THE GRADIENT

Given a function of several variables:

z= f(z,y) or w = F(z,y, z)
The gradient of f is the vector:
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Vf_8x1+8yj_fxl+fyj

The gradient of F' is the vector:
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Directional Derivatives

Given a function 2z = f(x,y) and a unit

vector u=wu1i—+ unj.

The directional derivative of f at the
point (xp,yp) in the direction u is the

number

fu(zo,vo) = Vf(zo,y0) - u

fz(x0,y0)u1 + fy(zo, yo)us

Geometric interpretation:



Given a function w = F(x,y,z) and a unit

vector u=wu1i+ urj+ usk.

The directional derivative of F at the
point (xzg,yp,20) in the direction u is

the number

F/(z0,v0,20) = VF(x0,Yy0,20) - u =

Fx(z0, Y0, 20)u1+Fy(xo, Yo, z0)ua+EF=(zo, yo, 20)u3



Examples

3y

T

1. f(z,y) = 2x%y> —

(a) Find the directional derivative of f at
the point (1,—1) in the direction of the
vector a=3i+44].

(b) Find the directional derivative of f at
the point (1,—1) in the direction of the
line y=3z+2

2. F(z,y,2) = 2y? + yz2 + zz2

Find the directional derivative of F at the

point (1,—1,2) toward the point (2,3,4).



Maximum and minimum directional deriva-

tives

Functions of two variables: z = f(x,y)

fli = Vf(z0,y0) - u=|Vf|] cos 6

where 6 is the angle between Vf and u.

Since |cos 0| <1,

max. direc. deriv. = ||V f(xq, yo)||
which occurs when u points in the direc-
tion of Vf (6 =0).

min. direc. deriv. = —||V f(zq,yo)]||

which occurs when u points in the direc-

tion opposite to the direction of Vf (6 =
).



Functions of three variables: w = F(x,vy, 2)
Fy = VF(x0,y0,20) -u=[|[VF|| cos 6

where 6 is the angle between VF and

u.

Since |cos 0| <1,

max. direc. deriv. = |VF(zq,y0, 20) ]|
which occurs when u points in the direc-
tion of VF (6 =0).

min. direc. deriv. = —||VF(zq, yo, 20)||

which occurs when u points in the direc-

tion opposite to the direction of VF (0 =
).



Examples:
x
1. f(z,y) =2z — 2%y + 2y° — ;

(a) Find the maximum directional deriva-

tive of f at the point (2,1).

(b) Find a unit vector in the direction of
the minimum directional derivative of f at

the point (1,-1).

2. F(z,y,2) =222 + 3zyz — yz°2.

Find the minimum directional derivative of

F at the point (2,-1,2).



Chain rules: Given z = f(x,y).

If = = x2() and vy = y(t), then the

composition
flz(t), y(t)]

is a function of ¢t and

ﬁ_@fdx_I_@fdy
dt Oz dt Oy di

=Vf-r't).

If = x(s,t) and y = y(s,t), then the

composition

flz(s,t),y(s,1)]
is a function of s and ¢t and

8f_8f8x+8_f@
ds Ox s Oy ds
0 of o of o
f_0fox , of oy

ot~ Ox Ot Oy Ot




Examples:
1. Set f(=x,y) = 222y + 33,

where z(t) =2+ 1, y(t) = et

F(t) = fla(t), y(1)] = 2(t* 4+ 1)%e" 4

Find d—F
dt

2. Set f(z,vy) =222y + ¢3,

where z(s,t) = s2t, y(s,t) = te?s.

Fl(s,t)] = flx(s,t),y(s,t)] = 25%3e25413¢0%

. oOF OF
Find —, —
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Chain rules: Given w = F(z,y,z).

If =x(t), y=9y() and z = z(t), then

the composition

Flxz(t),y(t), z(t)]
is a function of ¢t and

F F F F
aif _oFde | OFdy \ OFdz _ Gp iy,
dt Ox dt Oy dt Oz dt

If x=ux(s,t), y=vy(s,t) and z = z(s,t),

then the composition

Flx(s,t),y(s,t),z(s,t)]

is a function of s and ¢t and

OF OF 0x OF 0y A OF 0Oz

9s 0w 0s oy as | 92 0s

8_F_8F8x+8F8y+8_F%
ot Ox Ot Oy ot Oz Ot
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Examples:

1. Set F(z,y,z) = 223y2 — sin(ayz?),
where z(t) = 3t2, y(t) =2t+ 1, 2(¢) = ¢3.
F(t) = Flz(t),y(t), z(¢)]

= 54¢%(2¢t + 1)2 — sin (6t° + 3t°)

d
Find i
dt

2. Set F(x,y,z) = 2zy? — 3zyz2,
where z(t) = s2t, y(t) = 2st, z(t) = et.
F(s,t) = Flz(s,t),y(s,t),2(s,1)]

= 853 — 653t2e25t

Find 8_]-"7 8_]-“
0s ot
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More chain rules:
If = = x2(s,t) and y = y(s), then the
composition

flaz(s,t),y(s)]

is a function of s and ¢t and

8f_8f8x+8_f@
ds Ox 8s Oy ds

8_f_8f8x+8f0_8_f8_x
ot Oxr dt dy  Ox Ot

and so on ....
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Examples

1. f(z,y) = 2 COS TY — 2xy2,

x=282t, y:s3—1.

(a) Calculate 8_f
0s

of
b) Calculate —.
(b) Calculate ey

2. F(z,vy,z) = 2zy + 3zyz — yz2,

r=e2l +2 y=2st2 z=2t(s2—-1)

F
(a) Calculate 8_
0s
OF

(b) Calculate —.
ot



Direction of the gradient: Normal lines,

tangent lines
Given z = f(x,vy).

Let C: f(x,y) =C be a level curve of f

and let (zg,yp) be a point on C.

_Of.  Of. ...
Vf_8x1+8yj_fxl+fyj

is perpendicular to C at (zg,y0).

Normal line to C at (zg,yp):

r = x0+ fz(z0,y0)t, vy =yo + fy(zo,yo)t

or

. fy(wo,yo)(

O f(z0,v0) v = T0)

Tangent line to C at (zg,yp):

_ Ja(zo, yo)(x ~20)
fy(z0, y0) °

Y —Yo —
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Example:

f(z,y) = 322 4 2zy + 243

A level curve: C: 222+ 2zy+2y3 =

(2,1) is a point on C.

V= (z+2y)i+ (2x+6y°)]

Vf(2,1) =4i4+10j [normal vector at (2,1)]

Normal line:

5
r=24+4t, y=1410t or y—1= 5(3:—2)

Tangent line:
2
r=2—-10t, y=14+4t or y—1= —g(az—Q)
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Direction of the gradient: Normal lines,

tangent planes

Given w = F(x,vy,z).

Let S: F(x,y,z) = C be a level surface
of F andlet P : (x0,y0,20) be a point

on S§.

VF(P) = Fo(P)i+ Fy(P)j+ F.(P)k

is normal [perpendicular] to S at P.

Normal lineto § at P:

r = xo+Fz(P)t, y=yo+Fy(P)t, 2= 20+F:(P)t

Tangent plane to C at (xq,vyo):

Fy(P)(z—z0)+Fy(P)(y—yo)+1=2(P)(2—z) =0
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Example:

F(z,y,2) = 22y + 2y3 — 3zyz

A level surface: S: z%y+2y3 —3zyz =6
(1,2,2) is a pointon S.

VFE = (2zy—3yz) i+ (22 +6y2—3z2) j—3zy k
VF(1,2,2) = -8i4+19j—-6k [normal at (1,2,2)]
Normal line:

r=1-8t, y=2+4+19t, z=2 — 6t

Tangent plane:
—8(x—1)4+19(y—-—2)—-6(z—2)=0
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Important special case:

The surface S : z = f(x,y) is a level

surface of
w = F(z,y,z) = f(z,y) — 2

namely S: F(x,y,z) = 0.

Let P : (x0,¥%0,20), [20 = f(x0,%0)], be a

point on S§.

N = fz(x0,y0)i+ fy(zo,y0)J —k

is normal [perpendicular] to S at P.

Normal lineto § at P:

r = xzo+fz(x0,y0)t, ¥ = yo+fy(zo,y0)t, z = zp—t

Tangent plane to C at (xq,vyo):

fz(z0,y0)(z—2x0)+ fy(z0, y0) (y—y0)—(2—20) = O
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Example:

S 2= flz,y) = /1 —a2 — 42
11 1 - -
(5757@) is a point on S§.

Normal vector to S:

2 2
N:—ii—ij—k
2
Normal line:
1 /2 1 /2 V2
=———t, y=—=———%t, z=——1
2 2 2 2 2

_g(x_i)_é(y_l)_(z_g —0



OPTIMIZATION

A. Local Extrema:

Definitions: Local maximum, local min-

imum.

Theorem: If the function z = f(x,y) has

a local extremum at (zg,yp), then either

0 0
Vf(a:O,yO) = 0, that is —f = —f =0
or Oy
or
Vf(zg,yg) does not exist,
i.e. at least one of a—f, a—f fails to exist.
oxr Oy

Definitions: Critical point, stationary

point.
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Examples:

1. f(z,y) =a% — 422 -2y
fZC — 4x3 _ 8%, fy = 2.

No stationary points: Vf((x,y) #= 0 for
all (z,y) [0f/0y = —-2% 0]

2. f(a:,y)=2x2—3xy—|—y2—2x—|—y—|—4

Jr = 4x — 3y — 2, Jy = -3z + 2y + 1.

Stationary point: (—1,-2)
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3. flz,y) =4y —a*— 292+ L
fr :4y—4x3, fy = 4z — 4y.

Stationary points: (0,0), (1,1), (—1,-1)

4. f(x,y) = 8xy e_(x2+y2)
of/0x = 86_(x2+y2) [:y — 2x2y] ;

of /0y = ge— (@ +v°) [a: — Qxyz]

Stationary points:

(_1/\/57 1/\/5)7 (_1/\/57_1/\/5)
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SECOND PARTIALS TEST: Assume

f has continuous second partials.
Let xg = (x0,yg) be a stationary point.

Set
A= fxx(XO)a B = f:cy(XO)a C = fyy(XO),

D = AC — B?.

1. If D <0, then xp is a saddle point
of f.

2. If D>0, then f has:
a local minimum at xg if A >0,
a local maximum at xg if A <O.

3. If D=0, then 77772777,
23



Examples con’t

D=9-8=12>0.

saddle pt.

A B C
(0,0)| O 4 —4 16 >0 saddle pt.
(1,1) | —12 4 —4 —-32 <0
A<O loc. max.
(1,1) | —12 4 —4 —-32 <0
A<O loc. max.
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4.

fre = —16aye~(*"H¥) [3 — 222],
o= 00 127 [ - 27
fuy = —16aye~ "+ [3 - 242].

A B C

(1/v/2,1/v2) | —16/e 0 —16/e

(1/V2,-1/V2) | 16/e 0  16/e
(-1/v2,1/v/2) | 16/e 0  16/e

(-1/v/2,-1/V/2) | =16/e 0  —16/e
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B. Absolute Extrema:

Given z = f(x,y), f defined on a domain

D.

DEFINITIONS: Absolute max, absolute

min, closed, bounded.

THEOREM: If D isclosed and bounded,
and if f is continuous, then f has an ab-
solute maximum and an absolute minimum
on D. The absolute extrema of f occur
either at a critical point “inside” D, or on

the boundary of D. (C.f. Section 4.4)
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5. Find the absolute extrema of

f(z,y) =22+ 2 +y° -2

on D ={(z,y):z?+y? <4}
Critical pts inside D : <—%,O)

The boundary of D is: x2 4 y? =

“Critical pts” on the boundary of D :

(2,0), (-2,0), (-3, £5V15).

Absolute min: f(—%,O) = —%; absolute

max: f(2,0) = 8.
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6. Find the absolute extrema of

f(z,y) = 2 — 2zy + 2y° — 2

on the closed triangular region bounded by
the z-axis, the x =3 and the line y = 2x.

Critical pts inside D : (2,1)

“Critical pts” on the boundary of D :

(0,0), (1,0), (3,0), (3,3/2),

(3,6), (1/5,2/5).

Absolute min: f(2,1) = -2,

absolute max: f(3,6) = 309.
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7. According to U.S. Postal Service regu-
lations, the length plus the girth (perimeter
of a cross-section) of a package cannot ex-
ceed 108 inches. What are the dimensions
of the rectangular box of maximum volume
that is acceptable for mailing? What is the

maximum volume?

Maximize V = xzyz where
2r + 2y + z = 108.
That is: maximize
V = 2y(108—22—2y) = 108zy—2x°y—2xy>

on the region in the first quadrant bounded
by the coordinate axes and the line z+y =

54.

Ans: x=y=18,2=236; V =11,664 in3.
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