COORDINATE SYSTEMS

A Dbasic relation between abstract
objects (numbers, ordered n-tuples
of numbers) and geometric objects

(line, plane, 3-dimensional space, etc.)



1-D Coordinate System:

The Real Line, R!

points, distance, mid-point, inter-

vals

2-D Coordinate System:

The Plane, R?

points, distance, mid-point, circles



3-D Coordinate System: (12.1)

3-Space, or Space, R3

Points: Ordered triples of real num-

bers.



P: (z1,y1,21) and Q: (z2,y2,22),

points in 3-space:

(A) Distance Formula:

d(P,Q) =

\/(562 —21)% 4+ (y2 — y1)? + (22 — 21)?



(B) Midpoint Formula:

The midpoint R of the line seg-

ment joining P and @ is the point

n- <a71-|-a72 Y1 + Yo Z1-|-22>
' 2 ’ 2 ’ 2 .



(C) Equation for a sphere:

Given a point P (a,b,c¢) and a posi-
tive number r. The set of all points
Q@ : (z,y,z) such that the distance
from Q to P is r is a sphere S&.
The standard form equation for &

IS:
(x—a)’+ (y—b)°+ (2 — )2 =r°
This equation can also be written

:172—|—y2—|—22—|—Aa7—|—By—|—Cz=D
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Examples:

1. (z-3)°4+(y+4)°+(2—-1)2=5

IS an equation for a sphere.

Give the center and the radius.



2. Given the equations

(a) x°+y°+2°—4z+6y+22—2=0

(b) z°+y°+2°4+8r—4y—22+421 =0

(¢) x2—|—y2—|—z2—6x—|—2y—8z—|—20 =0

Each of these is an equation for a

sphere??

If so, give the center and radius.



3. The points

A:(2,-1,3) and B: (—-4,5,-1)

are the endpoints of a diameter of
a sphere. Find an equation for the

sphere.



4. The points
A:(2,-2,1), B: (1,1,3), C: (2,0,5)

are the vertices of a right triangle.
Find an equation of the sphere with
center at the midpoint of the hy-
potenuse and passing through the

vertex opposite the hypotenuse.
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Vectors: (12.2, 12.3)

(Physics) A vector is a quantity

that has magnitude and direction.

(Mathematics) A vector in n-dimensional
space is a directed line segment; it
IS represented by an ordered n-tuple

of real numbers.

In particular:
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2-Space: A vector a in the plane

IS an ordered pair of numbers:

a= (a1,an)

The vector 0 = (0,0) is the zero

vector.

3-Space: A vector a in 3-space

IS an ordered triple of numbers:

a= (a1,ao,a3)

The vector 0= (0,0,0) isthe zero

vector.
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Operations on Vectors;

Arithmetic of Vectors

Let a = (ay,ap,a3) and b = (b1, b2, b3)
be vectors in 3-space and let o be

a real number (scalar).

(A) Equality: a=Db Iiff

a1 = by, ap = by, az = b3.
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(B) Vector Addition:

a4+ b= (a1 + b1, ap + by, a3 + b3).

Motivation from physics:
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Properties of Addition: Let a, b, c

be vectors.

1. a+b=b+4+a (commutative)

2. (a+b)+c=a+(b+c) (as-

sociative)

3. a+0=0+4+a=a, 0O is the

additive identity

15



4, to each vector a there corre-

sponds a unique x such that

a+x =x+a=0 (additive inverse)

X IS denoted —a
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Subtraction:

a—b=a+(-b) = (a1 —b1,a2 —bp,a3 —b3)

“‘Geometric”’ Representation:
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(C) Multiplication by a Scalar:

aa= (xay, xar, aaz).

Motivation from Physics:
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Properties of Mult. by a Scalar:

2. 0a=0

3. Distributive Laws

(a4 B)a=aa+ (Ga,

ala+b) =aa+ ab

4. (af)a= a(fa) = f(aa)
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NOTES:

1. a and b are parallel iff

a—= \b for some number .

2. O is parallel to every vector:

O=0a for all a.

0O has no direction!!
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(D) Norm (Magnitude):

The norm of a, denoted by ||a],

IS:

2 2 2
lal| = a2+ a3 + a3, 0] =o.

|a|| is @ nonnegative number; it is

the length of the vector a.
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Properties of Norm:

1. ||a]| > 0; |lal| =0 iffa=0.

2. ||eall = [of |lal].

3. lla+ bl < [[a]] + [[b].  (triangle

inequality)
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Unit Vectors:
u is a unit vector if ||ju||=1

If b is a non-zero vector, then

1
up — ——Db
Ib]]

IS a unit vector in the same direction

as b.
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Unit Coordinate Vectors:

i=(1,0,0), j=(0,1,0), k=(0,0,1)

i, j, k-Representation:

a=(a1,a2,a3) =aji

asj

a3z k
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Examples:

1. Find o such that

a=3itj—k and b=ai-4j+4k

are parallel

2. Find o such that

a=ait+(a+1)j— (a—1)k

has length +/29.
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3. Find a vector of norm 2 in

the direction opposite to

a=2i—4j+ 5k
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(E) Dot Product: (12.4)

Let a = (ay,ap,a3) and b = (b1, b2, b3)

be vectors.

The dot product of a and b,

denoted a-b is the number

a-b= albl -+ CLQbQ -+ a3b3.

Synonyms:. inner product, scalar

product
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Properties of Dot Product:

1. a-a=|al?

3. a-b=Db-a. (commutative)

4. (aa)-(8b) =af(a-b).

5. a-(b4+c) =a-b+4a-c (distribu-

tive)
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Applications of the Dot Product:

1. Angle between two vectors:

O<o<m

a-b=|a| bl cosfd, 0<0<n.

CcoS 6 a-b Us - U
p— p— . b
B

‘b
0 = cos_]L { a ]
B
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Special cases:

a. a and b have the same direc-

tion iff 6 = 0, and

a-b = |lafl [|bl]

b. a and b have opposite direc-

tion iff 6 = w, and

a-b = —|laf[[b].
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C. a and b are perpendicular iff

0 =mn/2, and

a-b=020.

NOTE: 0-a=0, ie., 0 is per-

pendicular to every vector.

0O has no direction!!
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2. Components and Projections

] [b]| cos 6

comppa = ||a|| cos 8 =
bl

a-b) b
bl ) ||b]

= (fo2)®

32

projpa = (compp a)uy, = (




Special Case: b is a unit vector:

comppa=a-b, proja=(a-b)b
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3. Direction Angles & Direction

Ccosines:

Given

a= (a1,ap,a3) =ar1i+azj+azk

Let:

o be the angle between a and i,
B the angle between a and j, and

~ the angle between a and k.
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«, 3, v are the direction angles of

a.

a a
COS a = — cosﬁz—2 cosvz—3

[ lal| a]]

are the direction cosines of a.

Note: cos?a+cos?8+cos?~y = 1.

c.f. sin?0 4+ cos?20 =1
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Examples:

1. Find the angle between the

diagonal of a cube and an edge.

2. Find the angle between the
diagonal of a cube and the diagonal

of a face.

3. Find a unit vector u which is

perpendicular to

a=(1,2,1) and b=(3,—-4,2)
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4, Does there exist a vector a

with direction angles

3r/4, 2w /3, w/6 7

5. Does there exist a vector a

of length 2 with direction angles

5n/4, w/3, 57/3 7

If so, what is a?

37



(F) Cross Product: (12.5)

NOTE: The cross product is de-

fined only in 3-space.

Let a = (CL]_,CLQ,CL?,) and b = (b17b27b3)
be vectors, a # 0, b = 0 and

a#* \b.

The cross product of a and b,

denoted a x b is the vector satis-

fying:
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1. a x Db is perpendicular to the

plane determined by a and b.

2. a, b, axb, in that order, form

a right-handed system.

3. [lax bl = |laf [[b[| sin 6

— area of parallelogram with sides

a, b.
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Properties of the Cross Product:

1. If a=0, b=0, or a= \b,

then,
axb=0.

2. bxa= —(axb) (anti-commutative)

3. Not associativell

ax (bxc)=(a-c)b—(a-b)c

(axb)xc=(c-a)b—(c-b)a
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4. ax(b+c)=axb+axc

(a+b)xc=axc+bxc

5. a(axb)=(ca) xb=a x (ab)
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The Components of a x b:

Special cases: 1, j, k

ixi=jxj=kxk=0,

i)(j:k)j)(k:i, le:J

jx1i=-k, kxj=-1, ixk=—j
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General case:

(a1itanjt+azk)x(byi+boj+b3k) =

(aobz—azbo)i—(a1bz—azby)j+(a1bo—asby )k

i j k

= | a1 ao a3z |.

b1 by b3
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Examples

1. a=(2,3,—-1), b= (4,0,5).

Find a x b.

2. Given points

P:(1,-1,4), Q: (2,0,1), R: (0,2,3).

a. Show that the points are not

collinear

b. Find a vector perpendicular to

the plane determined by the points.
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Triple Scalar Product:

e (axDb)-c is called the triple

scalar product

e (axb)-c=(cxa)-b=(bxc)-a

e a and b determine a plane P.
The vectors a, b, ¢ form a right-
handed system if ¢ is on the same

side of P as a x b.
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e If a, b, ¢ is a right-handed sys-

tem, then (axb)-c>0 and

(axb)-c = volume of “box"” with sides a,

e If a, b, ¢ is not a right-handed

system, then (axb)-c <O

ai a2 as
o(axb)-cz bl bQ b3.

c1 Co cC3
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Examples:

1. Find the volume of the “box"
having

a — (17 _37 1)7 b — (0727 _1)7 C = (17 17 _2)

as sides.

2. Which of the following makes

sense’

a-(bxc), ax(b-c), a-(b-c), ax(bxc)
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Lines: (12.6)

Given points P : (x0,v0,20) and

Q: (r1,y1,21), P # Q. Thereis

one and only one straight line L

passing through P and Q.

Direction vector for L:

d = (x1—x0,y1—Y0, 21—20) = (d1,d2,d3)
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Equations for /L:

1. Vector equation: r(t) =rg-+

td.

2. Scalar parametric equations:

xr = xg + dit, yo + dot, z = zg + dait.

3. Symmetric equations:

L —20 _ Y—Yo _ =— =0

dq d> d3
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Examples: £ The line determined

by P:(-1,3,2), Q: (2,4,-2).

1. Direction vector for L:

2. Direction numbers for L:

3. Vector equation for L:

4. Parametric equations for L:

5. Symmetric equations for L:
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Pairs of Lines; Intersection:

Given two lines

L1:r(t) =ro+td, Lo:R(s)=Rg

A. Parallel or coincident if

d=A\D.
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Examples:

L1:x=2-2t, y=3+t, z = —1+43t,

Lo . x=444s, y= —2s, z=6—0s

L1 :x=2-2t, y=3+4+t, z= —143t,

Lo:x=—-244s, y=5—-2s, z=5—-06s
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B. Intersecting? d # \D.

Examples:

Lq:

xr=—-1+4+3t, y=3+4+1t, z=2 — 4¢t,

Lo:

r=1—-—s, y=7+4 3s, z = 2s.
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xr=—-143t, y=3

t, z =2 — 4¢,

r=4—5s5, y=2+42s, z=—1+4s.

Lines that do not intersect and are

not parallel are called skew lines.
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Angle between two lines:

O0<a<l /2.

d-D
ld[ D]

COS o =
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Example:

[,12
r=—-1+4+3t, y=3+4+1t, z=2 — 4¢t,
[,22

r=1—-—s, y=7+4 3s, z = 2s.

_13,1,-4)-(-1,3,2)] _ 8
- V26 /14 2,91

COS «
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Distance from a point P : (z1,vy1,21)

to a line ZL:

[ PoP < d]

WBL) ="
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Example:

P:(1,2,3),

Answer:

t, y= —2t, z =2

23
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Planes: (12.7)

Given a point P and a vector N.
There is one and only one plane P
which is perpendicular to N and

passes through P.
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Given P : (zg,y0,20) and

N=Ai+ Bj+Ck.

The set of all points Q@ : (x,vy,2)

such that

is a plane P.

N is a normal (vector) to 7P.
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. —
1. Vector equation: N-:- PQ = 0.

2. Standard Form equation:
A(z—zq)+B(y—yo)+C(2—20) = 0.

c.f. Point-slope equation for a straight

line.

3. General equation:

Arx+By+Cz+ D =0 or

Ax + By+ Cz = FE.
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To find an equation for a plane, you

need:

1. A point P which lies in the

plane.

2. A normal vector N.
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Examples:

1. Find an equation for the plane

which is parallel to the plane

S50 —2y+3z2=4

and passes through P : (2,3,-1).

2. Find an equation for the plane

which is perpendicular to the line

L. x=1+4+6t, y=2—-2t, z=4+5t

and passes through P : (-7,4,2).
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3. a. Show that the points

P (37 _47 1)7 Q : (4727_1)7 R (_17 17_2)

are not collinear.

b. Find an equation for the plane

determined by P, @), R.
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Intersections: Given two planes
1 and P,. Exactly one of the fol-

lowing holds:

1. P1, P> are parallel.

2. P1, P> coincide.

3. Pi1, P> intersect in a straight

line L. N1 #= AN>

d = N1 X N» is a direction vector

for L.
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Examples:

1. Determine whether the planes

P12z +4y+62=05

Po:ix—2y—32—3 =0

are parallel, coincident, or intersect

In a straight line
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2. Determine whether the planes

P1:(x+1)—2(y—1)—-3(z—2) =0,

Po . —2x+ 4y + 62 =18

are parallel, coincident, or intersect

In a straight line
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3. Prove that the planes

P d4x+4y—22=9, Po:22x4+y+z=-3

intersect in a straight line and find
parametric equations for the line of

intersection.
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Angle between two planes:

0<09< /2
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P Alx—l— Biy+ Ci1z = D+,

P2 1 Apx + Boy + Crz = Do

Ni=A41i+B1j+C1k

Ny = Azi+ Boj+ Cok

N7 - No|

COS 0 =
N1 [[N2f
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Example:

Find the cosine of the angle between

P1 x4+ 2y + 3z = 2,

Po:—-3x+4y+2=4
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Distance from a point to a plane:

Given a plane

P. Ax+By+Cz4+ D=0

and a point P : (x1,y1,21) Which

does not lie on P.
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-
d(P1,P) = ||| PoP1l| cos 0]

-
_ [[PoPy|l[[N]| cos 0]
IN]

_ |PoP1-N]|
| IN|

_ |Az1 + Byy + Cz; + D|
VAZ + B2 4 C?
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Example:

Show that the point P: (4,1 — 3)

does not lie on the plane

P:.: 2x+3y—42+27=0

and find the distance from P to

P.
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