CHAPTER 13

SECTION 13.1

1 1 1 1
3. f({t)=- i+ j + k 4. ft_tl—l-——i- k
®) SN AT e A (R O =i+t
/ -1 / 2 : 2t H
7. f(t):lTl—smtj—l-?tk 8. f(t):_(t—1)2|+e (14 2t)j + sect tantk
, -1
7. f(t):ml—smtj—i-%k

9. f(t)=4i+6t*+ (2t + 2)k; f'(t) =12tj+2k

10. f/(t) = (sint + tcost)i+ (cost — tsint)k

f/(t) = (2cost — tsint)i + (—2sint — ¢t cost)k

s

i 2
16. / r(t)dt = {— costi + sintj + %k} =2i+ %F2k
0

0

VA , ) : .
19. /0 <1+ 5 1+ sec tj) [tan*1t|+tantj](1):gl—i—tan(l)j

3 3
20. / F(t)dt = [lnti + %(mt)?j - %thk] =In3i+ = (1n3) j+ %(6*2 —e 9k
1 1

: . sint) . , t2 1. .
21. }%f(t)—(%%T)I—FQEHe)j+(llr%g>k—§l+1

t
22.  Does not exist ( because of mk)

39. (a) f(t) =3costi+2sint]j (b) f(t) =3costi—2sint]j
40. (a) T (t) = (1+ cost)i+sintj (b) f(t) = (14 cost)i —sintj

43. ft)=(1+2)i+(A+5t)j+(—2+8)k, 0<t<1

46. f(t)=( ;tQ—i—l (V1I+t2+1)j+ (te' —e' +4)k

49. (1) =af(t) = f(t)=e"f(0)=e"c

Section 13.2

3. f'(t)=2e*i—costj, f"(t)=4e*i+sint]j
4. f(t)=2t%1 = f'(t)=4ti, f'(t)=4i



14.

15.

16.

21.
24.

25.

27.

32.

33.

f(t) = | (e'i + tk) x % ( +etk)} + [% (e'i +tk) x (tj + e 'K)
= [(ei+ 1K) x (i — e "K)] + [(c'i +K) x (tj + e K)]
= (—ti+]j+e'k) + (—ti — j+ te'k)
= —2ti+e'(t+1)k

f/(t) = —2i +e'(t +2)k

/() = (i — 2tj) x (i + 3] + 5tk) + (ti — 2] + K) x (3t%] + 5K)

f7(t) = —2j x (i + 3] + 5K) 4+ 2(i — 2tj) x (3% + 5K) + (ti — t*j + K) x 6t]
2

d . . d . .
pTEl [e! costi + e’ sintj] = 7 [e'(cost — sint)j + e (sint + cost)j]

= —2¢'sinti + 2¢’ costj

(e'i+e7tj) - (e'i —etj) = e*' —e™2;  therefore
d? d?

T liteT) (i-e )] = 25 [ -] = % [26% + 2¢7%] = 4e? — 4%

1. . 1. . . . 1. .
(;l +j- 2tk> x (;l + % —tk) + [Inti +tj — (2 + 1)K] x (—t—2| +2tj — k)
rt) =a+tb 22. r(t)=a+tb+ it’c
1 . 1 .
rit)=(1+2t— 1 cos2t)i+ (1 — 1 sin 2t)j
r(t) =sinti+ costj, r'(t) = costi—sintj, r''(t) = — sinti—costj = —r(t).
Thus r(t) and r”(t) are parallel, and they always point in opposite directions.
r(t) - r'(t) = (costi+sintj) - (—sinti+costj)=0
r(t)xr'(t) = (costi+sintj) x (—sinti+ costj)
= cos’tk +sin?tk = (cos2t+sin2t) k=k

d
E(f x ') =f(t) x f”(t) by Exercise 29. If f(¢) and f”(¢) are parallel, their cross product is zero,

d
S0 E(f x f') =0, hence f x f’ is constant.

|Ir(t) |l is constant |l r(t)||> =r(t) - r(t)is constant

—
= [r(t)-r(t)]=2[r(t) - r'(t)] =0 identically
—



Section 13.3

1. r(t)=—msinnti+nwcosmtj+kK, r'(2)=nj+k
R (u) = (i +2k) + u(rj + k)

2. rit)y=éei—etj— %k, r(ly=ei—e'j—k; R(u)=(ei+e'j)+ulei—e1j—k)
4. r0)=1i; R(u)=(0+]j+K)+ul

5. r(t)=4ti—j+4tk, Pistipofr(l), r(1)=4i—j+4k
R (1) = (2i + 5K) + u (4i — j + 4K)

9. The scalar components z(t) = at and y(t) = bt? satisfy the equation
a®y(t) = a®(bt*) = b (at*) = b[a(t) ]?

and generate the parabola a2y = bx2.
11. rt)=ti+ (1+1)j, r'(t) =i+ 2t

(a) r)Lr@® = r()-r@)=][ti+(1+)j] - (i+2t)
=t(2t*+3)=0 = t=0
r(t) and r'(¢) are perpendicular at (0, 1).
(b) and (c) r(t)=ar'(t) with a#0 = t=a and 1+t*=2ta = t=+1.

If «>0, then t=1. r(¢) and r'(¢) have the same direction at (1,2).

If <0, then ¢t =—1. r(¢t) and r'(t) have opposite directions at (—1,2).

17.  ry(t) = ro(u) implies

2 —2=u?-3
The point of intersection is (1,2, —2).

et=u
QSin(t+%7r)=2 sothat t=0, u=1.

ri(t) = e'i + 2cos (t—|— g)J +2tk, ri(0)=i

F(u) =i+ 2uk, rh(1) =i+ 2K

cost = —rll (0) - r5(1) = E = = radians
"= RO~ 5Y2 = 04T O LI e
18.  (a) R(u) =r(to) +ur'(to) = (toi + f(to)i) + u(i+ f'(o)i)
= a(u) =to+u, y(u)=f(to)+uf(to)
(b) From (a), we get u =az(u) —to and y(u)— f(to) = f'(to)u. so

3



y— f(to) = f'(to)(x —tg), as expected.
19. (a) r(t)=acosti+bsintj (b) r(t)=acosti—bsintj
(¢) r(t)=acos2ti—+ bsin2tj (d) r(t)=acos3ti—bsin3t]
27. r(t)=(*+1)i+tj, t>1; or, r(t)=sec®ti+tantj, t € [im Im)
29. r(t)=costsin3ti+sintsin3dtj, t € [0,7]

32, (a) r(0)=i+2j=r(1)

o i _ora 1 oo
© TO= o)y = v I TO= ey T st A
35. r'it)=2j+2tk, [[r'(t)] =2V1+¢
) 1 .
T e~ eIt
(1) = ﬁ —tj+K
. _ T = i L
att=1: tipofr=1(1,2,1), T_T(l)_\/ij+\/§k’ .
T W SIS SN VT NN T U _re 1. 1

normal for osculating plane:

1 1 1 1 1
TxN-= —'+—k)x(——'+—k):—i
(ﬁj V2 Vil TvRY) T2
equation for osculating plane:

1
5(:1:—1)+O(y—2)+0(z—1):0, which gives z—-1=0

37. r'(t) = —2sin2ti+2cos2tj+ k, |[F'(t)] =5

T = "0 L5 Cosimati+2c0s2tj +K)
@l 5
T/(t) = —2v/5 (cos2ti +sin2t]), [T'(1)] = V5

N (t) = % = —(cos2ti+sin2tj)

at t =m/4: tipof r=(0,1,7/4), T=2V5(-2i+k), N=—j
normal for osculating plane:
Tx N=1v5(—2i k) x (—]) = }vVBi+ 25k

equation for osculating plane:



1 2
gx/g(x—())—l—g\/g(z—z) =0, which gives :1:—|—2z:g

4
_ T i+2j+2k .
B TO= o= ary = A
T/(t)  —2ti — 4tj + 5k R
NG = T = s N = e (4= 8 45K
T@) x N(2) = %(m )

Osculating plane at (2,4,2): 2(z—-2)—(y—4)=0 = 2z—y=0

41. r'(t) = e [(sint + cost) i+ (cost —sint)j+ k]|, |[F'(t)]| =e'V3

T®) = r - [(sint + cost) i+ (cost —sint)j+ K],

@l V3
T(t) = % [(cost —sint) i — (sint + cost) ]
att=0: tipof r=(0,1,1), TJT(O)—%(H-]—FK);
PR S y :_2. _ _ T'(0) :i._.
normal for osculating plane:
TxN—l"kl"—l"2k
—ﬁ("ﬂ‘i‘ )Xﬁ(l—l)—%(l‘i‘l— )

equation for osculating plane:

1 1 2

Section 13.4
1. ri)y=i+t?j, Fr@)) =vIi+t 2. rt)y={#-Di+2tj; ||r@)||=t2+1
8 8 2
L:/ \/1+tdt_{§(1+t)3/2] :2 L:/(t2+1)dt:1—34
0 0 0

3. r'(t)=—asinti+acostj+bk, |r'(t)]=va®+b?

27
L= Va?+b2dt =2nva? + b2

0

4. rt) =i+ V2 Ptk [ F(@) =t+1

2
L:/ (t+1)dt =4
0



1 1 1 1
8. rt)=i+(=t2—=t2 |k | F(t)|=zt+t?
=i+ (50-5%)k 170 I=32+3

3
1 1 14
L:/ 2+t ) dt=—
1 \2 2 3
, 1. . , 1
13. r(t):¥|+21+2tk, (Ir' ()] = t_2+4+4t2
L= A 4442 dt = NE 2t | dt = [In |t| + ¢2]5 = €2
= [ Va s [ (o) as )=

15. r(t)=tcosti+tsintj+V3tk, |r(t)] = Vt2cos?t+ t2sin®t+ 3t2 = VA2 =2t

2m 27
L:/ 2% dt = MO — 4x?

0
e e 2 1
20. Li={ ||[F@)] dt:/ V2t i L2:/ V1+ e da
1 1 0

Setting ¢t =e®, weget Li=+V2Ly

t t
23. (a)s:/ \/(—3sint)2+(3cost)2+42dt:/ 5dt = 5t
0 0

s S\ . . (8 .  4s
(b)t—g, R(s)—?)cos(g)|—|—3sm(g)j+gk
(¢) r(t) =3 costi+3sintj+4tk=3i+0j+0k = t=0

From part (a), the arc length s =5t and 5t=56m = t=m; r(r)=-3i+0wj+4rk

=  Q(-3,0,4m).

(d) R'(s) = —gsin (g) i+ gcos (g) j —l—gk;

|R@W=¢L§m%3r+ﬁw49r+ﬁr:1

Section 13.5

3. r(t)=ati+bsinatj, r'(t)=ai+abcosat]

r'’(t) = —a®bsinatj, ||[r'(t)|| = a®|bsinat| = a?|y(t)|

6



10.

13.

17.

18.

21.

24.

27.

28.

31.

32.

r'(t) = 2tj + 2(t — 1)k;

speed is minimum when || r'(¢) ||> is minimum

1
447 4 4(t — 1)? = 8t — 8t + 4 is minimum at t = 5

4
(a) x(t) = 2cos2t = 4cos®t — 2 and y(t) = 3cost = z = §y2 —2.

Since

—2<a(t) <2, -3<y(t) <3,

the path consists only of the bounded arc

r=—y*—2,

-3 <y <3
9 SYs

The motion traces out this arc twice on every t-interval of length 27.

(b) included in part (d)
e*:l)
K= —————
(14 e-22)*/?
sec?
R =

(1 + tan? x)3/2

y = sec? z,

y" = 2sec? r tan x;

= |cosz]|

|2 sec? x tan x|
=
(1 + sect x)3/2

|| 4 5
=— 1 at (2= =25
y' =4cos2x, y" = —8sin2ux; atx:%, y =0, ¢y'=-8 = Hz% = p:%
2
K(z) = ‘_1/:6’32: - 520 >0
(1+1/22)*? (@24 1Y
1 — 222 1
,tglq; :(7:175227 I(,CC):O — (E:—\/i
(z24+1) 2

Since k increases on (O,

%\/ﬂ and decreases on [%\/ﬁ, oo), K is maximal at (%\/5, %ln %)

6
y =3-32%, y'=—6z. localmaxat x=1: ¢ =0, 3y’ =-6, k= T o —6
z(t)=2t, J(t)=2, "()=0; y@t)=1 ) =3t y"(t)=06t
o
(44 9t4)/2
2 =9% 2" =29 y’:3t2 ' = 6t; K= |12t2—6t2| _ 6

(412 + 9t%)3/2 ~ Jt[(4+ 912)3/2

7



35.

40.

41.

43.

46.

x(t) =t cost, a'(t) =cost—tsint, z''(t)=—2sint—1t cost

y(t) =t sint, y'(t) =sint+t cost, y"”(t) =2 cost—tsint

|(cost —t sint)(2 cost —t sint) — (sint + ¢ cost)(—2 sint — ¢ cost)|

h= : : 3/2
[(cost —t sint)? 4 (sint + ¢ cost)? ]

¥ =r(l —cost), a2’ =rsint, y =rsint, y’ =rcost

Highest point when t =7 = 2/ =2r, 2" =0, ¥y =0, y'=-r

272 1

[ —

(4r2)3/2 4r
r'(t) = et(cost —sint) i + e'(sint + cost) j + etk

d2

L=, =il

T = % _ % [(cost — sint) i+ (sint + cost) j + K]
T(t) = % [(—sint — cost) i+ (cost —sint) j]

Then, oo ITON_ V23 1 5 0

ds/dt V3 et 3
d?s . ds\ 2 .
ar =+V3e', an =&k i =2t

Tz
- . d d2
r(t) = —2sin2ti+2cos2tf; — = [F'(B)] =2, — =0
r(t ] )
T() = |r,8| = —sin2t1+4 cos2t]
T'(t) = —2 (cos 2t i + sin 2t )
Then, _ 1T/ ()| _2_ .
ds/dt 2 ’
d?s ds\ 2
ar o7 0, an K<dt>
H - d d2
r'(t) = tcosti+tsintj + tv/3Kk, d_i:”r/(t)”:\/@:% E2822
r(t ) )
T(t)= |r/((t))| = Lcosti+ isintj+ 13k
P . 1
T'(t) = —isinti+ 1 cost], ||T’(t)|\:§

e 121

’ dsjdt 2t 4t

d?s ds\? 1, 5
aT—w—2, aN—KJ<E> ——(4t)—t

Then




Ft)=vItii—vI—tj+v2k, = =|r@)|=vO+t+ 11+

re)  Vi+t., VI—t. V2

Tl _ 1 2
Th =z
oo n ds/dt 8\ 1—¢2
ar— T30 an—n(®) 2L [ 2
T 7 N t) 2Vi1i—e-



