship among them.

IA2
For every line l there exist at least 2 distinct points P and Q such that both P and Q lie on the line l.

IA3
There exist three points that do not all lie on any one line.

Definitions:

Collinear:
Three points, A, B, and C, are said to be collinear if there exists one line l such that all three of the points lie on that line.

Parallel:
Lines that share no points are said to be parallel.

In Euclidean Geometry, there is exactly one line through a given point not on a given line that is parallel to the given line.  Interestingly, in this geometry there are more than two lines through a given point that are parallel to a given line.  


Let’s look at lines GC and GB.  They intersect at G…which is NOT a point in the geometry.  So GC and GB are parallel.  In fact, they are what is called asymptotically parallel.  They really do share no points.

Now look at P1P2.  It, too, is parallel to GC.  Furthermore both P1P2 and GB pass through point H.  P1P2 is divergently parallel to GC.

Not only is the situation vis a vis parallel lines different, we even have flavors of parallel: 

asymptotic and divergent.  So we are truly non-euclidean here, folks.

Theorem 1:
If two distinct lines intersect, then the intersection is exactly one point.




Inherited from Euclidean Geometry.

Theorem 2:
Each point is on at least two lines.




Each point is on an infinite number of lines.

Theorem 3:
There is a triple of lines that do not share a common point.




FE, GC, and AD for example.

Incidence Geometry Exercise:
Find at least three ways that this geometry is like Euclidean Geometry.
A

B

C

Find three ways that this geometry is different from Euclidean Geometry.
A

B

C

2.3
The Parallel Postulates in Incidence geometry
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Definition:
Parallel lines:

Lines that are parallel do not intersect.  i.e. they share no points.

This works in 2D and we’ll be in 2D for this course.  Now, in contrast to some high school geometry books:  a line cannot be parallel to itself in our course.
See the Official Definition, bottom of page 20 Definition 2.3.1

We find that there are several ways for a geometry to be configured with respect to parallel lines.

One way is to have none, one way is the Euclidean way, and there’s a third possibility, too.

Euclidean Parallel Postulate:

For every line l and for every point P that does not lie on l, there is exactly one line m such that P lies on m and m is parallel to l.

Illustration

Which Incidence geometry models have this property?

Three-point geometry

Four-point geometry

Five-point geometry

Fano’s geometry

Cartesian plane

Klein disk

What about the Sphere?

Elliptic Parallel Postulate

For every line l and for every point P that does not lie on l, there is no line m such that P lies on m and m is parallel to l.

Which Incidence geometry models have this property?

Three-point geometry

Four-point geometry

Five-point geometry

Fano’s geometry

Cartesian plane

Klein disk

What about the Sphere?

Hyperbolic Parallel Postulate

For every line l and for every point P that does not lie on l, there are at least two lines m and n such that P lies on m and n  and both m and n  are parallel to l.

Which Incidence geometry models have this property?

Three-point geometry

Four-point geometry

Five-point geometry

Fano’s geometry

Cartesian plane

Klein disk

What about the Sphere?

Independence of the Axiom concerning Parallelism:

We have just looked at an axiomatic system for Incidence geometries:

Undefined terms:
point, line, on

Axioms:


IA1
For every pair of distinct points P and Q, there exists exactly one line l such that both P and Q lie on that line.

Note that the axiom uses all 3 undefined terms and is defining a relationship among them.

IA2
For every line l there exist at least 2 distinct points P and Q such that both P and Q lie on the line l.

IA3
There exist three points that do not all lie on any one line.

Definitions:

Collinear:
Three points, A, B, and C, are said to be collinear if there exists one line l such that all three of the points lie on that line.

Parallel:
Lines that share no points are said to be parallel.

We have seen that all 3 of the incidence axioms are satisfied by a plethora of models.  Thus adding IA4, an axiom about parallelism will cause our outlines of axiomatic systems to have subcategories.  Because there are models of the first 3 axioms that have different situations with respect to parallel lines, we know that an axiom about parallelism is INDEPENDENT from the first 3 axioms.  It cannot be logically derived from them.

Please read section 2.4 Axiomatic Systems and the Real World with an eye toward your term paper.  There are some valuable thoughts there.
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