Chapter 4 – Neutral Geometry
We have now accepted six axioms.  We will explore what we can prove WITHOUT making a choice of Parallel Axiom.  In Chapter 5 we’ll choose the Euclidean parallel postulate and then in Chapter 6 we’ll choose the Hyperbolic parallel postulate.

Note that we are using Euclid’s approach.  He, too, proved as much as possible without his Parallel postulate.

4.1
The Exterior Angle Theorem and the Existence of Perpendiculars

What, exactly, is an exterior angle to a triangle?
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Note that the pair of exterior angles are congruent because they are vertical angles.

Note the remote interior angles for the exterior angles shown in the illustration.

Theorem 4.1.2
(Exterior Angle Theorem)  The measure of an exterior angle for a triangle is strictly greater than the measure of either remote interior angle.

This is NOT the Euclidean Exterior Angle theorem in which the sum of the measures of the remote interior angles EQUALS the measure of the exterior angle!

For ease in proving, let’s restate this in implication form:

If ΔABC is a triangle and D is a point such that ray 
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 is opposite to ray 
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, then
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Proof

[Assume the hypothesis]:  
Let ΔABC be a triangle and let D be a point such that ray 
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 is opposite to ray 
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.
[Now we’ll begin a construction]

Let E be the midpoint of segment
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. And choose F to be the point on ray 
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so that
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.  Note that (BEA 
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(FEC because they are vertical angles.  So that 
Δ BEA 
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 ΔFEC by SAS.
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What we want to do is demonstrate that point F is in the interior of (ACD so we can then invoke the Betweenness Theorem for Rays (3.4.5):

Let A, B, C, and D are four distinct points such that C and D are on the same side of 
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.  Then (
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 is between rays 
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So we use the Plane Separation Axiom and a couple of theorems from that section.

Points F and B are on opposite sides of line
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, which puts F and D on the same side of 
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 .  Now points A and E are on the same side line 
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, along with F and since segment 
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 is wholly contained in the half-plane determined by line 
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 , F is on the same side of 
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 as A is.
This puts F in the interior of (ACD.  

NOW by Betweenness for Rays (3.4.5), 
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. So their measures are the same, thus 
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Now let’s look at the Exterior Angles on the Sphere!

Where does this Theorem work and NOT work?

Theorem 4.1.3

Existence and Uniqueness of Perpendiculars

For every line l and for every point P, there exists a unique line m such that P lies on m and m
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Note that this is a 2 part proof.  One for existence and one for uniqueness.

4.2 Triangle Congruence Conditions

To declare two triangles congruent you must find that corresponding sides AND angles are congruent – 6 things to check.  SAS allows you a shortcut.  There are several other shortcuts and we’ll explore them in this section.
Theorem 4.2.1

ASA

If two angles and the included side of one triangle are congruent to the corresponding parts of a second triangle, then the two triangles are congruent.

Convenient restatement:

If 
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 are two triangles such that 
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Theorem 4.2.2

Converse to the Isosceles Triangle Theorem




If 
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is a triangle such that 
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Theorem 4.2.3

AAS

If 
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 are two triangles such that 
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Let’s look at why SSA is not a valid congruence criterion.

Here are two angles.  Calculate the sine of each.
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Approximately .574 for each.  An angle and it’s supplement have the same sine value.
Now take arcsin of the sine value.  Do you get two answers?  No you get only 35(
Here are two triangles:
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Calculate the sine of (B and (B’.  What do you notice?  .643 for EACH.
What is the relationship of the angles?  Supplements.
Now take arcsin of the sine value.  Do you get two answers?  Which angle do you see on the calculator face?

40( only
Here is a sine value:

sin A = .79

Take arcsin .79 (or 
[image: image57.wmf])
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).  Is this the only value for A? nope.  What’s the other angle that has sine of it is .79?  How is it related to the first angle?

Arcsin (.79) ~ 52.19(





127.8(
Here’s a problem:
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Use the Law of Sines to solve for sin DAB and the arcsin function to get m( DAB.

What happens?  How do you fix it?
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Is this the only answer?

Be really careful with SSA!
NB:  THIS IS NOT A PROOF!  This is an illustration!!  Homework alert!
Theorem 4.2.5

Hypotenuse-Leg  Theorem
If the hypotenuse and one leg of a right triangle are congruent to the hypotenuse and a leg of a second right triangle, then the two triangles are congruent.

Theorem 4.2.6
If 
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is a triangle, 
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is a segment such that 
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 and H is a half-plane bounded by 
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, then there is a unique point F 
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such that 
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Proof:


First we will prove there exists such a point.

Let point Q
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be such that 
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. We know there is such a point by Protractor Postulate, Part 3:
[(Angle Construction Postulate) For each real number r, 

0 < r < 180, and for each half-plane H bounded by 
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a unique ray 
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 such that E is in H and 
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Choose point F on 
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 so that 
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 [Ruler Postulate].
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Then note that 
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 by SAS.  Thus point F exists.
Now for uniquenesss.  Suppose there are 2 points F and G, both in H, such that 
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Now, since G must lie on
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(uniqueness part of the Protractor Postulate, part 3).  And since 
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 it is the case that F = G (the correspondence between real numbers and points is one-to-one).  Therefore, F is unique.
Theorem 4.27
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If 
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are two triangles such that 
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Four cases.  Check out WHY there are 4 cases.

4.3 Three Inequalities for Triangles
The Exterior Angle Theorem is one of many inequality theorems for triangles.  If you have a scalene triangle, you have a triangle with 3 different side lengths and 3 different angle measures.  This is the triangle you want to use in any general proof about triangles.

Theorem 4.3.1

Scalene Inequality

In any triangle, the greater side lies opposite the greater angle and the greater angle lies opposite the greater side.

Let 
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be a triangle.  Then AB > BC iff 
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There are two proofs to be made here due to the “iff”

If the measures of two sides of a triangle are not equal, then the measures of the angles opposite those sides are unequal in the same order.
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Given AB > AC.

Show m(ACB > m( B

We have that side AB > side AC.   Locate point D on side AB so that you can

construct a segment on the interior of the triangle, AD, so that AD = AC, thus creating an isosceles (ADC.  [Note that point D is in the interior of 
[image: image90.wmf]Ð

 ACB.*] 
*same proof as earlier
Now the base angles of ΔADC are congruent.  

We have that


m(ACB = m(ACD + m(DCB. *

*Protractor Postulate 

From arithmetic then m(ACB is bigger than either summand, in particular


m(ACB > m(ACD =  m(ADC > m(B  

as desired, because 
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ADC an exterior angle to ΔBDC and is thus larger than the remote interior angle B.

If the measures of two angles of a triangle are unequal, then the lengths of the sides opposite these angles are unequal in the same order.
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Given:
m( B > m(C

Show: AC > AB



Let’s suppose AB > AC.  

Then, by the preceeding theorem, m(C > m(B.  

This is impossible because of what we are given.

Ok, then, let’s suppose AB = AC, 

then m(B = m(C because they’d be the base angles of an isosceles triangle.  Which isn’t possible because we’re given that angle B is larger.

Ok, now let’s review:  AB is NOT larger than AC and it’s NOT equal to AC.  And these measurements are numbers so the only remaining possibility is:

AB < AC by the Tricotomy Law for numbers.

Theorem 4.3.2

Triangle Inequality




Let A, B, and C be three noncollinear points, then AC < AB + BC.

Theorem 4.3.3

Hinge Theorem

If 
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are two triangles such that AB = DE and AC = DF with 
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One illustration:

Theorem 4.3.4



Let l be a line, let P be an external point, and let F be the foot of the perpendicular from P to l.  If R is any point on l that is different from F, then PR > PF.

Let’s prove this in class right now!

Pointwise Characterization for Angle Bisectors and Perpendicular Bisectors
 p. 80

Theorem 4.3.6
Let A, B, and C be 3 noncollinear points and let P be a point on the interior of (BAC.  Then P lies on the angle bisector of (BAC iff d(P, 
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Theorem 4.37
Let A and B be distinct points.  A point P lies on the perpendicular bisector of 
[image: image98.wmf]AB

iff PA = PB.
Let’s work on this one as a group.  When you’ve got an idea for why or how, you can go to the board with it!
Theorem 4.3.8

Continuity of Distance



The function f: [0, d]
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The setting:

Let A, B, and C be 3 noncollinear points.  Let d = AB.  For each x in 0 < x < d there exists a unique point 
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 (by the Ruler Postulate).
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Proof:

Let A, B, and C be 3 noncollinear points.  Let d = AB.  For each x in 0 < x < d there exists a unique point 
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 (by the Ruler Postulate).  
Define a function:
f: [0, d]
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Let 
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We must show that there is a 
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.  This is the definition of continuity at x.
We claim that 
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is the way to go.
Suppose y is a number in [0, d] such that 
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By the Triangle Inequality  we have


[image: image115.wmf]xyxyy

CDCDDDCD

e

<+<+


[image: image184.wmf]B

C

A


A second application of the Triangle Inequality gives
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Combining the two inequalities:
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How did he combine them?
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Yields
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Why is this absolute value?
Which, when translated back to function form gives
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as required.  Note that the proof of continuity at the endpoints is quite similar.

4.4 The Alternate Interior Angles Theorem
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We need the idea of a transversal.  Given two distinct lines, a transversal is a third line crossing each of the two lines at a distinct point.  Note that there is nothing said about how the first two lines are relating…we have no information about whether or not they are parallel.

andare one of two pairs of

Alternate interior angles while

and  are one of several pairs of corresponding angles.

Theorem 4.4.2

Alternate Interior Angles Theorem

If l and l’ are two lines cut by a transversal t in such a way that a pair of alternate interior angles are congruent, then the two lines are paralle[image: image186.emf]y
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Proof:
Let l and l’ be two lines cut by a transversal t in such a way that a pair of alternate interior angles (and are congruent.  Further, suppose that l and l’ are intersecting a point D.   This makes a triangle.  Note that 
is an exterior angle of the triangle and by the Exterior Angle Theorem



[image: image121.wmf]gq
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 a remote interior angle.  This contradicts our hypothesis…so the lines do NOT intersect, i.e. they are parallel.


l and l’ are intersecting at a point D to the right.

Corollary 4.4.4
Corresponding Angles Theorem

If l and l’ are two lines cut by a transversal t in such a way that a pair of corresponding angles are congruent, then the two lines are parallel.

Corollary 4.4.5
If l and l’ are two lines cut by a transversal t in such a way that two nonalternating interior angles on the same side of t are supplements, then the two lines are parallel.

Corollary 4.4.6
If l is a line and P is an external point, then there is a line m such that P lies on m and m is parallel to l.

Proof
is mainly a famous construction “the double perpendicular construction of a parallel line”:


Drop one perpendicular from P to l and call the point at the foot of the perpendicular Q.  Construct 
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.  Next construct a line perpendicular to 
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 through P. (this is the second perpendicular in the construction, hence “double”).

This is NOT the proof, though.  That’s in the book.  Please read it and learn it.

Corollary 4.4.7
The Elliptic Parallel Postulate is false in any model of neutral geometry.

Corollary 4.4.8
If l, m, and n are any three lines such that 
[image: image124.wmf]ml

^

and 
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m = n or m is parallel to n.
4.5 The Saccheri-Legendre Theorem

Let A, B, and C be three noncollinear points.  The angle sum,  for 
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is the sum of the measures of the three interior angles of this triangle.

Theorem 4.5.2

Saccheri-Legendre Theorem




If 
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is any triangle then 
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Note:  NOT equal.  This covers the Hyperbolic case as well as the Euclidean case.

Lemma 4.5.3

If 
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is any triangle, then 
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Let 
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be any triangle

Let D be a point on 
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such that A*B*D.

[image: image134.wmf]()()180

CBDABC

mm

Ð+Ð=°

 because they are a linear pair.  

Further 
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is an exterior angle to the triangle so
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Substituted in the equation above, we find
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Lemma 4.5.4

If 
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is any triangle and E is a point on the interior of side 
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Assume the hypothesis.
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By the Angle Addition Postulate (since E is in the interior of 
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, we know that
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Now 
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 because they are a linear pair.  Combining these facts we get
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Lemma 4.5.5

If A, B, and C are three noncollinear points, then there exists a point D
that does not lie on 
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 such that 
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and the angle measure of one of the interior angles in 
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is less than or equal to
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Let  A, B, and C be three noncollinear points.  Construct 
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.  Let E be the midpoint of
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.  Let D be a point on 
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such that A*E*D and AE = ED.
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Why is 
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Now since they are congruent, the angle sums will be equal.

Now, why do we know that:
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By similar reasoning
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So how do we know that
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This completes half of the proof.

Now 
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(Protractor Postulate)

How do I now know that
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This completes the proof of the lemma!

The proof of the Saccheri-Legendre Theorem is a homework exercise.

Theorem 4.5.2

Saccheri-Legendre Theorem




If 
[image: image160.wmf]ABC

D

is any triangle then 
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4.6
Quadrilaterals

Quadrilateral:  Let A, B, C, and D be four points, no three of which are collinear. Suppose further that any pair of the segments 
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either have no point in common or have only an endpoint in common.  Then the four points determine a quadrilateral □ABCD.
A quadrilateral is said to be convex if each vertex of the quadrilateral is contained in the interior of the angle formed by the other three vertices.

Is this quadrilateral convex?

[image: image191.emf]
What about the point set definition of convexity?

Why would we choose another definition?

We have diagonals and angle sums for quadrilaterals.

Theorem 4.6.4

If □ABCD is a convex quadrilateral then 
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Proof:
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Definition 4.6.5
The quadrilateral □ABCD is called a parallelogram if opposite sides are parallel.

Theorem 4.6.6
Every parallelogram is convex.

Theorem 4.6.7
If 
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is any triangle, with A*D*B and A*E*C, then


□BCED is a convex quadrilateral.

Theorem 4.6.8
A quadrilateral is convex if and only if the diagonals have an interior point in common.



Corollary 4.6.9
If □ABCD and □ACBD are both quadrilaterals, then □ABCD is not convex.


If □ABCD is a nonconvex quadrilateral, then □ACBD is a quadrilateral.
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4.7
Statements Equivalent to the Euclidean Parallel Postulate

Logically equivalent statements, P and Q, can be written 
[image: image168.wmf]PQPQQP
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Thus in any pair of the following statements one or the other can be the hypothesis and the remaining statement the conclusion.

Throughout the years various people have “proved” the Euclidean Parallel Postulate using statements that are logically equivalent to it.

Equivalent Statements:

If two parallel lines are cut by a transversal, the both pairs of alternate interior angles are congruent.


If l is a line and P an external point, then there is exactly one line through P parallel with l.

If l and l’ are parallel lines and t is a line distinct from l such that t intersects l, then t also intersects l’.

Ditto:  intersecting a right angles

There exists a rectangle.
(Clairaut’s Axiom)

If l, m, n, and k are lines such that k is parallel to l, m is perpendicular to k and n is perpendicular to l, then either m = n or m is parallel to n.
Let’s sketch this one:

If l is parallel to m and m is parallel to n, then either l = n or l is parallel to n.

Given any triangle, the angle sum is 180°.

Wallis’s Postulate:

If 
[image: image169.wmf]ABC

D

is any triangle and 
[image: image170.wmf]DE

is a segment, then there exists a point F such that 


[image: image171.wmf]ABCDEF

DD

:

.   Recall “similar triangles” congruent angles and proportional sides.

4.8 

Rectangles and defect

We have found that Euclidean Geometry and Hyperbolic Geometry are reliably distinct.  If you have in your hands a triangle whose angle sum is less than 180°, then all the triangles in that model will have what is called a defect, a positive difference from 180°.  And if one has an angle sum of exactly 180°, then they all will in that model.

The defect of 
[image: image172.wmf]ABC

D

 is 
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.

This term also applies to quadrilaterals.

Now it is NOT possible to divide a triangle into 2 smaller triangles and shove all the defect off on one smaller to have a “perfect” triangle and one with a defect.


Lemma 4.8.6
If 
[image: image174.wmf]ABC

D

 is any triangle, then at least 2 of the interior angles in the triangle are acute.  If the interior angles at A and B are acute, then the foot of the perpendicular for C to 
[image: image175.wmf]AB

suur

  is between A and B.

Proof
This is a direct result of Saccheri-Legendre.
Now let’s look at a really amazing quadrilateral:  a Saccheri Quadrilateral.

[image: image176.emf]C

D

A

B


Angles A and B are right angles, the 2 sides are congruent.

In Euclidean Geometry, angles D and C are right angles.

In Hyperbolic Geometry, they are acute angles.

In Spherical Geometry, they are obtuse angles.

This quadrilateral exists in all 3 models!

Properties of a Saccheri Quadrilateral


The diagonals are congruent.


The summit angles are congruent (C and D).


The midpoint segment is perpendicular to the base and summit.


It is a parallelogram and thus convex.


The summit angles are right or acute in Neutral Geometry.

Theorem 4.8.12
Aristotle’s Theorem


If A, B, and C are three noncollinear points such that 
[image: image177.wmf]BAC

Ð

is an acute angle with P and Q two points on 
[image: image178.wmf]AB
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 with A*P*Q, the
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.  Further, for every positive number d0, there exists a point R on 
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such that 
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.
Let’s illustrate this theorem!

4.9
The Universal Hyperbolic Theorem

For every line l and external point P, there exist at least two lines through P and parallel to l.  This is the negation of the Euclidean Parallel Postulate.

In Chapter 5, we will choose the Euclidean Parallel Postulate.  In Chapter 6, we’ll begin a study of Hyperbolic Geometry.
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