Math 3379 – Chapter 3, Venema
Neutral Geometry in the Plane
Undefined terms:
point, line, distance, half-plane, angle measure, area
Axioms:

Axiom 1
The Existence Postulate

The collection of all points forms a non-empty set.  There is more than one point in the set.
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Axiom 2
The Incidence Postulate

Every line is a set of points. For every pair of distinct points A and B there is exactly one line l such that A 
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Axiom 3
The Ruler Postulate

For every pair of points P and Q there exists a real number PQ, called the distance from P to Q.  For each line l there is a one-to-one correspondence from l to R such that if P and Q are points on the line that correspond to the real numbers x and y, respectively, then PQ = 
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Axiom 4
The Plane Separation Postulate

For every line l, the points that do not lie on l form two disjoint, nonempty sets 
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and 
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, called half-planes bounded by l, such that the following conditions are satisfied.
1. Each of 
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 is convex.

2. If P
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, then 
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Axiom 5
The Protractor Postulate

For every angle 
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BAC there is a real number 
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1. 0º 
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BAC < 180 º for every angle  BAC.

2. 
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3. (Angle Construction Postulate) For each real number r, 

0 < r < 180, and for each half-plane H bounded by 
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 there exists

a unique ray 
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 such that E is in H and 
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(BAE) = r º.
4. (Angle Addition Postulate) If the ray 
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is between rays 
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 and 
[image: image25.wmf]AC

uuur

, then 
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Axiom 6
The Side-Angle-Side Postulate (SAS)

If 
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[image: image31.wmf]ABDE

@

, 
[image: image32.wmf]ABCDEF

Ð@Ð

, and 
[image: image33.wmf]BCEF

@

, then 
[image: image34.wmf]D

ABC 
[image: image35.wmf]@

 
[image: image36.wmf]D

DEF.








p. 64

Axiom 7
The Parallel Postulate



p. 66  (Chapter 5 and beyond) 
Euclidean Parallel Postulate:

For every line l and for every point P that does not lie on l, there is exactly one line m such that P lies on m and m is parallel to l.

Elliptic Parallel Postulate:

For every line l and for every point P that does not lie on l, there is no line m such that P lies on m and m is parallel to l.

Hyperbolic Parallel Postulate:

For every line l and for every point P that does not lie on l, there are at least two lines m and n such that P lies on both m and n and both m and n are  parallel to l.

For Chapters 3 and 4 we will work only with Axioms 1 – 6.  Starting with Chapter 5 we will make decisions about which parallel postulate we are going to explore.  In Chapter 7 we will explore the undefined term area and add axioms about area to our list.

Note that the first 5 axioms indicate relationships between the undefined terms.  Axiom 6

gives us a way to ensure that we’re headed toward Hyperbolic and Euclidean geometries.  As we will see, Axiom 6 does not hold in Taxicab Geometry.
In Chapters 1 and 2 we looked at some geometries with a finite number of points.  Accepting Axiom 3 means that these are no longer models of the space we are building.  Only the geometries with an infinite number of points are possible models.

The undefined terms and Axiom 1 get us started.  This geometry is called neutral because is doesn’t force us to make a choice of parallel postulate yet.

We note that the set of all points is called “the plane” and this set is named P.  The plane is NOT an undefined term; “half-plane” is undefined, though.
Axiom 2
The Incidence Postulate

Every line is a set of points. For every pair of distinct points A and B there is exactly one line l such that A 
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 l and B 
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True in Euclidean geometry and Hyperbolic geometry.

Not True in Spherical geometry which, while it has an infinite number of points, is not a model for Neutral geometry because in this geometry two antipodal points determine an infinite number of lines in violation of Axiom 2.

Antipodal points:
points that are 180º apart on the surface of the sphere.  

e.g. the north and south poles.

Sketch or description:

We will continue to study the Spherical model, though, because it is an important geometry.

Key definitions:
External and Internal points with reference to a line.

Parallel lines share no points.  Our definition does not allow a line to be parallel to itself.

Theorem 3.1.7

The trichotomy law for lines:




Given 2 lines either:




The 2 lines are one line with 2 names. (i.e. not distinct lines)



The 2 lines are distinct and parallel.




The 2 lines are distinct and intersect in exactly one point.

Axiom 3
The Ruler Postulate

For every pair of points P and Q there exists a real number PQ, called the distance from P to Q.  For each line l there is a one-to-one correspondence from l to R such that if P and Q are points on the line that correspond to the real numbers x and y, respectively, then PQ = 
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This axiom sets up a special correspondence between the set of points that comprises a line and the real numbers.  Thus our lines are made of points and are dense in points, there are no “gaps” between points.
Betweeness and notation:  
A*B*C
 
 “B is between A and C”  

given A, B, and C are collinear points and the distance add up correctly:
AC + CB = AB.

between any two points is another point – “dense”

Notation note:  These are different!
AB is a real number.

The segment 
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 is a point set. 
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We have set up the correspondence as a metric:
A metric is a real-valued function D
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(recall P is the plane)


1.
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 for every P and Q,



2.
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 for every P and Q, and


3.
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 if and only if P = Q.

So a metric has the property of being symmetric (1.), has 0 or positive numbers as values

(2.) and the distance from a point to itself is zero.

Now, one key item in Axiom 3 is that if P and Q are points on the line that correspond to the real numbers x and y, respectively, then PQ = 
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.  The real numbers are called the “coordinate” of the point.  Note that coordinate is singular.  And that the distance between 2 points is the absolute value of the difference of their individual coordinates.

This works well for horizontal number lines like the x-axis:  


Put on –5, 0, and 2:


Calculate some distances.

[image: image1.wmf]Î


Let’s look at Euclidean geometry in the Cartesian plane, though.

The distance formula is:



So point P has coordinates 
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and point Q has coordinates (
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and what’s wrong with this picture?

What we need is a single number on any line, with any slope, that will fulfill the stated requirements of this axiom.  
We will set up a function from R 
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 R so that 
for a point P with coordinates (x, y) on a line with slope m:  
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Thus we’ll have a single real number value.  But, does it work?

Example 1:


Suppose we have A = ( (1, 2) and B = ( 1, 6) and AB = 
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 when we calculate the distance using the Euclidean Distance Formula:
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The slope of the line containing A and B is found using the slope formula

m = 
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so for this example m = 2.  We need the factor 
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The geometric coordinate for A is 
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 and the geometric coordinate for B is 
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 (the x coordinate for B is 1).

The absolute value of the difference is 
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 which is 2
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 as promised.

Example 2:  

Suppose we take the line y = 3x + 1.  If we pick two points on the line we can use the distance formula to find the distance between them.

Let’s use ( 1, 4) and ( 3, 10).  Using the traditional distance formula we find that the distance between them is 
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Now our axiom asserts that we can find a single real number for each point that can be used and will result in this same distance.

Note, that 
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 = 
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 for this line.

Using the formula above the first point will be assigned the real number 1(
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) and the second point will be assigned the real number 3 ( 
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).  The postulate says the absolute value of the difference between these numbers is the distance between the points.  

Which is exactly 2
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.  

So this method is an easy way to find distances when you have the point coordinates or the equation of the line.  It does point out that a standard geometric approach is slightly different that that of coordinate geometry or of algebra.
Example 3:

It is possible to get nice whole number distances if you use lines with irrational slopes.  For example:

The points (1, 0) and (0, 
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) are on the line 
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Here’s a sketch of the points and the line done in Math GV:

[image: image168.png]



What are the geometric coordinates for the points and the distance between them?
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  which is a very nice number 

So the geometric coordinate for (1, 0) is 2

and the geometric coordinate for (0, 
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) is 0 

and the distance between the two points is 2 units.

Why Does the Geometric Coordinate Formula Work?

First take two points:


P1
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P2
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The formula for the line containing them is y = mx + b so the coordinates are really:

P1
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P2
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Now calculate the distance between them using the Euclidean distance formula:
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Distribute the minus sign in the second summand and the b’s cancel out:
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Now, the “m” can be factored out, and then the difference of the x’s squared can be factored out:
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Take the square root of the first factor to get – note the POSITIVE square root, guaranteed by absolute value signs:
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Which is exactly, the formula we’re using in to meet the terms of Axiom 3.
The Spherical geometry metric:

The measure of a central angle determines the measure of the arc subtended.

[image: image169.emf]�




Note that the measure is usually in radians and the maximum measure, for antipodal points, is   
Theorem 3.2.16

For every pair of distinct points P and Q, there is a coordinate function:
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such that f (P) = 0 and f (Q) > 0.

This is handy.  Let’s look at what it gives us.  Take any line:  y = –3x + 1.  Where is the zero and which side is the positive side?

Remove the coordinate system!  And apply the Theorem!

Be SURE to read up on betweeness for points and the midpoint theorem for segments.

Axiom 4
The Plane Separation Postulate

For every line l, the points that do not lie on l form two disjoint, nonempty sets 
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and 
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, called half-planes bounded by l, such that the following conditions are satisfied.

3. Each of 
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 is convex.

4. If P
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Convexity is a property for sets in this course.  A set of points S is said to be a convex set if for every pair of points A and B in S, the entire segment 
[image: image89.wmf]AB

is contained in S.  
So, is a circle convex?

Is the interior of a square convex?

Is a half-plane convex?

Sketch the picture!

What about an angle?

 

What is the definition the interior of an angle and what does an illustration look like?

Is the intersection of the interior of an angle convex?

Read the theorems in this section carefully and be sure you know how to use them.

Prove that the intersection of 2 convex sets is convex.  

Let S and T be two convex sets with a nonempty intersection.  Let x and y be in both S and T, i.e. in the intersection of the sets.  Now, since x and y are in S and S is convex, 
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 is in S.  By a similar argument 
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 is in T.  This means that 
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 is in BOTH both S and T so that the segment is also in the intersection.  QED 

Strategy:  

Why NOT x in just S ?

Rewrite the theorem in implication form!

Another important theorem:
Theorem 3.3.12
Pasch’s Axiom


Let 
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 be any triangle and let l be a line such that none of A, B, or C lies on l.  If l intersects 
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 then l also intersects either 
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 or 
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.  
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Proof:

Let 
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 be any triangle and let l be a line such that none of A, B, or C lies on l.  

(this is called assuming the hypothesis!  Be sure to do it!)
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Using Axiom 4, let 
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 be the half-planes determined by l.  Note that A and B are on opposite sides of l.  (from the hypothesis and Proposition 3.3.4, page 47).  Let’s put A in 
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. Now, C must be in 
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Suppose C is in 
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 .  
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 is convex so 
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cannot intersect l.  So it must be the case that 
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 intersects l.   As asserted in Axiom 4.

On the other hand, suppose C is in 
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,  Then, by a similar argument, 
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intersects l.

In either event, the theorem is proved.  

Axiom 5
The Protractor Postulate

For every angle 
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1. 0º 
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3.
(Angle Construction Postulate) For each real number r, 

0 < r < 180, and for each half-plane H bounded by 
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 there exists

a unique ray 
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 such that E is in H and 
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(BAE) = r º.
4 (Angle Addition Postulate) If the ray 
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is between rays 
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and 
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, then 
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First thing to note:  No “straight angles”…check the inequality signs in #1.
Note the words “Postulate” in the properties – in other systems, these ARE axioms.  In ours, we’re making them PART of an axiom.  There is no generalized agreement on the axioms!

Read the section carefully for definitions and theorems.

Note in particular in 3.5, 

Theorem 3.5.1
The Z-Theorem


Let l be a line and let A and D be distinct points on l.  If B and E are points on the opposite sides of l, then 
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Theorem 3.5.2
The Cross Bar Theorem


If 
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 is a triangle and D is a point in the interior of 
[image: image129.wmf]BAC

Ð

, then there is a point G such that G lies on both ray 
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 and segment 
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.

Note the illustrations and how carefully proofs are worked out.

Either of these proofs is a candidate for a class presentation – as long as there are nice handouts and you can get everyone to see the reasoning.

Let’s take a closer look on page 61 at the Continuity Axiom.

This will be an exercise in how to read the book!  We’ll do it together.

Let A, B, and C be three noncollinear points.  For each point D on 
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 there is an angle 
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 and there is a distance CD..
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Let us construct a function that relates distance to angle measure in the following way:

Let d = BC.  From the Ruler Postulate, we know that there is a one-to-one correspondence from the closed interval [0, d] to points on 
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 with C = 0 and B = d.

Let 
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 be the point on 
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 that corresponds to the number x in the closed interval.
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Our function is increasing!

Theorem 3.3.10
Let A, B, and C be three noncollinear points and let D be a point on the line 
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.  The point D is between B and C if and only if the ray  
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 is between rays 
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Theorem 3.4.5
Let A, B, C, and D are four distinct points such that C and D are on the same side of 
[image: image142.wmf]AB

suur

.  Then (
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Our function is onto!
Theorem 3.5.2
The Cross Bar Theorem


If 
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 is a triangle and D is a point in the interior of 
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, then there is a point G such that G lies on both ray 
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 and segment 
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And let’s also review

Theorem 3.4.5
Let A, B, C, and D are four distinct points such that C and D are on the same side of 
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.  Then (
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Thus, by calculus*, it is continuous.  
This is the continuity axiom in Birkhoff’s formulation of his axiom about the protractor postulate.  In our axioms, it is a theorem.

*the calculus is presented on page 61 in a lemma.
Note that the book presents this theorem in about 4 typed lines.  But to understand it we need to get all the references on one page and do some really intense talking.

Now let’s look at Taxicab Geometry.

In the late 1880’s Hermann Minkowsky invented TCG to prove that the SAS Axiom was independent.   Einstein was Minkowsky’s student along with Max Born a famous physicist.  Minkowsky was a poly-math.  
We have the same undefined terms and axioms 1 – 5.  These all hold.  We will be working in the Cartesian plane with points, lines, and half-planes as well as angles.
Note that we measure angles using the same axiom as Euclidean geometry BUT we use a different distance formula.

The TCG Distance formula for the distance from
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Let’s look at what this means in terms of geometric shapes and properties.

Put a 3 – 4 – 5 triangle in a grid:  calculate the TCG distances!
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	Points
	Euclidean Distance
	Taxicab Distance

	(0, 0) to (4, 0)
	
	

	(0, 0) to (1, 3)
	
	

	(0, 0) to (2, 2)
	
	

	(0, 0) to (0, 4)
	
	

	(3,3) to (6, 7)
	
	

	(3, 3) to (6, 3)
	
	

	(3, 3) to (3, 6)
	
	

	(5, 0) to (8, 0)
	
	

	(5, 0) to (7, 8)
	
	

	(5, 0) to (5, 4)
	
	


Graph the points and label the distance on the following graph:

Use the left and bottom edges of the graph as Quadrant 1 axes.

[image: image160.wmf]
When do the 2 distance calculations coincide and when are they different?

Taxicab Geometry Coordinates

We use the formula:
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for the coordinate of any point in the (x, y) plane and on a line with slope m.
What is the EG coordinate formula?

Fill in the following table that shows the Cartesian coordinates, Euclidean Geometric coordinate, and the TCG coordinates for the distances between the following points using the line y = x.

	 point in 

Cartesian coord
	          EG coord
	         TCG coord

	(0, 0)


	
	

	(2, 2)


	
	

	(5, 5)


	
	

	((3, (3)


	
	

	((8, (8)


	
	


[image: image162.wmf]
Where is zero and which part is positive?  
Try the same exercise with the line y = (2x +1

	point in Cartesian coord
	EG coord
	TCG coord

	y intercept
	
	

	(4, (3) 
	
	

	((2, 5)
	
	

	(1, (1)
	
	


[image: image163.wmf]
So BOTH TCG and EG have a distance formula and geometric coordinates…not the SAME formula for them…but they meet the requirements of the axioms.
Now for triangles:
[image: image164.wmf]
Put a 3 – 4 – 5 triangle on the graph.  

Does it seem like trigonometry is safe and sound and will work with this system?

(hint:  shouldn’t I have said 3 – 4 – 5 EG triangle?  isn’t this a 3 – 4 – 7 TCG triangle?)

What about an isosceles right triangle with the base as the summit angle?  Do our trig values hold there?

In actuality there’s a TCG trigonometry that we’ll not be looking at; you can check it out on the web!  Note that the Pythagorean Theorem is NOT true in TCG!
Geometric Shapes:

Lines:
look like lines, no problem there.  However, the interaction of points on a line with other points and with other lines is somewhat changed in TCG.

Betweeness:
We have a concept in EG called “between” – B is between A and C iff AB + BC = AC.

Let’s look at TCG betweeness

[image: image165.wmf]
Mark the midpoint of the line.   How far is the midpoint from each endpoint in TCG.

Find at least 5 additional points that are 8 away from the endpoints of the segment…

work on both sides of the line segment…

Can this happen in EG?

The midpoint is between the endpoints…and all the other points are “between”, too.

Color in all the points that are “between” the endpoints using the definition that for each of these points P:     AP + PB = 16

For example:
What about the point (3, 2)?  Is it between A and B in the sense that the measurements add up to 16?  Find all the points that show this new kind of betweeness.

We call this situation “metric betweeness” because it happens as a result of our way of measuring distance.  It is really  in addition to EG betweeness…all the points on the line are between A and B…our way of measuring gives us all the other points on a technicality.

Triangles:
Since we measure angles the same way, 

the sum of the interior angles is still 180(.



But let’s check on a few other items:


Equilateral triangles:


Sketch an EG equilateral triangle with side measure 4 and one vertex at the origin. 


Where is the apex angle?

Is it TCG equilateral?

Sketch a TCG equilateral triangle side length 4 with one vertex on the x axis…do the angles measure 60(?  What do the angles measure?

[image: image166.wmf]
What can you conclude about TCG equilateral triangles?

Now let’s sketch in a triangle with a horizontal length of 4 and a vertical length of 4 and one vertex over in the upper right of the graph paper…what is the hypotenuse length?

Is this triangle congruent to the equilateral triangle of side length 4?


Why or why not?

Is SAS an axiom in this geometry?
Do you see why this geometry is non-Euclidean?

We’ll have to use the old fashioned definition of congruence – 3 corresponding congruent sides and 3 corresponding congruent angles for congruence
Circles:


A circle is the set of all points that are equidistant from a given point called the center of the circle.

Happily,  we do have circles in TCG.  Let’s figure out what they look like!

Sketch the TCG circle  centered at the origin with radius 4:

(Check back on page 3 for several points that measure 4 from the origin before you get started!)

[image: image167.wmf]
On the graph above sketch in the circle centered at (4, 3) with radius 3.  How many points of intersection are there with our first circle?  Is this different behavior than we observe with Euclidean circles?

Do we have circles that don’t intersect?  

are tangent?  

intersect at two points

…so we have all the Euclidean behavior plus this interesting new way to intersect.

The way that Taxicab geometry is useful to the field is that it shows that a reasonable geometry can have all the axioms UP TO SAS and then find that SAS doesn’t hold.  This establishes that choosing SAS, which we will do, is to choose an independent axiom.

Once we choose it (like right now), we abandon TCG as a model of our system.

Having chosen SAS, Axiom 6.  We now need to choose a Parallel Postulate.  We’ll actually hold off on that choice until the end of Chapter 4.
    A
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