Theorems – Venema
Chapter 3

Theorem 3.1.7
If l and m are two distinct, non parallel lines, then there exists exactly one point P such that P lies on both l and m.  [note that this is not true in Spherical geometry]
p. 37

Theorem 3.2.7

If P and Q are any two points, then
1. PQ = QP,

2. PQ 
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 0, and

3. PQ = 0, if and only if P = Q.

p. 38

Corollary 3.2.8
A*C*B if and only if B*C*A.

Theorem 3.2.16
The Ruler Placement Postulate

For every pair of distinct points P and Q, there is a coordinate function f : 
[image: image2.wmf]PQ

®

suur

R such that f (P) = 0 and f (Q) > 0.  p.41

Theorem 3.2.17
Betweeness Theorem for Points




Let l be a line; let A, B, and C be three distinct points on l; let 

f : 
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R be a coordinate function for l.  The point C is between A and B if and only if f (A) < f (C) < f (B) or f (A) >  f (C) >f (B).

p. 42

Corollary 3.2.18
Let A, B, and C be three distinct points such that B lies on 
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. Then A*B*C if and only if AB < AC.
Corollary 3.2.19
If A, B, and C are three distinct collinear points, then exactly one of them lies between the other two.

Corollary 3.2.20
Let A and B be two distinct points.  If f is a coordinate function for


l = 
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 such that f (A) = 0 and f (B) > 0 , then 
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Theorem 3.2.22
Existence and Uniqueness of Midpoints

If A and B be two distinct points, then there exists a unique point M such that M is the midpoint of segment 
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Theorem 3.2.23
Point Construction Postulate


If A and B be two distinct points and d is any nonnegative real number, then there exists a unique point C such that C lies on the ray 
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 and AC = d.

Theorem 3.3.9
The Ray Theorem


Let l be a line, A a point on l, and B an external point for l.  If C is a point on ray 
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 and 
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, then B and C are on the same side of l.  
Theorem 3.3.10
Let A, B, and C be three noncollinear points and let D be a point on the line 
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.  The point D is between B and C if and only if the ray  
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 is between rays 
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 and 
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Theorem 3.3.12
Pasch’s Axiom


Let 
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 be any triangle and let l be a line such that none of A, B, or C lies on l.  If l intersects 
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 then l also intersects either 
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 or 
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Lemma 3.4.4
If A, B, C, and D are four distinct points such that C and D are on the same side of 
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 and D is NOT on 
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, then either C is on the interior of 
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 or D is in the interior of 
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Theorem 3.4.5
Let A, B, C, and D are four distinct points such that C and D are on the same side of 
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.  Then (
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) <  (
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) if and only if ray 
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 is between rays 
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 and 
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Theorem 3.4.7
Existence and Uniqueness of Angle Bisectors


If A, B, and C are three noncollinear points, then there exists a unique angle bisector for 
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Theorem 3.5.1
The Z-Theorem


Let l be a line and let A and D be distinct points on l.  If B and E are points on the opposite sides of l, then 
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Theorem 3.5.2
The Cross Bar Theorem


If 
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 is a triangle and D is a point in the interior of 
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, then there is a point G such that G lies on both ray 
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 and segment 
[image: image34.wmf]BC

.

Theorem 3.5.3
A point D is in the interior of angle 
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 if and only if the ray 
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intersects the interior of the segment 
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Theorem 3.5.5
Linear Pair Theorem


If angles 
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and 
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 form a linear pair, then they are supplements.

Lemma 3.5.7
If C*A*B and D is in the interior of 
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, then E is in the interior of 
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Theorem 3.5.9
If l is a line and P is a point on l, then there exists exactly one line m such that P lies on m and 
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Theorem 3.5.11
Existence and Uniqueness of Perpendicular Bisectors

If D and E are two distinct points, then there exists a unique perpendicular bisector for the line 
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Theorem 3.5.12
Vertical Angles Theorem




Vertical angles are congruent.

Lemma 3.5.14

Let [a, b] and [c, d] be closed intervals of real numbers and let
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 be a function.  If f is strictly increasing and onto, then f is continuous.

Theorem 3.5.15
The Continuity Axiom

The function f in the preceding lemma is continuous, as is the inverse of f.

Theorem 3.6.5

Isosceles Triangle Theorem




The base angles of an isosceles triangle are congruent.

Theorem 4.1.2

Exterior Angle Theorem  

The measure of an exterior angle for a triangle is strictly greater than the measure of either remote interior angle.

Theorem 4.1.3

Existence and Uniqueness of Perpendiculars

For every line l and for every point P, there exists a unique line m such that P lies on m and m
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Theorem 4.2.1

ASA

If two angles and the included side of one triangle are congruent to the corresponding parts of a second triangle, then the two triangles are congruent.

Theorem 4.2.2

Converse to the Isosceles Triangle Theorem




If 
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is a triangle such that 
[image: image47.wmf]ABCACB

Ð@Ð

, then 
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Theorem 4.2.3

AAS

If 
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 are two triangles such that 
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Theorem 4.2.5

Hypotenuse-Leg  Theorem

If the hypotenuse and one leg of a right triangle are congruent to the hypotenuse and a leg of a second right triangle, then the two triangles are congruent.

Theorem 4.2.6
If 
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is a triangle, 
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is a segment such that 
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 and H is a half-plane bounded by 
[image: image61.wmf]DE

suur

, then there is a unique point F 
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such that 
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Theorem 4.27

SSS




If 
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 and 
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are two triangles such that 
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[image: image68.wmf]CAFD

@

, then 
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Theorem 4.3.1

Scalene Inequality

In any triangle, the greater side lies opposite the greater angle and the greater angle lies opposite the greater side.

Theorem 4.3.2

Triangle Inequality




Let A, B, and C be three noncollinear points, then AC < AB + BC.

Theorem 4.3.3

Hinge Theorem

If 
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 and 
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are two triangles such that AB = DE and AC = DF with 
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(BAC) > 
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(EDF), then BC < EF.

Theorem 4.4.4
Let l be a line, let P be an external point, and let F be the foot of the perpendicular from P to l.  If R is any point on l that is different from F, then PR > PF.
Theorem 4.3.6
Let A, B, and C be 3 noncollinear points and let P be a point on the interior of (BAC.  Then P lies on the angle bisector of (BAC iff d(P, 
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) = (P, 
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Theorem 4.37
Let A and B be distinct points.  A point P lies on the perpendicular bisector of 
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iff PA = PB.

Theorem 4.3.8

Continuity of Distance

The function f: [0, d]
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Theorem 4.5.2

Saccheri-Legendre Theorem




If 
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is any triangle then 
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Lemma 4.5.3

If 
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is any triangle, then 
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Lemma 4.5.4
If 
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is any triangle and E is a point on the interior of side 
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, then 
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Lemma 4.5.5
If A, B, and C are three noncollinear points, then there exists a point D that does not lie on 
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 such that 
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and the angle measure of one of the interior angles in 
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is less than or equal to
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Theorem 4.6.4

If □ABCD is a convex quadrilateral then 
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Theorem 4.6.6
Every parallelogram is convex.

Theorem 4.6.7
If 
[image: image95.wmf]ABC

D

is any triangle, with A*D*B and A*E*C, then


□BCED is a convex quadrilateral.

Theorem 4.6.8
A quadrilateral is convex if and only if the diagonals have an interior point in common.

Corollary 4.6.9
If □ABCD and □ACBD are both quadrilaterals, then □ABCD is not convex.


If □ABCD is a nonconvex quadrilateral, then □ACBD is a quadrilateral.

Lemma 4.8.6
If 
[image: image96.wmf]ABC

D

 is any triangle, then at least 2 of the interior angles in the triangle are acute.  If the interior angles at A and B are acute, then the foot of the perpendicular for C to 
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  is between A and B.

Properties of a Saccheri Quadrilateral


The diagonals are congruent.


The summit angles are congruent (C and D).


The midpoint segment is perpendicular to the base and summit.


It is a parallelogram and thus convex.


The summit angles are right or acute in Neutral Geometry.

Theorem 4.8.12
Aristotle’s Theorem


If A, B, and C are three noncollinear points such that 
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is an acute angle with P and Q two points on 
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 with A*P*Q, the
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.  Further, for every positive number d0, there exists a point R on 
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Theorem 5.1.1
If  two parallel lines are cut by a transversal, then both pairs of alternate interior angles are congruent.

Theorem 5.1.2
If l and l’ are two lines cut by a transversal t such that the sum of the measures of the two interior angles on one side of 6t is less than 180
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 then l and l’  intersect on that side of t. 

Theorem 5.1.3
For every 
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Theorem 5.1.4
If 
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ABC is a triangle and 
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 is any segment, then there exists a point F such that 
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Theorem 5.1.5
If l and l’ parallel lines and 
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is a line such that t intersects l, then t also intersects l’.

Theorem 5.1.6
If l and l’ parallel lines and t is a transversal such that 
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, then 
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Theorem 5.1.7
If  l, m, n, and k are lines such that 
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, 
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Theorem 5.18
If 
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and 
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, then either 
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Theorem 5.1.9
There exists a rectangle.

Theorem 5.1.10
Properties of Euclidean Parallelograms




If 
[image: image123.wmf]ABCD
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is a parallelogram, then

1. The diagonals divide the quadrilateral into two congruent triangles

(
[image: image124.wmf]andABDCDB
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).

2. The opposite sides are congruent.

3. The opposite angles are congruent.

4. The diagonals bisect each other.

Theorem 5.2.1
Let l, m, and n be distinct parallel lines.  Let t be a transversal that cuts these lines at point A, B, and C respectively and let t’ be a transversal that cuts the lines at A’, B’, and C’ respectively.  Assume 
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Lemma 5.2.2
Let l, m, and n be distinct parallel lines.  Let t be a transversal that cuts these lines at point A, B, and C respectively and let t’ be a transversal that cuts the lines at A’, B’, and C’ respectively.  Assume A*B*C.  If
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Theorem 5.3.1
If  
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are two triangles such that 
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Corollary 5.3.2
If  
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are two triangles such that 
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Theorem 5.3.3
SAS Similarity Criterion


If  
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ABC and
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are two triangles such that 
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Theorem 5.3.4
Converse to Similar Triangles Theorem


If  
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are two triangles such that
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AA similarity:
If two pairs of corresponding angles angles are congruent, then the triangles are congruent!

Theorem 5.4.1
If  
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ABC is a right triangle with a right angle at vertex C, then
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Theorem 5.4.3
The height of a right triangle is the geometric mean of the lengths of the projection of the legs.

Theorem 5.4.4
The length of one leg of a right triangle is the geometric mean of the length of the hypotenuse and the length of the projection of that leg onto the hypotenuse.

Theorem 5.4.5
If  
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ABC is a triangle with 
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then
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ABC  is a right triangle.

Theorem 5.5.2
Pythagorean Identity


For any angle 
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, 
[image: image156.wmf]22

sincos1

qq

+=

.

Theorem 5.5.3
Law of Sines
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Theorem 5.5.4
Law of Cosines


If  
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ABC is any triangle, then 
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Theorem 5.6.2
Median Concurrence Theorem


The three medians of any triangle are concurrent; that is, if  
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ABC is any triangle and D, E, and F are the midpoints of the sides opposite A, B, and C, respectively, then 
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G.  Moreover, 
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Theorem 5.6.3
Euler Line Theorem


The orthocenter H, the circumcenter O, and the centroid G of any triangle are collinear.  Furthermore H*G*O (unless the triangle is equilateral in which case the three points coincide) and HG = 2GO. 

Theorem 5.6.4
Ceva’s Theorem


Let 
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ABC be any triangle.  The proper Cevian lines 
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Theorem 5.6.5
Theorem of Menelaus


Let 
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ABC be any triangle.  Three proper Menelaus points L, M, and N


on the lines 
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are collinear if and only if
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