CHAPTER 16

SECTION 16.2

10.

11.

14.

i=1 j=1

3 3 3 3
DY ettt = <Z 2“) (Z 3J’+1> =(1+2+4)(9+27+81) =819
i=1 j=1

4 3 3
DN (@@+3i)-2) = Z(. +31) Zu—z)} (4+10+18+28)(—1+0+1) =
i=1 j=1

2 2 2 2 2 2 4 6 6 6 6 6

— 4+ -+ -+ _—+_—+ + + — + + - + + + +_+-+ -+ _+_-_=19—
2 3 4 5 6 7 2 3 45 6 7 2 3 4 5 6 7

D AX = DXy + DX+ DX, = (X = Xo) + (X — Xp) + s+ (X — Xno1)
=Xp —Xp =az —a;

Y=Y+ o—Yy)+ - +Yn—Yn-1)=Yn—Yo=Db2— Dy

| 1« 1
Z§ Yy tYimC) Ay = §Z oyia? =§(b23—b13)

i z": (Xi +Xi—1) AX; Ay; = (i (xi + Xi—l)Axi> ( iij>
i=1 j=1 i=1 j=1
(Exercise Q)J

= (322 - 312) (b2 —b1)

Z Z(BAXz - ZAyJ) =3 Z ZAXl -2 Z ZAy7 = 3n(a2 - al) - 2m(b2 - bl)
i=1 j=1

i=1 j=1 i=1 j=1

SECTION 16.3

1 3 1 1 3 1 9
/ / xy? dydxz/ x{—y?’} dxz/ Ixdx = =
0 0 0 3 0 0 2
1 x 1 1 x 1 1 1
xy3dydx=/ x{—y‘*] dxz/ “xtdx = =
I <[, o= ), e
w/2 /2 /2 /2
/ / sin(x+y)dydx=/ [— cos(x+y)]”/2 dxz/ [cosx—cos(x+5)}dx=2
0 0 0 0 2

1 /192 1
/ / (x + 3y*)dxdy = / 6y>\/1 —y2dy =0 (integrand is odd)
o -

1



11.

14.

16.

17.

19.

23.

25.

29.

31.

32.

35.

37.

38.

41.

47.

49.

1
[ [vmoar= [ [5er] =[50y =7
1 pa? 1 372? 1 6 9
I=/ (x4+y2)dydx=/ [x y+y—} dx=/ (ﬁ—ﬁ—x—) dx
0 Ja3 0 3 23 0 3 3

a7 ox® x107t 9
B S 2

21 8 30, 280

L2y 2 /9 ! 2/9 2/21 1

2 dxdy = [ 2ye ¥ /2dy = [—20v/2| =2(1- —

fo ey = [Tty = [ =2 (1= Z)
2

2 ope/z 21 1,2 1
e” dydx=/ —xe® dx = {—ez} =Z(e'-1
I ] e
1 y1/4 1/2 1 yl/S
/ / f(x,y)dxdy / / f(x y) dxdy+/ / T (X,y) dxdy
o Jyi/2 1/2 1/2Jy

2 Yy 4 Y 8 4
//f(x,y)dxdy+// f(x,y)dxdy+// f(x,y)dxdy
1 J1 2 Jy/2 4 Jy/2
21+2 4 1 1
d dxz/ [—x+2——x2}dx=9
/ //412 y —2 2 4
ropy? 3 1 3 3 1
i (25 aay = [ yrsin (Y ) ay = [ Zeos (Y] 22 (eos L
/0/0 5|n< 5 )dxdy—/()ysm( > dy = 3cos > 0—3 cos2 cos 1
In 2 2 In2 n2
/ / e*””dydxz/ e’ (2-eM)dx=[-2""-x], =1-In2
0 er 0
Lorve 3 L1 1
———dxd :/ S(V2-1ydy=2(v2-1
L] et = [ 52 yay =302y
2 3—%1 4 3 2—%y 4
/ / <4—2x——y) dydxz/ / (4—2x——y> dxdy =4
0 0 3 0 0 3
2 rl—ix 2 2-2y 2
/ / x3ydydx=/ / x3ydxdy = —
0 0 0 0 15
Vi—a? 1 1 T
/ / (x +y2)dydx:2/ [xzx/l—x2+§(1—x2)3/2} dx = >
Vi—z2 -1
1 1—x 1
// (x2+y2)dydx=/ oo xal)ax=1
o Jo 0 3 3 6
1,1 1 1 - 1 1
//ey/wdxdy=/ / ey/””dydx=/ [xey/w] dx=/ x(e —1)dx = = (e — 1)
0 Jy 0 JO 0 0 0 2
Lt LA N L[t g s 1
/ / x%e¥ dydxz/ / x?e¥ dxdyz/ [—x?’ey} dyz—/ yleV dy = —(e—1)
0 T 0 0 0 3 0 3 0 12




SECTION 16.4

1.

4.

5.

7.

11.

13.

w/2 psinf w/2 1 1 /2
/ / r cosfdrdf =/ Z sin?6cosHde = {— sin® 6] =
0 0 0 2 6

0
27 /3 2cos 0 27 /3
/ / rsinedrdﬁz/ 2cos0sinfde =
0

—7/3 —7/3

ol -

(20

(@ r:o<e<am 0<r<i1

2 1 1

// (cosr?®)rdrde =/ / (cosr?)rdrde =2T[/ rcosr’dr =msin 1
0 0 0

N

(b) r:o<e<2n, 1<r<?2

27 2 2
// (cosr?)rdrde = / / (cosr®)rdrde = 2n/ r cosr®dr = m(sin4 —sin1)
0 1
r

1

@ r:0<6<mn/2, 0<r<i1

/2 pl
//(rcose +rsinB)rdrdd = / / r?(cos® + sin@) drdd
0 0

I8
w/
= (/0 2(cose+sinE))dE)) (/01 r2dr> =2(%) =§

(b) r:o<e<n/2, 1<r<?2

w/2 2
//(r cosB +r sinB)rdrdb = / / r(cos® + sin@) dr do
0 1

T
n/
= (/0 2(cosE)+sin6)d6> (/12r2dr> =2(;> = %

r: o0

IN

6 <

e

, 0<r<

cos 6

w/3 pl/cosf /3 de 1 /3
/\/x2+y2dxdy=/ / r-rdrdez/ - —/ sec® 0 d
0 0 0 0

3co0s36 - 3
I

1 1 w/3
= {5 secftanf + 3 In|secH +tan9|]

w/2 1 1
/ r’drdd=2mn
0 3

—7/2

1 V122 x/3 ol /311 1 V3
d dx=/ / rdrd6=/ (———secQG) g =-m— ==
/1/2/0 Y 0 %SCCQ 0 2 8 6 8

1 pV1—22 w/2 pl w/2 n
/ / siny/x2 +y?2 dydxz/ / sin(r) rdrdo =/ (sinl—cosl) do = E(sinl—cosl)
0 0 0 0 0

3

0 =%\/§+%In(2+\/§)



2m 1 9 1 9 1
14. / / e " rdrdé = 2]'[/ re" dr=n(l--)
o Jo 0 e

19. First we find the points of intersection:
r=4cosf =2 = cost%
s
= B =+—.
ey 3

w/3 4 cos @ /3 /3 i
A= / rdrdez/ (8—00529—2)d9=/ (2+400526)d6=?+2\/§
2 3

—/3 — —m/3

2T 142 cos @ 2T l
20. A=/ / rdrd6=/ ~(1+2cos6)?de = 3n
0 0 0 2

b

27 b 27 1 b
23. / / (r*sin® + br) dr do =/ ~r3sin8+ =r2| do
o Jo 0 3 2 |,

27
=b3/0 (%Sin9+%)d6=b3ﬂ

2m 1 1 T
24,V =/ /(1—r2)rdrd6=2n/ (r—r3)dr=2
0 0 0 2

21 1 2 1
27. / / rv4—r2drdg = / {—% (4- r2)3/2} de
0 0 0

0

3

w/2 cos 6 /2 2 4
28. v:/ / (1—r2)rdrd9=/ (COS 8 _ cos 9)de:S—"
w/2J0 w/2 2 4 32

:/0277 (§_\/§>de=§(8—3\/§)n

29. 2 cos @

/2 2cos 6 w/2 2
/ 2r2 cosfdrdo =/ {—r?’ oS 9} do
0

—7/2 —m/2 0

w/2 /2
=/ Ecos‘*@d@)zg/ cos49d9=% <in) =21
2 3 3/, 3 \16

Ex. 46, Sect. 8.3J

w/2 2a cos 6 w/2 3
30. / / r2drde = / ga’ cos® 8de = %a3
0

—7/2 —7/2



SECTION 16.5

1 1 2
Mz/ / xr"dydxz§
—-1J0

1 1
xMMz/ /x3dydx=0 = xu=0
—-1J0

1 1 1 1
yu M =/ / x2ydydx=/ Exzdx
—-1J0 —1
1 1 1 1
3. Mz/ / xydydxz—/ (x —x%)dx =
0 Ja2 2 0

1 1 1
Xy M =/ / xzydydle/ (x2—x6)dx_£ SN xM:@:f
0 Ja2 2 0 21 7

=

1 13 _1
3 Y = =5

(o0

a Vva?—x2 ay a4
6. M =/ / xydydxz/ ~@ - x»)dx = —
o Jo 0 2 8

_ @ 2 _ x> 2 a_5 8
xMM—/O /0 xydydx-/ (a x)dx-15 = Xy = 15a

yuM =/ / xy2dydx=/ g(a 2)?’/de—a— = yy = 8a
0 0 0

15 15
! 5
7. M= // xy dy dx = /x3dx=—
2z 0 8

5 1 1
= 2 = — 4 = - = = — =
xMM—/0 /21 xydydx—2/0 x* dx 2—:> X /3

Lo 19 19 19/15 152
— 2 - =¥ - > — = =
yu M /0 /23E xy~ dy dx 3 / xtdx = s = Yy 78 -

29. M= // x2+y)dxdy—k/ / r—r)drde—éknR3

Xy =0 by symmetry

yuM = // X2 +y2 dxdy = k/ / )sin6drde = —kR4

Ym = R/m

31. Place P at the origin.



M = // ky/x2 +y2? dxdy
Q

T 2Rsin 6
=k/ / F2dr do = S2kR?
0 0 9

Xy =0 by symmetry

T 2R sin 6 64
yuM = //y (k\/x2 +y2) dxdy = k/ / r3sin@drdd = EkR4
0 0
Q

Yvm = 6R/5

Answer: the center of mass lies on the diameter through P at a distance 6R/5 from P.

SECTION 16.6
1. They are equal; they both give the volume of T.
m n m n q
2. (@ LyP)= Z Z Xi 1Y 12k 1%y Dz, Ur(P) =33 Xy, 2k A AY; D7,

7 j=1k=1

(b)  Xi—1yj-1Zp—1 < ( T X 1) (yj +2yj1) ( k+22k 1) < X;Y;iZg

—Yi1?) (ze® = Zu-1?) < XY ZeDX DY Az,

—

1
Xi—1Yj—1Zk—1DX; DY ;Az), < 3 (xi® = %i-1%) (y;°

Li(P) <2 ZZZ 2 = %i1?) (Y57 = ¥i-17) (26 — zu-1?) < Up(P).

11]1k1

The middle term can be written

m q
%(ZXZ ) (ZYJ —Yj-1 ) <Z Zk2—2k12> -(OQ) =
i— k=1

Therefore |1 = %

[ERN
OO|I—‘

(o]



SECTION 16.7

w

2y 2y 2y
// /(x+22)dzdxdy // xz+z dxdy // 2x% dx dy
1 2y
_ 2 3 16 v - = _2
= [ 57, o= [ (Fr-3)w=:
1+x 1+x 12X2 11
4. // / 4zdzdydx-// 2x2y2dydx=/T[(1+x)3—(1—x)3] dng
1 1 0

2 1 3 2 1 1 3
5. // /(z—xy)dzdydxz// {—zz—xyz} dy dx
0 —-1J0 0 —1 2 1
2 1
=/ / (4—2xy)dydx=/ [2y—xy} dx—/ 8dy = 16
0 —1 0

/2 Vi—a? /2
7. / // xcoszdydxdz—/ /[xycosz]‘1 ** dx dz

/2 pl w/2 1 1 1 /2
=/ / x\/l—x2coszdxdz=/ [—g(l—x2)3/%osz] dz=§/ coszdz =
0 0 0 0

2 y+2 e?
A
—-1J1 e

2 py? Inx 2 P
9. / / / ye® dz dxdyz/ / [yez]g”” dx dy
1 Jy 0 1 Jy
47
// y(x —1)dxdy = / [ xy—xy] dy = / ( y+y)dy 2

o (L) (o) ([2)-()6) ()
14. M =/H//kxyzdxdydz — K (/Oaxdx> (/Obydy> (/Oczdz> = %ka%?cz
15. X3 M = ///kx yzdxdydz—k(/ x dx) </Obydy> (/Oczdz)

=k(3#) (39) (3¢) = pha'tie

W =

0

2 py+2 2 2
X;_ydzdxdyz/ / (x+y)dxdy:/ [W+(y+1)y] dy = —
—1J1 -1



23.

24.

27.

28.

35.

44.

45.

48.

51.

52.

53.

By Exercise 14, M = ¢ ka?h?*c?. Therefore X =2a. Similarly, y=32b and

// / dz dy dx
Vz—z2 2x—3y—10

1— m2/2 —z?—y?
/ / / dz dy dx

1— 12/2
/// xz+y dxdydz—/// xz+y dxdydz—// { xz+xy] dy dz
[ [ (o) [ o] = [ () -3

1

NI
Il
wlto
o

/ / / 2ye® dz dxdy = / / 2y(x +y)eTdxdy = / (4y%e¥ — 2yeY + 2y — 2y?)dy = 4e——

v—/ // “ddyix =2 x5.9)=( 5 12)
2
2 2 4—y 352
x?y?dzdydx = =—
Iy s
a VaP=z? pyJa2—ai—y? a Vi z?
V=8// / dzdydx=8// vaz —x2 —y2dydx
0 0 0 0 0

polar coordinates J

/2 pa /2 2 a ) w/2 4
=8/ / \/aQ—rQrdrd9=—4/ @2 —r?)3/? de:—/ do = -na’
0 0 0 3 3 0 3

0

2T 1
using polar coordinates VvV = 2/ / (r—r®drdd=n
0 0

6 3 6—x 3 2x 6—x
(@ Vv =/ / / dy dx dz (b) V =/ / / dy dz dx
0 Jz/2 Jx 0o Jo T
6 3 y 6 (12—2)/2 6—y
(c) Vv =/ / dxdydz+/ / / dx dy dz
0 Jz/2 Jz/2 0 J3 z/2
(@) V—//Z\/ y dx dy V—//(/ )dxdy
(© V—/ // dzdydx V—// / dzdxdy
|| —yJ_ya—y
Y
(@ Vv —//Zydydz (b) V =// (/ dx> dydz
-y
Qy2 Qy2

29



4 A=y oy 2 42 py
(c) Vv =/ / / dx dz dy d Vv =/ / / dx dy dz
0 J—vi-y J-y -2J0 -y
SECTION 16.8

w/4 pl p/1—12 T
rdzdrdo = —
Lol i
2 2 pr? 2r 2 2
/ // rdzdrd6=/ /r3drd6=/ 4do =8n
0 o Jo 0 0 0
3 21 3
10. // /rdzdedr=9n
0 0 r

1 pVI—22 py/4—(224y2) /2 1l VAT
11. // / =/ // r dz dr do
0 Jo 0 0 0 Jo

w/2 pl
=/ / rv/4 —r2drde
0 0
w/2 ) 1
_/0 (5—\/§)de_é(g_3\/§)n
™ 1 1 - 11 .
z3rdzdrd6=/ / “(A—rYrdrde = —
L [ ta-ryrarae= 1
1 pVI—z2 2 /2 1 2 a2
15. // /sin(x2+y2)dzdydx:/ //Sin(l’z)rdzdrd9=2/ /I’Sin(rz)drde
0 0 0 0 0 0 ; ;
e ! 8n
o Jo e 0 15

/2 2a cos 0 /2 2a cos 0
17. v —/ / / rdzdrde—/ / r?dr de
7"/2 w/2 JO

=/ 8a cos® 9d9—32a3
a2 3 9

©

12.

N

/2 a cos 0 /2 a cos 6
19. =/ / / rdzdrdb —/ / r(@—r)drdd
/2 JO

1 3 _i 3 .
/ ( cos’ 0 — 3cos 6) d9—36a(9n 16)

9



22.

23.

25.

35.

37.

2T V25—r2
\Y —/ / / rdzdrd6=4—3ln
2 p1/2 pV/1-12 2 1/2 1
v_/ / / rdzdrde—/ / Vi-rz—r? \/§)drd9=§n(2—\/§)

27 3 V9—1r2 27 3
V=/ / / rdzdrdez/ / rv9—r2drdd = 2mny/2
0 1 0 0 1

21 1 pl—r? 1 2 1 pl—r? 1
V=/ / / rdzdrdd = =t 36. M=/ / / kzrdzdrdb = =mk
0 o Jo 2 0 0o Jo 6
2,1 pl—r2 1
M =/ / / k(r* +z*)rdzdrdd = ~kn
0 0o Jo 4

SECTION 16.9

15.

16.

18.

19.

(2, 2v3, 2V3) 4. (2V10, 2m, cos™[£V/10])

X =psing cosB =3 sin0 cos(n/2) =0 y=psing sin6 =3sin0sin(n/2) =0
z=pcosg =3cos0=3 (x,y,2) =(0,0,3)

(1, /4, /4)

Sphere of radius 2 centered at the origin:

2m T 2 27 2w
/ / / p?sin@dpdgpdd =§/ / sm(pd(pde——/ dE)—?’z—TT
0 0 0 3 0

That part of the sphere of radius 1 that lies in the first quadrant between the X, z-plane and the plane
y=X

w/4 pw/2 p
/ / / p? smcpdpd(pde——

/4 27 sec ¢ 1
A cone of rdius 1 and height 1; / / / p?singdpddde = §n
0 0

Vi—z? 2— 12,‘7! w/4 /2 V2
// / dzdydxz/ / / p?sin@dpdd dg
12+y

2 /4

gx/_/ / sin@do do
V2

3

w/
/4sm(pd(p—£n(2 V2)
0

10



w/4 pw/2 2 7/4
20. / / / p4sin(pdpd6dcp:16—n/ sin(pd(p:8_"(2_\/§)
0 0 0 5 Jo 5

3 \/Q,yz \/979527342
21. / / / Z+/X2 +y2 + x2dz dx dy
0

w/2 pw/2
/ / / pcosq-p-p’singdpdddy
_ 1 _[1 a2 N E
_/0 Esm2(pd(p/ de/ ptdp = [——cosZ(p] (E) [gp]o
_ 243m
27 T R 4
23. V =/ / / p? sin(pdpd(pd6=§nR3
0 0 0
« ™ R 2
25. V =/ / / p? sinpdpdpdé = = aR?
o Jo Jo 3

2w T R
26. M= / / / k(R — p)p?sin@dpdedd = LinRi
0 0 0 3

27 pm/4 pl 5 1
34, / / / e’ p?singdpdpdd = Zm(e — 1) (2—\/2)
0 0 0 3
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