CHAPTER 15

SECTION 15.1
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12.
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33.

34.

39.

Vi=(6z—y)i+(1—2)j 3. Vf=e"[(xy+1)i+ 2?j

Vf=[2¢sin(2? + 1) + 42%y? cos(2? + 1)] i+ 4daysin(z? 4+ 1) j

2x 2y

Vf= i
f :172+y21+$2+y

zJ
Vfi=(2+2xy)i+ (22 +2y2)j+ (y* +222)k
Vf=e*Q2ryi+2%j—2y’k)

Vi=|——4yzln(z+y+2)| i+ | ————+zzIn(z+y+2
= by ) i | S s+

Tyz
+ | ———+axyIn(z+y+2)| k
Lc—l—y—i—z y ( y )}

2 1
Vf= [Qy cos(2zy) + —} i+ 2zxcos(2zy)j+ -k
x z

Vf=(4z-3y)i+ By —32)j at(2,3), Vf=-i+18j

2x - 2y
i
w24y 2ty

2 o
Vs = () - S )i (S )i Vi = (T3 )iy

Vf=—e"sin(z+2y)i+ 2e *cos(z+2y)j+ e *cos(z+2y)k;

. 4, 2,
Vf: 2.]; at(271)5 Vf:gl+3.1

at (0,7/4,7/4), Vf=-1V2(i+2j+k)

1 2 /1
Vf = —sin(zyz?)(yz?i+ z2%j + 2zxyzk), Vf (w,z,—l):—g (Zi_i-yrj—gk)
. 2\ s of 2 .
Vf=F(z,y) =2zyi+ (1+2?)j = %:2:1734 = f(z,y) =2*y+g(y) for some function g.
0
Now, 8—f::v2+g'(y)=1+:62 = Jy)=1 = gly)=y+C, C aconstant.
Y

Thus, f(z,y) =2?y+y (take C =0) is a function whose gradient is F.

Vf:(2a:y+:1:)i+(a:2+y)j = f. =2zy+ x, fy:a:2+y

2

Take  f(z,y) =2’y + 5

2
Y
+2
() Vf=2zi+2yj=0 = z=y=0; Vf=0at (0,0).
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f has an absolute minimum at (0, 0)

40. (a) Vf=—r—o=(xi+yj)=0 at (0,0)
4 —x2 — 92

(¢) f has a maximum at (0,0)

SECTION 15.2

3. VI —yen) it (@er - e)i, VLO) =i+ (1-0f u= L3445,

FL1,0) =VF(1,0) - u= %(7—46)

4 V= (~2i+205), VA0L0)=2, u= (i~ VE)

v
(x—y)?
£.(1,0)=Vf(1,0) - u=—3

2z 2y 1
7. = 1 3 1:2° — . .
Vf 12+y21+x2+y2']’ V£(0,1) j u —\/%(814_.]),
2
"01)=Vf-u=——
fu(0,1) =V f N

9. Vf=@W+2)i+@+2)j+y+ak VF1,-1,1)=2j u=3V6(i+2j+k),

fl/x(lv_lvl) :vf(l,—l,l) su= g\/é

1
10. Vf=(22+22y)i+ (22 +2y2)j + (v* +220)k, Vf(1,0,1) =i+j+ 2k, u:ﬁ@i—k)
10
£.(1,0,1) = V£(1,0,1) - u= %
15, Vf= it L (wiy). Sy =V L
. = i , U= — (—zxi—yj), x,y) = U= ——
2 2ty N W Sy Va2 +y?
18. szfi—fj+1n(§>k, Vf(1,1,2) = 2i — 2j
x oy y

u= %(“rj Sk f1L1,2) = V(1,1,2) - u=0

19. Vf=e""2"(i+2zyj—222k), Vf(1,2,-2)=i+4j+4k, r'(t)=1i—2sin(t—1)j— 2"k,
7
at (1,2,-2) t=1, r(1)=i-2k, u=31V5(i-2k), f{1(1,2,—2):Vf(1,2,—2)-u:—g\/g

20. Vf=2zi+zj+yk, Vf(1,-3,2)=2i+2j—3k
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21.

23.

26.

33.

1 1
Direction: r'(—1) = —2i+3j—3k, u= —(-2i+3j-3k), fi(1,-3,2)=Vf(1,-3,2)-u= 5@

V22

Vfi=2x+2yz)i+ (222 —2%) j+ 2oy — 2yz)k, V[f(1,1,2) =6i—2k

1
The vector v =2i4j— 3k is a direction vector for the given line; u= ——(2i+j— 3k)
V14

is a corresponding unit vector; fi(1,1,2)=Vf(1,1,2) - u= 18

V14
Vf=o2erit ey, VA0,1) =2i+2j |Vf|=2v2 - Ly

VA V2

1
f increases most rapidly in the direction u = %(1 +j); the rate of change is 2v/2.
1

f decreases most rapidly in the direction v = — ﬁ(l +j); the rate of change is —2v/2.

V= (2zze¥ + 22)i+ x?ze¥j + (z%e¥ + 222)k  Vf(1,In2,2) = 12i + 4j + 6k

1
Fastest increase in direction u = ?(Gi +2j +3k), rateof change ||V f(1,In2,2)| =14

1
Fastest decrease in direction v = —?(Gi +2j+3k), rate of change —14

(a)

The projection of the path onto the xy-plane is the curve
C: r(t) =z)i+y)j
which begins at (1,1) and at each point has its tangent vector in the direction of —V f.
Since
Vf = 2zi+ 6yj,

we have the initial-value problems

' (t) = —2x(t), x(0)=1 and y'(t) = —6y(t), y(0)=1.
From Theorem 7.6.1 we find that

z(t)=e 2  and y(t) = e 6.

Eliminating the parameter ¢, we find that C is the curve y = 2 from (1, 1) to (0,0).
Here

' (t) = —2x(t), z(0)=1 and y'(t) = —6y(t), y(0)=-2
so that

x(t) =e 2 and y(t) = —2e~ 5.

Eliminating the parameter ¢, we find that the projection of the path onto the zy-plane is the
curve y = —2z3 from (1,-2) to (0,0).



34. z: f(x,y) = %xQ —y? Vf=uai—2yj, so the projection r(t) = x(t)i+y(t)j of the path onto the
xy-plane must satisfy a'(t) = z(¢t), y(t) = —2y(t)
(a)  With initial point (—1,1,—3),, we get x(t) = —€, y(t) = e, ory = x_lz
from (—1,1), in the direction of decreasing x.

b)  With initial point (1,0, 1), we get z(t) = e, y(t) =0, or the z-axis
2

from (1,0), in the direction of increasing x.

f(2+h, 2+ R)?) - f(2,4) 32+h)*+(2+h)*—16

39 (a) Hog, h = Jmy h
2
— lim 4 [4h+h } = lim 4(4 + ) = 16
h—0 h h—0
h+8 h+8\>
f(—}ﬂ4+h>—f@A) 3({}) (41 h)—16
) wh h i h

. 3h*+3h+124+4+h—16
 h—0 h

:}{%(%h+4):4

(c) u=EVIT(i+4j), V2.4 =12i+j fi(2,4)=Vf(2,4) u= 117

(d)  The limits computed in (a) and (b) are not directional derivatives. In (a) and (b) we have, in
essence, computed V f(2,4) - ro taking ro = i+4j in (a) and ro = $i+j in (b). In neither case

is rp a unit vector.

—GMm —GMm

0. VI = Gy apn i) =

SECTION 15.3

L f(b)=/f(1,3)==2; f(a)=[(0,1)=0; f(b)—f(a)=—2
Vf=B2*-y)i—zj; b—a=i+2j and Vf-(b—a)=322—-y—2z

The line segment joining a and b is parametrized by
r=t, y=1+2t, 0<t<1
Thus, we need to solve the equation

3t2 — (14 2t) — 2t = —2, which is the same as 3t> —4t+1=0, 0<t<1

15)

The solutions are: t = %, t =1. Thus, c = (5,3) satisfies the equation.

Note that the endpoint b also satisfies the equation.
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10.

11.

13.

15.

17.

19.

20.

23.

Vf=4z-2yj+ 4z +22)k, f(a)=f(0,1,1)=0, f(b)=f(1,3,2)=3

b—a=i+2j+k, sowewant (z,y,2) such that

Vf-(b—a)=4z—4y+4x+2z2=6z—4y+4z = f(b) — f(a) =3

Parameterizing the line segment from a to b by x(t) =¢, y(t)=1+2t, z2(t)=1+¢,

we get t = %, or ¢ = (%,2,%)

Vf = 2zyi + 22j;

Vi®) - ') = (2i+e*j) - (eli—e'j) =¢

Vf= ;(4xi+3y2j)
222 + 43

V() - (1)

1 8ett +1
(4% + 3t2/3§) - (2eMi+ —t72/3)) = ¢+

T2t 1 ¢ 3 T 2eit 11

Vf = (e¥ —ye ) it (¥ +¢) i VIr(H) = (¢ —Int) i+ (tt et %)J

Vi) -1 = ((tt —Int) i+ (ttlnt—i— %) j) . (%H— [1+lnt]j> =t! (% +Int+ [lnt]2> +%
Vi=yi+(z—2)j—yk
Vi(t) - v'(t) = i+ (t —t3)j — t?k) - (i+ 2tj + 3t°k) = 3t? — 5¢*
Vi =2zi+2yj+k;
Vf(r(t)) - r'(t) = (2acos wti+ 2bsin wt j+ k) - (—aw sin wti+ bw cos wt j + bwk)

= 2w (b2 — a2) sin wt cos wt + bw

du _ Ou d_a: % @ = (2z — 3y)(—sint) + (4y — 3x)(cost)

dt Oz dt ' Oy di

= 2costsint + 3sin?t — 3cos? t = sin 2t — 3 cos 2t

du _ouds  oudy
dt Oz dt Oy dt
= (e”siny + eV cosz) (1) + (e” cosy + €V sinz) (2)

= et/2 (% sin 2t 4 2 cos 2t) + e* (% cos %t + 2sin %t)

du Ou dxr Ou dy )
E—%-E—i—a—y-a—(4x—y)(—2sm2t)—|—(2y—:v)cost

= 2sin 2t(sint — 4 cos 2t) + cost(2sint — cos 2t)

du Oudr Oudy Oudz

dt  Ox dt | Oy dt | 0z di
=(y+2)2t)+ (x+2)(1—2t)+ (y +x)(2t — 2)
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29.

32.

33.

35.

=(1—1)(2t) + (262 — 2t + 1)(1 — 2¢t) + t(2t — 2)

=1—4t+6t2 — 483

Ou  Oudr Oudy
% — 9005 Ty 0s (2x — y)(cost) + (—z)(tcos s)

= 2scos?t — tsin scost — st cos s cost

Ou Ou dx Ou Oy

5ot T By 0t (2z — y)(—ssint) + (—z)(sins)

= —2s2costsint + stsinssint — scostsin s

Ou Ou Ox  Ou @ ou 0z

ds  Ox Os ay.as 9z 0s
= 22y sec zytan 2y(2t) + 22w sec xy tan xy + 2z sec wy(2st)

= sec[2st(s — t*)] (25*t% (s — £*) tan[2st(s — t*)] 4 25°t* tan[2st(s — t7)] + 45°t7)

3}
8_11: = 2%y sec xytan zy(2s) + 22z sec xy tan y(—2t) + 2z sec xy(s?)

= sec[2st(s — t7)] (25°t2(s — %) tan[2st(s — t?)] — 4s°t* tan[2st(s — t7)] + 25*t)
Ou_0uds 0wy 0ud:
ds Ox 0s Oy ds 0z Os

= (22 — y)(cost) + (—x)(—cos (t — s)) + 2z(t cos s)

= 2scos?t —sin (t — s) cost + scostcos (t — s) + 2t? sinscos s
Ou_oudw _dudy oo
ot Ox ot Oy Ot 0z Ot

= (22 — y)(—ssint) + (—z)(cos (t — s)) + 2z(sin s)

= —2s2costsint + ssin (t — s)sint — scostcos (t — s) + 2tsin s

d v/ (t)

o @)= Vi) - T @) ]
— oGO PO where u) = ol

SECTION 15.4

1.

Set f(x,y) = 2? +xy+y*  Then,
Vfi=_2x+y)i+ (z+2)j, Vf(-1,—-1)=-3i-3j.
normal vector i+ j; tangent vector i — j

tangent line  + y + 2 = 0; normal line x —y =0
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11.

12.

14.

16.

20.

23.

Set f(x,y)=(y—x)?> =2z, Vf=-=20—z+1)i+2(y—2)j, Vf(2,4)=—-6i+4j
normal vector —3i+4 2j; tangent vector 2i+ 3j
tangent line 3z — 2y 4+ 2 = 0; normal line 2z 43y — 16 =0
Set f(x,y) = xy? — 222 +y + 5.  Then,
Vfi=?—4z+5)i+ 2oy+1)j, Vf(4,2)=—7i+17j.
normal vector 7i — 17j; tangent vector 17i + 7j

tangent line 7x — 17y + 6 = 0; normal line 17z 4+ 7y —82 =10

Set f(x,y) = 22% —2%y? — 3z +y. Then,
Vf=(622—-2xy* —3)i+ (—22%y+1)j, Vf(1,-2) = —5i+ 5j.
normal vector i — j; tangent vector i+ j

tangent line x —y —3 =0; normal linex+y+1=0

Set f(x,y,2) = 23 +y> — 3zyz. Then,

Vf=(32%-3yz)i+ (3y® — 3zz)j — 3zyk, V[ (1,2,3)=—6i+ 12j—6k;
tangent plane at (1,2,2): —6(z—1)+ 22(y —2) —6 (2 — 2) = 0, which reduces to 4z — 5y + 4z = 0.
Normal: x=1+4¢, y=2-—5¢, z:%+4t

Set f(x,y,2) =ay? +22°. Vf=19y%i+2xyj+4zk, Vf(1,2,2) =4i+4j+8k
Tangent plane: x4+y+22—7=0
Normal: z=1+t, y=2+4+t 2=24+2t

1 1 1 1 1 1
Set = . = i j k 1,4,1)=-i+-j+ =k
et f(z,y,2) =vVa+y+vz. Vf NN WA ViL41)=gi+ 7+
Tangent plane: 2x+y+22—-8=0

Normal: z=1+2t, y=4+t, z=1+42t

Set f(z,y,2) = 2> +ay+y*—62+2—2. Vf=2r+y—6)i+(z+2y)j—k, Vf(4,-2,-10)= -k
Tangent plane: 2z = —10

Normal: x =4

z=g(z,y) =4z +2y—2°+ay—y>. Vg={@—-2z+y)i+ (2+z—2y)j

10 8
Vg=0 = 4-22+y=0, 24+2-2y=0 = T=gy=3
The tangent plane is horizontal at (%, %, %)

Set 2z = g(z,y) = 222 + 22y — y?> — 50 + 3y — 2. Then,
Vg={4x+2y—5)i+ 2z —2y+ 3)j.
Vg=0 = 4do+2y—-5=0=22—-2y+3 = zx=

Wl
<

Il
oz

The tangent plane is horizontal at (%, 1—61, —%) .

7



25. T — To _ Y—1Yo _ Z— 20

(0f/0z)(x0, Y0, 20)  (Of/0y)(w0,y0,20)  (Of/02) (%0, Yo, 20)
33. Set f(x,y,2)=a2%y?>+2x+ 23 Then,
Vf=2zy? +2)i+22%yj+32%k, Vf(2,1,2) =6i+8j+ 12k.

The plane tangent to f(z,y,2) = 16 at (2,1, 2) has equation
6(z—2)+8y—1)+12(z—2) =0, or 3z +4y+ 6z = 22.
Next, set  g(z,y,2) = 322 +y? —22.  Then,
Vg =6zi+2yj— 2k, Vg(2,1,2)=12i + 2j — 2k.
The plane tangent to g(z,y,2) =9 at (2,1,2) is
12(x —2)+2(y—1)—2(2—2)=0, or 6x+y—z=11.

34. Sphere: f(z,y,2)=2>+y*>+22—-8x—8y—62+24, Vf=2z-8)i+ (2y—8)j+ (22 —6)k
V/(2,1,1) = —4i — 6§ — 4k
Ellipsoid:  g(x,y,2) = 2 + 3y® + 22%, Vg = 2zi 4 6yj + 42k
Vg(2,1,1) = 4i + 6j + 4k

Since their normal vectors are parallel, the surfaces are tangent.

35. The gradient to the sphere at (1,1,2) is
221+ (2y — 4)j + (22 — 2)k = 2i — 2j + 2k.
The gradient to the paraboloid at (1,1,2) is
61 + 4yj — 2k = 6 + 4j — 2k.

Since
(21 — 2j + 2k) - (61+4j —2k) =0,

the surfaces intersect at right angles.

SECTION 15.5

2. Vf=(2-21)i+(2+2y)j=0 onlyat (1,-1).
The difference
fA+h,~1+k)— f(1,-1)
=20 +h)+2(-14+k) —(1+h)?+(-1+k)?2+5 —5=—h2+k?

does not keep a constant sign for small h and k; (1,—1) is a saddle point.

3. Vf=Q2z+y+3)i+(z+2y)j=0 onlyat(—2,1).
The difference
f(=2+h,1+k)— f(-2,1)
=[(-24+h)?+(=2+h)A+k)+(1+k)2+3(=2+h)+1] — (=2) = h> + hk + k?

is positive for all small hand k. To see this, note that

8



10.

13.

14.

20.

21.

h? 4+ hk + k* > h* + k* — |h| k| > 0;
there is a local minimum of —2 at (-2, 1).
Vi=Q2x+y—6)i+ (z+2y)j =0 only at (4, —2).
Joz =2, fay =1, fyy=2.

At (4,-2), D=3>0and A =2 > 0 so we have a local min; the value is —10.

Vf = (322 —6y)i+ (3y> —62) j =0 at (2,2) and (0,0).
foz =62, foy=—6, fyy =06y, D =36xy— 36.

At (2,2), D =108 > 0 and A = 12 > 0 so we have a local min; the value is —8.

At (0,0), D = —36 < 0 so we have a saddle point.

Vf=(32>-6y+6)i+(2y—6z+3)j=0at (5, 2) and (1,3).
fow =62, foy=—6, fy, =2 D=12z—36.

At (5, 277) , D=24>0and A= 30> 0 so we have a local min; the value is —%7

At (1, %) , D =—24 <0 so we have a saddle point.

Vf=@2z-2y—3)i+(-2c+4y+5)j=0 at (3 -1)
P N

922 T Qyox T Oy
13

the value is — 7.
Vf=Q2ey+1+y?)i+ (22 +22y+1)j=0 at (1,—1)and (—1,1).
fex =2y, fay =22 +2y, fyy =2z, D=daxy—4(z+y)>
At both (1,-1) and (—1,1) we have saddle points since D = —4 < 0.
1 1 2 2 2 2
/= (‘+%) i+ <_%__>j=x i s mever O
y =z Y

T 3y zy?

no stationary points, no local extreme values.

Vf= <1nxy+1—%>i+IT_3j—O at (3,1/3)

?f 1 3 o%f 1 9*f 33—z

@_a:—i_ﬁ’ yor y Oy Y2
o2 2 of

AV BB 5E T3 Guon

Vf=(42®—4z)i+2yj=0 at (0,0), (1,0), and (—1,0).
fow =122% =4,  fuy, =0, fyy =2, D=8—242%

9

—~ =4 D=2-4-(-2)2>0, A=2 = local minimum;

3, —= =0 and D=-9<0 = saddle point.



25.

26.

27.

point A B C D result

(0,0) —4 0 2 -8 saddle

(1,0) 0 2 16 loc. min.
(—1,0) 8 0 2 16 loc. min.

F(£1,0) = —3.

() Vf=Q2z+ky)i+ (2y+kx)j and Vf(0,0) =0 independent of the value of k.

(®) fox =2, foy=k, fy=2, D=4—k* Thus, D <0 for |[k| >2 and (0,0) is a saddle point
(c) D=4—k*>0 for |k| <2.Since A= f,, =2>0, (0,0) is a local minimum.

(d) The test is inconclusive when D = 4 — k* = 0 i.e., for k = £2.

a) Vf=Q2x+ky)i+ (kx+8y)j=0 at(0,0).

*f O2f 02 f ,
b) W:2, ay(‘?x:k’ a—y2:8’ WeWant 16_k <O7 or |k|>4

(
(
(¢) We want 16 — k* >0, or |k| < 4
(

d) k=44

Let P (x,y,z) be a point in the plane. We want to find the minimum of f(z,y,z) = /22 + y2 + 22.
However, it is sufficient to minimize the square of the distance: F(z,y,2) = 2% + 3% + 22. It is clear
that F' has a minimum value, but no maximum value. Since P lies in the plane, 2z —y + 2z = 16

which implies y = 2z 4+ 2z — 16 = 2(z + z — 8). Thus, we want to find the minimum value of

F(z,2) =2 +4(x 4+ 2 —8)? + 22
Now,
VF=[_2r+8xz+z—-8)|wi+[8(x+2z—-8)k
The gradient is 0 when

2r+8(r+2—8) =0 and 8(x+2z—8)+22=0

16

32
The only solution to this pair of equations is: z = z = —, from which it follows that y = 9

The point in the plane that is closest to the origin is P

9
(2.-%.%).
6.

The distance from the origin to the plane is: F(P) = %

2.0-0+2-0-16/ 16
Check using (12.6.7): d(P,0) = | + | _16
22 4 (—1)% + 22 3

SECTION 15.6

1.

Vf=@z—-4)i+(2y—2)j=0 at (1,1) in D;

10



f(lvl):_l

Next we consider the boundary of D. We
parametrize each side of the triangle:
Ci: ri(t)=ti, te€]0,2],
Cy: ro(t)=2i+1tj, te]0,4],

Cs: r3(t)=ti+2tj, te]0,2],

Now

fit) = f(r1(t)) =2t —1)%, t€][0,2]; critical number: ¢ =1,

fo(t) = f(r2(t) = (t—1)2+1, t€][0,4]; critical number: t=1,

fa(t) = f(rs(t)) = 6> —8t+2, te€[0,2]; critical number: ¢= 2.

Evaluating these functions at the endpoints of their domains and at the critical numbers, we find
that:

f1(0) = f3(0) = f(0,0) =2 fi(1)=f(1,00=0;  f1(2) = f2(0) = f(2,0) = 2;
L) =[f21)=2  f(4)=f3(2) = f(2,4)=10;  f3(2/3) = f(2/3,4/3) = —3.
f takes on its absolute maximum of 10 at (2,4) and its absolute minimum of —1 at (1, 1).
5. Vf=2z+3y)i+(2y+3z)j=0at (0,0)in D; f(0,0)=2
Next we consider the boundary of D.  We parametrize the circle by:
C: r(t) =2costi+2sintj, te[0,2n]
The values of f on the boundary are given by the function
F(t) = f(r(t)) =6 + 12sint cost, t € [0,2n]
F'(t) =12cos’t — 12sin®t:  F'()=0 = cost==4sint = (=
Evaluating F' at the endpoints and critical numbers, we have:
F(0) = F2m) = f2,0) = 6;  F (ir) = F (3m) = 1 (V2,V3) = f((-V2.—v2) = 12;
F(3r)=f (_ﬁ, \/5) — F(In) = f((ﬁ,—ﬂ) ~0
f takes on its absolute maximum of 12 at (\/5, \/5) and at (—\/5, —\/5); f takes on its absolute
minimum of 0 at (—\/5, \/5) and at (\/_, —\/5)
8 Vf=@w+1i+(zx—-1)j=0 at (1,—1) which is not in the interior of D.
Next we consider the boundary of D.  We parametrize the boundary by:

11



Cy:ri(t)=tj+t3j, te[-2,2],
C'2: r2(t):ti+4j7 te[_252]5

and evaluate f:

f[l)=f(ri(t) =t —t*+t+3, te[-2,2]; no critical numbers,

fo(t) = f(ra(t)) =5t —1, te€[-2,2]; no critical numbers.

Evaluating these functions at the endpoints of their domains, we find that:

f1(=2) = fa(=2) = f(=2,4) = —11; [1(2) = f2(2) = f(2,4) = 9.

f takes on its absolute maximum of 9 at (2,4) and its absolute minimum of —11 at (—2,4).

Vf=(4—4z)cosyi+ (4z — 22?)sinyj=0 at (1,0) in D: f(1,0) =2

Next we consider the boundary of D. We parametrize each side of the rectangle:

Cy:ri(t)=tj, te [—%ﬂ', %ﬂ'}
Co: ra(t) =ti—imj, te€[0,2]
Cs: r3(t) =2i+tj, te|[—qm j7]
Cy: ry(t)=ti+ irj, t€]0,2]
Now
fi(t) = f(ra(t) = 0;
N N
fa(t) = f(ra(t)) = 7(4t —2t*), t€]0,2]; critical number: t=1;
fs(t) = f(rs(t)) = 0;
V2 5 s
fa(t) = f(ra(t)) = 7(415 —2t%), t€]0,2]; critical number: t=1;

[ at the vertices of the rectangle has the value 0;  fo(1) = fu(1) = f (1,—37) = f (1,37) = V2.

f takes on its absolute maximum of 2 at (1,0) and its absolute minimum of 0 along the lines z = 0
and x = 2.

Vf=@2z+1)i+By—2)j=0at (—3,3)inD; f(-3,2)=-3

Next we consider the boundary of D.  We parametrize the ellise by:

C: r(t)=2costi+sintj, te][0,2r]
The values of f on the boundary are given by the function

F(t) = f(r(t)) = 4cos®t + 4sin® t + 2cost — 2sint = 4 + 2cost — 2sint, t € [0,27]

™

IS

F'(t) = —2sint —2cost:  F'(t)=0 = cost=—sint = t=37 or

12



19.

Evaluating F' at the endpoints and critical numbers, we have:
F(0) = F(2r) = £(2,0) = 6;
F(3m) = f(-v2v2/2) =a-2v2 F(im) = f (V2 -V2/) =4+2V2

f takes on its absolute maximum of 4 + 2v/2 at (\/5, -2/ 2) ; f takes on its absolute minimum of
—3 at (=3,3):
Using the hint, we want to find the maximum value of f(z,y) = 18zy — 2%y — xy>.
The gradient of f is:

VD = (18y —2zy — y2) i+ (1896 i Qxy) J
The gradient is 0 when

18y — 22y —3*> =0 and 18z —z? — 2zy =0
The solution set of this pair of equations is: (0,0), (18,0), (0,18), (6,6).
It is easy to verify that f is a maximum when x = y = 6. The three numbers that satisfy z+y—+2z = 18

and maximize the product zyz are: z =6, y =6, z =6.

21. f(z,y)=ay(l—z—y), 0<z<1l, 0<y<l-—uz

24.

33.

[ dom (f) is the triangle with vertices (0,0), (1,0), (0,1).]
sz(y—2:vy—y2)i+(:v—2xy—x2)j:0 — r=y= %

(Note that [0,0] is not an interior point of the domain of f.)
fow = =22, foy=1-22-2y, f,,=-22, D=(1-2z—2y)%—4xy.
At (%, %), D= % > 0 and A < 0 so we have a local max; the value is 1/27.

Since f(z,y) = 0 at each point on the boundary of the domain, the local max of 1/27 is also the
absolute max.

C =4day + 3(2zz + 2yz) = dxy + 62(x + y).

72
Since xyz =12, we need to minimize C(z,y) =4ay+ —(x+vy), = >0, y > 0.
xy

72 .. 72 .
VO = (dy— )i+ (o - ?)J =0 at (18/3,181/3)
di i V18 x /18 x 1—2
1mensions 182/3'
96 = xyz,

C = 30xy + 10(22z + 2yz)
96

= 30xy +20(z +y)—.
Y

13



35.

36.

39.

64 64
a%w=$ﬁw+—~+—y
r oy

VC =30(y — 6427 2)i+30(x — 64y 2)j=0 = z=y=

Crpw = 128272, Cpy =1, C,y =128y~

When © = y = 4, we have D = —3 < 0 and A = 2 > 0 so the cost is minimized by making the
dimensions of the crate 4 x 4 X 6 meters.

Let z, y and z be the length, width and height of the box. The surface area is given by

S—2
S =2xy+2xz+2yz, so z= J, where S is a constant, and x,y, z > 0.
2(x +y)
Now, the volume V = zyz is given by:
S —2zy
Viz,y) =2y | —0—=
(=9) yhu+m]

and

vV — y{[ﬂ] oy 2E (2 — (5 2xy><2>} ,

2(z +y) 4(x +y)?
S—2 2 —2z)—(5—-2 2
+{x[ :vy]ﬂy (z +y)(—2z) (2 wy)()}j
2(z +y) 4z +y)
Setting 2—‘; = %—‘y/ = 0 and simplifying, we get the pair of equations

28 —4z? —8zy =0

25 —4y? — 8xy =0

from which it follows that © = y = 1/.5/6. From practical considerations, we conclude that V has a
maximum value at (1/S/6,1/5/6). Substituting these values into the equation for z, we get z = 1/.5/6

and so the box of maximum volume is a cube.

(S —y)

V=xyz, S=zy+2z2+2yz = V(z,y) ==z ,
Y Y Y (z,y) Yomty)

28 — 2% - 2xy)i 22(S —y? — 22y),
2(x +y)? 2(z +y)?

1
VV=0 — zx= \/g, Y= \/g ; dimensions for maximum volume: \/g X \/g X 5\/§

(a) Let  and y be the cross-sectional measurements of the box, and let  be its length.

x>0, y>0, zy < S.

vy =Y

Then
V =xzyl, where 2x+2y+1<108, z,y>0

To maximize V' we will obviously take 2z+42y+1 = 108. Therefore, V (z, y) = zy(108—2z—2y) and
VV = [y(108 — 2z — 2y) — 2xy] i+ [z(108 — 22 — 2y) — 2zy] j

14



ov

.oV
Settlng % = 6_y

= 0, we get the pair of equations

oV
— =108y —4ay — 24> =0
Ox
oV
— =108z — 4zy — 22% =0
dy

from which it follows that xt =y =18 — [ = 36.

Now, at (18,18), we have
A=V, =—4dy=-72<0, B=V,, =108 4z — 4y = —36,
C=Vy,=—4r=-72, and D =(36)>—(72)*<0.

Thus, V is a maximum when z =y = 18 and [ = 36.

(b)  Let r be the radius of the tube and let [ be its length.

Then
V =n7r%l, where 277 4+1<108, r>0
To maximize V we take 2r7 4 [ = 108. Then V(r) = 772(108 — 27 r) = 108772 — 27273, Now
av

— =9216mwr — 6722
dr

dv
Setting — = 0, we get
dr 36
21677 — 672 =0 = r=— = [=236
T
Now, at r = 36/, we have
d’v

36
—— = 2167 — 127° — = — 2167 < 0
dr s

Thus, V is a maximum when r = 36/7 and [ = 36.

SECTION 15.7

3. f(xa y) =Ty, 9(17, y) - b2$2 + a2y2 — a2b2
Vf=uyi+ aj, Vg = 2b%zi + 2a°yj.
Vf=\Vg = y=2MNz and z=2\d’y.
Multiplying the first equation by a2y and the second equation by b2z, we get
a’y? = 2\a*b*xy = b2
Thus, ay = +bz. From g(z,y) = 0 we conclude that z = £4av/2 and y = £3bV/2.
Since f is continuous and the ellipse is closed and bounded, the minimum exists. It occurs at
(%a\/ﬁ, —%b\/ﬁ) and (—%a\/i, %b\/ﬁ); the minimum is —%ab.
pb 8 f(z,y,2) =ayz, gla,y,2) =2 +y* +22 -1

15



11.

14.

17.

Vf=yzi+axzj+axyk, Vg=2zxi+2yj+ 22k

2 2

Vf=AVg = yz=2\z, zz=2\y, zy=2>\ — 2°>=y?=2°

From g(z,y,2) =0 we get 32°2 =1 = x::t\/ig, yzi%, ZZ:E%

1
Minimum of zyz is: —5\/5

Since the sphere is closed and bounded and 2z + 3y + 5z is continuous, the maximum exists.
f(z,y,2) =2z + 3y + 5z, g(@,y,2) =2 +y> + 2%~ 19

Vf=2i+3j+ 5k, Vg = 2zi + 2yj + 2zk.
Vf=AMNg = 2=2\zx, 3=2)\y, 5=2\z.

Since A # 0 here, we solve the equations for x,y and z:

1 3 )
T =7, Yy=1s Z =1

A 2\
and substitute these results in g(z,y,z) = 0 to obtain

1 9 95 38 1
L9 02 9 3B _q9-0, A=+ivE
et T e ’ 7V2

The positive value of A\ will produce positive values for x,y, z and thus the maximum for f. We get

x:\/zy:% 2,2:% 2, and 2z + 3y + 5z = 19V/2.

Maximize area A = zy given that the perimeter P = 2z + 2y

flz,y) =2y, glz,y)=22+2y—P

Vf=yi+zj, Vg=2i+2j; Vf=ANg = y=2)\, z=2\ = z=y.
The rectangle of maximum area is a square.

It suffices to maximize and minimize the square of the distance from (2,1, 2) to the sphere. Clearly,
these extreme values exist.

f@y,.2) = (=2 + @y -1+ (z-2)° glw,y.z) =a® +y + 22— 1

Vi=2x-2)i+2(y—1)j+2(z—2)k, Vg=2zi+2yj+2zk

Vi=A=Vg = 2x-2)=2z\ 2@y-—-1)=2y\ 2(z—2)=2z)

Thus,
2 1 2

1-X’
Using the fact that 22 + y? + 22 = 1, we have

2\’ 1\ 2 \*
(m) +(m) +<m) =1 = A=-2,4

16



20.

28.

29.

30.

34.

38.

At A=-2, (z,9,2)=(2/3,1/3,2/3) and f(2/3,1/3/2/3)=4
At A=4, (2,y,2)=(-2/3, —-1/3, -2/3) and f(~2/3,—1/3/—2/3) =16
Thus, (2/3, 1/3, 2/3) is the closest point and (—2/3, —1/3, —2/3) is the furthest point.

flx,y,2) = 2yz, g(a,y,2) =2 +y> + 2 —4
Vf=yzi+axzj+ayk, Vg=2zi+2yj+k

z
2 _ 2 __
=y’ ==

Vf=XMNyg = yz=2Xz, xz2=2)\y, ay=\ — =z 5

From g(z,y,2) =0 wegetda? =4 = z=1,y=1, 2 =2.

Maximum volume is 2

fla,y,2) =8ayz, glz,y,2) =a® —a? —y® — 2

Vf =8yzi+8xzj+ 8xyk, Vg=—2xi-2yj—2zk

2 x>0, y>0, 2>0.

Vf=MNyg = 8yz=-2\zx, 8xz=-2\y, 8ry=-2 2z = rz=y=z

The rectangular box of maximum volume inscribed in the sphere is a cube.

f(z,y) = (xy)/?, glx,y) =x+y—k,(z,y >0, k a nonnegative constant
1/2 1/2
oyt 2t L
vf_—2x1/21+—2y1/2'] Vg=i+].
1/2 1/2 L
_ L —y ==
Vf=)\Ng = 2201/2_/\_23/1/2 T=yY=s-
k
Thus, the maximum value of f is: f(k/2, k/2) = 7
(b) For all z,y (z,y > 0) we have
k' z+y
()2 = flo.y) < Flk/2, b2 = & = 20
: s _ k
(a) The maximum occurs when =y =z = 3 where (xyz)'/° = 3
k z4+y+z

(b) Ifx+y+2z==Fk then, by (a), (zyz)/3< 3= 3
f@y,2) =ayz, g(z,y,z)=z+y+2-18
Vf=yzi+zzj+azyk, Vg=i+j+k

Vfi=XNg = yz=rz=0y — z=y=2 — zx=y=2z=6

Let z,y, z denote the length, width and height of the box. We want to maximize the volume V of the

box given that the surface area S is constant. That is:

maximize V(x,y,z) = xyz subject to S(x,y,2) =2xy + 22z + 2yz = S constant

17



39.

Let g(z,y,z) = 2zy + 2xz + 2yz — S. Then
VV =yzi+zzj+ ayk, Vg=02y+22)wi+ 2x+22)j+ 2z +2y)k
VV = AVg and the side condition yield the system of equations:
yz = A (2y + 22)
xz = A (2x + 2z)
xy = X (2z + 2y)

xy + 22z 4+ 2yz = S.

Multiply the first equation by x, the second by y and subtract. This gives
0=2\2(z—y) = ax=y since 2=0 = V=0
Multiply the second equation by y, the third by z and subtract. This gives
0=2 2(y—2) = y=2z since 2=0 = V =0.
Thus the closed rectangular box of maximum volume is a cube. The cube has side length = = 1/S/6.
Let z,y, z denote the length, width and height of the box. We want to maximize the volume V of the
box given that the surface area S is constant. That is:
maximize V(z,y,z) = xyz subject to S(z,y,2) = zy + 2xz+2yz =S constant
Let g(x,y,2) =2y + 2zz +2yz — S. Then
VV =yzi+zzj+ayk, Vg=(y+22)wi+ (x+22)j+ 2z +2y) k
VV = AVg and the side condition yield the system of equations:
yz = Ay +2z2)
xz = A(x +22)
xy = X (2z + 2y)

xy + 22z 4+ 2yz = S.

Multiplying the first equation by z, the second by y and subtracting, we get
0=2\z(r—y) = x=y since z2=0 = V=0.
Now put y =z in the third equation. This gives
?=4\r = x(z—-4\)=0 = x=4)\ since x=0 = V=0
Thus, x =y = 4. Substituting x = 4\ in the second equation gives z = 2.

Finally, substituting these values for z,y, z in the fourth equation, we get
1 S

48X =95 = AN= 3

—
To maximize the volume, take x =y = 1/ — and z = 1/
18



SECTION 15.9

1.

12.

13.

15.

17.

25.

0 0
a_;J; =ay?,  f(z,y) = 127 + o(y), 6—5 =2y + ¢'(y) = 2%y.

Thus, ¢'(y) =0, ¢(y) =C, and f(z,y) = 22%y*+ C.

O _ 2y — fla,y) = $—3+:17y+¢(y)' o _ 149(y) = v +a = [(@,y) = a1y ay+C
o W= oy R

d

of

3y =2ye” —x+¢/(y) =2ye" —z = f(z,y) =y’ —ay+C

g—i =cosz —ysinz, f(z,y)=sinz+ ycosz + ¢(y), g—gjj =cosx + ¢'(y) = cosz.

Thus, ¢'(y)=0, ¢(y)=C, and f(z,y)=sinz+ycosz+C.

0
— ey = f(ay) =+ 2Py + ) L = 2?4+ ¢(y) = 2 +siny

of
Or dy

= f(z,y) = e* + 2%y —cosy + C
N D (ne 4 a%) =t wherens 2 (o — ) = e
" Oy Ox

0 B
e Lty +ay?, f(xy) =z +ay> + 5 2°0° + 6(y), o 2uy + 2’y +¢'(y) = 2’y +y+ 22y + 1.

Thus, ¢'(y)=y+1, o) =2y>+y+C and f(z,y)=z+ay’+ 322>+ 3> +y+C.

of =z - of _ (y) = —L
o JEr flz,y) = Va2 + y2 + é(y), a—y—\/ﬁﬂLﬁb(y)—m'

Thus, ¢'(y) =0, ¢(y) =C, and f(z,y) =2?+y>+C.

B . ap 99 9P _OR 0Q . OR
() P=2r Q=2 R=y: Z-=0=5" 5-=0=3 53 ~1=%
(b), (c), and (d)
of L,
%_2:175 f(xvyaz)_'r +g(yvz)
Of 019 un 9 99 _
By =0+ 3 with 3y a9y z

Then

3

19



9(y,2) = yz + h(2),
f(z,y,2) = 2 +yz + h(2),
of of

_— = / _— = / =
P O+y+h'(z) and 5~V = h'(z)=0.

Thus, h(z)=C and f(z,y,2) = 2% +yz +C.

of _ _ . of _ 99 _ _

2. gp=v: = [y =ayztgl2): Go=ait g =az = f=ayzth(e)
0
a_£:Iy+h'(Z):Iy = f(z,y,2) =2yz +C

27. The function is a gradient by the test stated before Exercise 23.
Take P=2zx+vy, Q=2y+x+2 R=y—2z. Then

oP_ o9 op_ or 0Q_ _oR
oy ~ 0x’ 0z 0z 0z 0Oy
Next, we find f where Vf = Pi+ Qj+ Rk.
of
|
fla,y.2) =2 +ay +g(y, 2).
of ag .. Of 9y
Yo r Y with =2 9 9y z
By a:—|—ay wit 2y yt+r+z — 2y y+z

Then,

gly,z) = 2 +yz + h(z),
[,y 2) =2® + ay +y* + yz + h(z).

g—f =y+h(z)=y—2z = h'(z)=-2z
z

Thus, h(z)=-22+C and f(z,y,2) =22 +ay+y*+yz—22+C.

29. The function is a gradient by the test stated before Exercise 25.
Take P=y?22+1, Q=2zyz>+y, R=32y?22+1. Then

o _
oy

3_0Q or
Ox’ Oz

OR 0Q . ., OR

= 3222 = = = .
vz Oxr’ Oz e Ay

2yz

Next, we find f where Vf = Pi+ Qj+ Rk.

20



of

2.3
= +1
Ox yz ’

[y, 2) = 2y?2% + 2 + g(y, 2).

Then,
9(y,2) = 39* + (),
flz,y,2) = xy?2® + 2 + %yQ + h(2).
of

9, = 3ry? 2+ W (2) =3xy?22 +1 — W(2)=1
z

Thus, h(z)=z+C and f(z,y,2) =2y’ +a+ 3y +2+C.
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