CHAPTER 17

SECTION 17.1
1. (a) h(x,y)=yi+xj; r(u)y=ui+u?j, uelo,1]
X(u) =u, y(u)=u? x(u)=1, y'(u)=2u

(r(u)) - r'(u) = y(u)X'(u) + x(u)y'(u) = u*(1) + u(2u) = 3u?

/h dr—/3u2du:1

(b) h(x,y)=yi+xj; ru)=ui-2uj, uelo,1]
x(u) =u?, y(u)=-2u; x(u)=3u? y'(u)=-2

(r(u)) - r'(u) = y(u)x'(u) + x(u)y'(u) = (—2u)(3u%) + u?(-2) = —8u’

/h dr—/ —8udu= -2

3. h(x,y)=yi+xj; r(u)=cosui—sinuj, ue]lo0,2n]
X(u) = cosu, y(u)=—sinu; X(u)=—sinu, y'(u)= —cosu

h(r(u)) - r'(u) = y(u) x'(u) + x(u) y'(u) = sin’ u — cos? u

27
/h(r) . dr:/ (sin” u — cos?u)du = 0
c 0

(a) /Ch-dr_/0 (e“i+2j)-(e“i—e“j)du_/0 (1-2e"")du=2e"" -1
(b) /Ch-dr_/o2j-(1—u)idu_/00du_0

5. (a) rluy=2-ui+@B-u)j, uel0,1]

/h dr_/ 5+5u—u2)du=—%

(b) r(uy=14uwi+2+u)j, uel0,1]

/h dr—/ 1+3u+u2)du=%

7. C = Cl U CQ U Cg where,
Ci:r(uy=(1-u(-2i)+u(2i)=4u—-2)i, ue[0,1]
Co:r(u)=(1-u)2i)+u2j)=(2-2u)i+2uj, uel0,1]
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10.

11.

13.

17.

19.

22.

Cs:r(u)=(1-u)(2))+u(-2i)=—-2ui+(2—2u)j, uel0,1]

/C=/01+/02+/Ca=o+(—4)+(—4):—8
(—1+2u)i, €10,1] Cy:r(u) =cosui+sinuj, uel0,Tm]

Clr
|- / /—0+
(of} Co

1 1
Bottom:  r(u) = ui; / u3j-idu:/ 0du=0
0 0
1 1
Right side:  r(u) =i+ uj; /[3U|+(1+2u)] Jdu—/ (I+2u)du=2
0 0
1 1
Top:  r(u) = (1 —u)i+j; / 3(1—u)?i- (- )du_/ —3(1 —u)?du= -1
0 0

Left:  r(u) = (1 —u)j; /01 21 —u)j - (—j)du = /01 —2(1—-u)du=-1

/ h - dr = sum of the above = 0
c

(a) r(uy=ui+uj+uk, uel0,1]

/h drf/ 3uldu=1
23

/h dr_/ (2u3+u5+3u6)du=ﬁ

(a) r(u)y=2ui+3uj—uk, uel0,1]
/h dr_/ (2 cos2u+3sin3u+3u2)du=[sin?u—cos?)u—i—u?’}(l):2+Sin2—cos3

1

1
1 4
/h(r)-dr:/ (2ucosu® + 3u?sinu® — u?) du = sinu2—cosu3—gu5 Zg—i—sinl—cosl
C 0 0

r(u) = (I —u)(j +4k) 4+ u(i — 4k)
=ui+(1-u)j+(4—-8uk, uel0,1]
car— [ - 2 64u®)du = ~
/CF(r) dr /0( 32u + 97u® — 64u°) du 3

r(u) =cosui+sinuj+uk, ue[0,2n]
3

2 27
8m
/F(r) . dr:/ [— cos® U sinu + cos® U sinu + U] du:/ uzdu:T
c 0 0

(@) rw=(1-2wi [ h- dr:/1(1—2u)2i : (—2i)du:/1 —2(1—2u)2du:—§

Cy
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25.

27.

1 1 1
(b) /cgh : dr_/o (i+uj) 'J-le-/0 [(1—2u)%i+j] - (—2i)du+/0 [i+ (1—u)j] - (—j)du

1 1 1 2
:/ udu+/ —2(1—2u)2du+/ —(1—u)du=—-=
0 0 0 3

(¢) r(u)=cosui+sinuj, ue0,m]
™ i B i B U 2
h-dr= / (cos? ui+sinuj) - (— sinui+cosuj) du = / (—sinucos? u+sinucosu) du = -3
Cs 0 0

E :r(u) =acosui+bsinuj, ue0,2n]

2 2
W = / [(—lbsinu> (—asinu) + <1acos u> (bcos u)} du = l/ abdu = mab
o 2 2 2/

If the ellipse is traversed in the opposite direction, then W = —mab. In both cases |W | = mab = area
of the ellipse.

r(t) = ati + Bt3j + yt3k
r'(t) = ai + 2Btj + 3yt?k
force at time t = mr”(t) = m(2Bj + 6ytk)

W = /l[m(QBj + 6ytk) - (ai + 2Btj + 3yt?k)] dt
0

1
= m/ (4B2t + 18y*t?) dt = (232 + ng) m
0

SECTION 17.2

3. h(x,y) =VFf(x,y) where F(X,y)=XcosTy; r0)=0, r(l)=i—j

10.

12.

/ dr_/Vf =f(r(1)) — f(r(0)) = f(1,-1) — £(0,0) = —
x3 B
h=Vf with f(x,y)= 3 + TN and C is closed, so h-dr=0
c

h(x,y) = Vf(x,y) where F(x,y)=x2y—xy% r(0)=1i, r(n)=—i

/ h(r) - dr:/Vf(r) - dr = f(r(m)) — f(r(0)) = f(-1,0) - £(1,0) =0-0=0
c c

h=Vf with f(X,y)=coshx?y; and C is closed, so / h-dr=0
c




14.

17.

19.

21.

23.

2 2
(a) /0 (Ui +utj) - (|+2u1)du_/0 3u®du = 32
(b) F(2,4)—F(0,0)=32—0=32

h(x,y) = V(x*siny — %)
(a) / [(2cosusinu — e®") i+ (cos’Ucosu)j] - (—sinui+j)du=e—e!
0

(b) f(-1,m)-F(1,0)=e—e "

h(x,y,z) = (2xz +siny) i + X cosy j + x*k;

oP . 0Q oP _ O_R @ o O_R . .
3y =cosy = ax' 97 X = ax' oz =0= 3y Thus h is a gradient.
g—i:2xz+siny, —  f(X,y,2) = x?z + x siny +g(y, 2)
of

w:XCosy+g—3:XCosy, = 9(y,z)=h(z) = f(x,y,2)=x%2+xsiny +h(z)

E:x2+h’(z):x2 = h(z)=0 = h(z)=C

Therefore, f(X,y,z)=x?z+ X siny (take C =0)

. 27) . 1,0,2m
/Ch(r) .dr= /CVf - dr = [X°z +x smy]:EO) =[x’z +x Slny]gl,O,O)) =27

h(x,y,z) = (2xy + z%) i+ x*j + 2xz k;

oP 0Q oP oR 0Q OR . .
— — — Thus h dient.
oy =2X=0X, 0z=2z=0X, 0z=0=0y. us TS a gradiet

of U2 2
X oy 1 2 = f(x,y,2) =xy+xz°+49(y,2)
of ag B w2 9
= Tay—x - 2 =h@) =T0y.2) =Xy +x27+h)

of
0z = 2xz + h'(z) = 2xz
Therefore, f(X,y,z) =x%y +xz? (take C =0)

= h'(z)=0 = h(z)=C

h(r) dr—/Vf dr = [xQ +x22]r(1) = [xz +x22}(2"3771)—14
c ~Je - Y o) LY 020)

0P _ gerw = 99

F(x,y) = (x +e?)i+ (2y + 2xe™) j; 3y I Thus F is a gradient.
0

Moxrer = Ty =20 +xe 1)
g=2xe2y+g’(y)=2y+2xe2y = g'(y)=2y =g(y)=y* (take C =0)

oy
Therefore, F(X,y) = %XQ + xe2¥ +y2.

r(27) {1 (3,0)

~ X2 4 xe? +y? =0

/F(r)-dr=/Vf~dr: Fx2+xe2y+y2]
C C 2 2

r(0) (3,0)
Set f(x,y,z) =g(x) and C:r(u)=ui, ue]la,b].
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In this case

so that

/Vf dr_/Vf du—/g
g(a

Since  F(r(5)) — F(r(a) = 9(b) — 9(a),
b
/ vH(r ) - F(r@) sives [ g'(wdu=g(b) - g(a)

SECTION 17.4
5 r(u=20u%i+uj, uel0,1]

1 1
/ ydx + xydy = / [y(u)x'(u) + x(u) y(u)y’(u)] du = / (4u? 4+ 2u%) du = —
C 0

0
6. r(u)=2ui+ui, e Dl ay - / (U)X (U) + x(u)y(u)y'(u)] du
C 0

7. C=C,UC, Cy:r(u)=uj, uel0,1]; Co:r(u)=2ui+j, uel0,1]

ydx +xydy =0
C1

1 1
/ydx+xydy:/ ydx:/ y(u)x’(u)du:/ 2du =2
Cy Cs 0 0
[ L.
c Jo Jo

8. r(u)=20%i+uj, uelo1]

1
/C ydx + xy dy = / V(U)X (U) + x(u)y(u)y'(u)] du

19
/O(Gu +2u)du = 10

13. r(u)=ui+uj, uel0,1]
/(y +2x + 1) dx + (2xy + 4y — 1) dy
/ {Iy*(u) + 2x(u X' (u) + [2x(u)y(u) 4 4y(u) — 1]y’(u) } du
/0 [(U? +2u+1) + (2u® + 4u — 1)] du_/ol(3u2+6u)du_4
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14. r(u) =ui+u?, uelo1].
/(y2+2x+1)dx+(2xy+4y— 1)dy
c
—/0 [(y?(u) + 2x(u) + 1)x'(u) + (2x(u)y(u) + 4y(u) — 1)y’(u)] du

1
:/ (5u* +8u® 4+ 1)du = 4
0

15. r(u)=ui+u®j, uelo0,1]
/(y +2x+1)dx + (2xy + 4y — 1) dy
/ {ly*(u) + 2x(u X' (u) + [2x(u)y(u) 4 4y(u) — 1]y’(u) } du

1
:/ (U8 +2u+1) + (2u* + 4u® — 1)3u?] du:/ (7u® +12u° — 3u® +2u+ 1) du = 4
0 0

16. C=C,UCyUC;
Ci:r(u)=4ui,ue0,1]; Cy:r(u)=4i+2uj, ue[0,1]; Cs:r(u)=(4-3u)i+(2—u)j, ue|0,1]

1
/ =/ (y2—|—2x—|—1)dx:/ 4(8u+1)du =20
C1 Cy 0

1
/ :/ (8y+4y—1)dy:/ 2(24u—1)du =22
Cs Ca 0

/ =/l{—3 [(2—u)*+2(4—3u)+1] — [2(4 —3u)(2 —u) + 4(2 — u) — 1]} du
C3 0

1
= / (—9u? + 54u — 62) du = —38.
0

/:/ +/ +/ —204+22-38—4.
C Ch Ca c3

21. r(u)=2ui+2uj+8uk, ue]0,1]

/xydx+2zdy+(y+z)dz

= [ X @) + 220y @ + )+ 2] W) o
- / [(20)(2u)(2) + 2(8u)(2) + (2u + 8u)(8)] du

0

176

1
:/ (8u* + 112u) du
0



22.

23.

24.

27.

C=CiuCyUCs
Cy:r(u)=2ui, uel0,1]; Co:r(u)=2i+2uj, uel0,1]; Cs:r(u)=_2i+2j+2uk,

/ xydx+2zdy + (y+z)dz=0
C1
/ Xy dx +2zdy + (y+2z)dz=0
Ca

1
/xydx+2zdy+(y+z)dz:/ (y+z)dz:/ 2(2+2u)du=6
03 0

Cy

r(uy=ui+uj+2u’k, uelo0,2]

/ xy dx + 2zdy + (y +z) dz
C
2
= /0 {x(u)y(u)x'(u) +2z(u)y’(u) + [y(u) + z(u)]z'(u)} du

:/ [(u) (U)(1) + 2(2u%)(1) + (U + 2u%)(4u)] du

0

2
- / (8u® + 9u?) du = 56
0

C=CUC,
Ci:r(u) =2ui+2uj+2uk, ue[0,1]; Cqo:r(u)=2i+2j+ (24 6u)k, uelo,1].

1
/Xydx+2zdy+(y+z)dz=/ 8(u2+2u)du:33_2
C1 0

1
/xydx+2zdy+(y+z)dz=/ (y+z)dz=/ 6(4 + 6u) du = 42
Cz 0

Cy
L=l L=
C C1 Ca 3
oP

_ _0Q
g:><2+6><y—2y2 — f(x.y):%x3+3x2y—2xy2+g(y)
of
W:3X2—4xy+g’(y>:3x2—4xy+2y = gy)=2 =9@y)=y*+C

Therefore, f(X,y) = %X?’ + 3x?y — 2xy2 +y? (take C = 0)

(0) [ 66+ 6xy = 29%) dx-+ (3¢ — axy +29) oy = [FOx Y]] =
) |

' 37
(c) / (¢ + 6xy — 2y°) dx + (3% — dxy +2y) dy = [Fxy)I0) = — 5
; |

7

uelo,1]



28. (a) F=Vf where f(x,y,z)=x%y+xz?-y%z
(b) / (2xy +z2)dx + (x* — 2yz)dy + (2xz —y?*)dz = £(3,2,-1) — F(1,0,1) =25 — 1 = 24
c

(c) /l(2xy +2%)dx + (x? — 2yz)dy + (2xz — y*)dz = £(1,0,1) — F(3,2— 1) = —24

SECTION 17.5

xydx+x2dy+/

Xy dx + x2 dy + / xy dx + x>dy, where
Cy

1. (a) jéxydx+x2dy:
e} Cs

Cy

Cy: r(uy=ui+uj, ue[0,1]; Co: r(uy=(1—-u)i+j, uelo,1]
Cs: r(luy=(1-u)j, uel0,1].

1
/ xydx+x2dy:/(u2+u2)du=2
(of} 0 3

1
/xydx+x2dy:/ —(1—u)du:—1
Co 0 2

1
/xydx+x2dy:/ 0%(=1)du=0
Cs 0

Therefore, jl{ Xy dx + x? dy =
c

1 y 1 1 ) 1 1 1
(b) jéxydx+x2dy:// xdxdy:/ / xdxdy:/ {—xﬂ du:—/ y2dy = =
C Q 0 0 0 2 0 2 0 6

3. (&) C: r(u)=cosui+sinuj, ue]l0,2m]

Wl N
N =

2T

]{ (3x% +y)dx + (2x + y*) dy [(3cos®u +sinu)(— sinu) + (2 cosu + sin® u) cosu] du
c

S~

27
/ (3 cos® u(—sinu) — sin? u + 2 cos? U + sin® u cos u] du
0

s 11 1, 1,17
= [cosU— =-U+ —=SIN2U+ U+ = sin2U + — SIN~u =T
2 4 2 4 o

(b) %(3x2+y)dx+(2x+y3)dy: /1dxdy:areaQ:T[
C Q

4, (a) C=CiuUGC,

Cy:r(u)=ui+u?, uel0,1]; Co:r(u)=(1—-u)i+(1—-u)j, uelo,1]
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7
/ y2dx +x*dy = / Y youd)du = =10

/C2ydx+xdy /—21—u fé /014—/02——
(b) %Cydx+xdy //{ }dxdy // (x— ydydx_—

5. ?{3ydx+5xdy://(5—3)dxdy:2A:211
C
Q

7. ?{ x*dy = //2xdxdy =2%A =2 (E) (ab) = ab
c 2
a

9. 7{(3xy+y )dXx + (2xy + 5x?) dy = // 2y + 10x) — (3x + 2y)] dxdy
C

//7xdxdy—7xA—7( )(m) =

13. ]{ e¥siny dx + e” cosydy = //[e”” cosy — e” cosy|dxdy =0
c
Q

15. ]{2xydx+x2dy=//[2x—2x]dxdy=0
C
Q

17. C: r(uy=acosui+asinuj; ue]j0,2m]

27 2 1 1
A:jé—ydx:/ (—a sinu)(— sinu)du:aQ/ sinudu = a? {—u——sinZu
C 0 0 2 4

19. Az% xdy, where C = Cy U Cy;
c

Clzr(u)zui+éj, 1<u<4; Co:r(uy=(4-3u)i+(1+3u)j, 0<u<l.

to—4 ‘1
7{ xdy:/ u(—Q) du:—4/ —du=—41In4;
Ch 1 u 1 u

! ! 15
?{ xdy:/ (4—3u)3du:/ (12—=9u)du = —.
Ca 0 0 2

Therefore, A = % —41n4.

1
20. A= 57{ xdy —ydx, where C = C; UCy;
c

Cy :r(u) =+/5 tanui+ /5 secuj, tan~" (—2/\/5) <u<tan™!

9

(21V5)

27
] =ma?
0



31. op
(a)
(b)
32. (a)

(b)

9y (¢ +y?)?

Co:(2—4u)i+3j, 0<u<l1

%7{ Xdy—ydx=gln5, %7{ xdy —ydx =6  Therefore, A:6+gln5.
Cl C2

—2xy  0Q
= ax except at  (0,0)

If C does not enclose the origin, and €2 is the region enclosed by C, then

X y
fcx?—i—y? dx+x2+y2dy://0dxdy:0.
Q

If C does enclose the origin, then
f.-1.

where C,: r(u) =acosui+asinuj, ue€[0,2n] is asmall circle in the inner region of C.

In this case

2 : 2
j{c:/o {ac;su(—asinu)+$(acosu)} du:/0 0du=0.

The integral is still 0.

C A S dyd
7{ S (2 +y2)? X+(X2+y2)2 y_//ny_o
Q

By Green’s theorem, § C = §,, where C’is a circle about the origin. ~ r(u) = acos ui+asin uj.

$or = 0277(sin4 u + sin® ucos? u) du = fOQﬂ sinfudu =m
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