MULTIPLE INTEGRALS
A. Double integrals/Repeated Integrals

1. f(z,y) =3224+2y on
0<z<2 22<y<az—42.

Calculate //Q f(x,vy) dxdy.

2 rx+2 5
|| f@ypdedy = [° [ (322 +2y) dyda
Q2 0 Jz?
316
15
2. f(x,y) =zy+3 on Q:
0<y<2 y*><z<2y

Calculate //Q f(x,vy) dxdy.

//Q f(z,y) dedy = /02 /;y(wy-l-3) drdy = 23—0
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3. Interchange order of integration in Ex-

ample 2.

//Q f(z,y)dzdy = /j/;y(wy+3) dx dy

4 rVx 20
= /O/x/z(a:y—l—?))dydx—?

4. Interchange order in Example 1.

2 rx+2 5
/0/2 (3z° + 2y) dydx =

T

/ / (32°42y) dx dy—l—/ / (3x°42y) dx dy



5. flx,y) = e¥° on Q the region

bounded by the y-axis, the line y =1, and
theline y = %x Calculate //Q f(x,y) dzdy.

2 rl 2 1 2y 2 1
/ / e Y dydx =/ / eV dedy =1——
0 Jz/2 0 Jo e

2 (4
6. Calculate /0/2 2z cos(y?) dydx by
X

interchanging the order of integration.

2 r4d 4 Y
/ / 2z cos(y?) dydr = / /\/_ 2z cos(y?) dx dy
0 Jz2 0 JO

1
= —sSin(16
 Sin (16)



7. Find the volume of the solid bounded

by the coordinate planes and the plane

r Yy .z
A I |
2+3+4
V:// 4(1————)dydw
0 JO 2 3

8. Find the volume of the solid bounded
above by the paraboloid z = 22442, below
by the x,y-plane and on the sides by the

cylinder 224 y2 = 4.

2 \A—z2
V=4/O/O (acz—l—yz)dydx:---



B. Double integrals; Polar Coordinates
Given F = F(r,0) continuous on
M a<r<b a<i<g
e Partition:
a=rg<r1<ro < -<1rnpn==2a,

a=0p<01 <0< -0, =70.

e Area of a “polar rectangle:”

1 2 1 2 Tr; + ri—1
5T Al — Eri_lAﬁj = - 5 — Ar;Ab;
e Riemann Sum:
m n ,
> F(rf, Gf)rz T et Ar; A0
j=1 i=1 2

—>//I_ F(r,@)rdrd9—>/6/b F(r,0)rdrdf.



e Double integral of F(r,0) over the polar

region

Q: a<0<p, p1(0) <r < pa(0)

B (0)
// F(r,0)rdrdd = & F(r,0)rdrdo.
Q a Jp1(0



27 2 5
Examples: 1. Given /o /Or dr db

a Whatis 7
b What is the integrand?
c Evaluate

d EXxpress the double integral in rectan-

gular coordinates.
T r2siné
2. Given // r dr df
0 Jo
a. Evaluate.

b EXxplain the result.



Double integrals in rectangular coordinates
to double integrals in polar coordinates.

“Signals:”

e Integrating over a circle, or part of a cir-

Cle,
and

e integrand involves z2 + y2.



Examples:

3. Evaluate
1/vV2 vV1-y?
b

Y
by changing to polar coordinates

[

(22 4 y2)3/? dz dy

1—y
(«® +y*)* P dedy =
/4 rl
/ / 3 dr df = K
0] 0] 20

4. Find the volume of the solid bounded
above by the paraboloid 2z = 9 — 22 — 42
and below by the x, y-plane:

v 4/3/ 9-a’ (9— a2 —y?) dad
— — rc — T —
A y y

/2 1
4/// 9 — 2 frd’rd9—82—7T



5. Derive the formula for the volume of a

sphere of radius a.

CL—ZC
—2/ / \/2—30 —y dxdy—
2T ra
2/0 /O \/az—rzrdrde

6. Find the volume of the solid bounded
2 2

above by z=e % 7Y, below by the z,y-
plane, and on the sides by the cylinder a:2—|—

y2_a2

21T  ra 2 2
V=/ / e " rdrd@zﬂ(l—e_a)
0 0
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7. Find the volume of the solid bounded
above the paraboloid z = z2 + y2, below

by the x,y-plane, and on the sides by the
cylinder z2 4 y2 = 2y.
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Some Applications of Double Integrals

1. Volume:

2. Area:

3. Mass:

4. Center of Mass:
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Examples:

1. A plate occupies the region
Q:0<z<1, 2°<y<1.

The mass density at a point (z,y) on the
plate is given by Mz,y) = xy. Find the

mass and center of mass of the plate.

2. A plate has the form of a half disc

Q: —R<z<R, 0<y<R2—z2

The mass density at a point (z,y) on the
plate is the distance to the curve boundary.
Find the mass and center of mass of the

plate.
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C. Triple Integrals.

I. Integration Over a “Box”:

Given f = f(z,y,z) continuous on the

rectangular “box”
B: a1 <z <b1, ap <y < by, a3z <z < b3.
e Partition into “little” boxes B,

o Let my;, = minf on B ; M;p, =
max f on B ; let (a;j,y;f,z,j) be an

arbitrary point in Bz-jk.

n p q
o Lowersum: > » )y m; ik AT Ay Az,
1=1 =1 k=1
n p q
e Upper sum: y: y: y: MZ]kAJZZAy]AZk
1=1 =1 k=1
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e Riemann sum:;:

n P g
YD D f&h Y 2 (AriAyj Az,
i=1 j=1 k=1

e Limit as mn,p,g — co,mesh — 0 exists

and is denoted by

///B f(z,y, z) dzedydz

15



II. Integration Over an Arbitrary Solid:

///S f(z,y,z) dedydz

III. Properties:
1. Linear

2. Order

3. Additivity

IV. Applications:

1. ///S f(x,y,z)dxdydz = *“Volume" of
a “hypersolid”

2. ///S 1 dxdydz = volume of S.
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V. Reduction to a Repeated Integral:

1. Type I Region:
a<z<b ¢1(z) <y < da(x),

Yv1(z,y) <z < Yoz, y).

2. Type Il Region:

c<y<d, ¢1(y)<z<o2(y),

¢1($>y) <z< ¢2($,y)

3. Etc. There are 6 regions in all.
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Examples

14z
1. Evaluate: / /1 42 dz dy dx

11
Ans: —
9
2. Calculate ///T zdxdydz where

T is the tetrahedron in the first octant

bounded by the coordinate planes and the

plane z+y+ 2z = 1.

l fl—z fl—a—y 1
/ / / zdzdydr = —
0 JO 0 24
l p1—2 pl—y—=z 1
or: / / / zdrdydz = —.
0 JO 0 24
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3. Find the volume of the solid bounded
above by the cylindrical surface a:2—|—z = 4,
below by the plane x4+ z =2, and on the
sides by the planes y =0 and y = 3.

2 3 4—a? 27
Ans: / / / dz dydr = —
—-1J/0 J2—=x 2
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4. Find the volume of the solid bounded
above by the plane y + z = 2, below by

the z,y-plane, and on the sides by =6

and y = ./x.

2 6 r2—y 32
Ans: V=/ / / dzdxrdy = —
0 Jy2J0 3

4 1T y-2 6 (2 ry—2
V:/ / / dzdyda:—l—/ / / dz dy da
0 JO 0] 4 JO JO

2 r2—y 6
V= / / / dz dz dy
0 JO y2
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5. Integrate f(x,y,z) = 2z over the
solid S bounded above by the paraboloid
z =9 — 122 —y2, below by the z,y-plane,
and on the sides by the planes z = \/§y
and y = +3z.

Ans:
3/2 V3 9—x2—y2
/ / 2zdzdydr +
0 z/v/3J0
3v3/2 9—z2—y2
/ / 2zdz dydzx
ZC
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0. Find the volume of the solid bounded

above by the hemisphere 2z = \/4 — 2 — g2

and below by the cone z = \/3(x2 + y2).
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I. Cylindrical Coordinates:

e (z,y,z) — (r,0,z) where

x =1 COS6 r2 = g2 4 2
I _ Y
y =1 Siné tanf = =
x
Z = 2 z =z

e Triple Integrals
///Qf(x,y,z)dxdydz—>///I_F(r,9,z)rdf,«d9dz

where F(r,0,z) = f(r cosf,r sinb, z)

e Use when there is an axis of symmetry;
“signals:” integrand involves z2 4 y2; in-
tegrating over a circle or part of a circle in
the x, y-plane.
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Examples:

T 2 phA—p2
1. Given: / / / rdz dr do.
O JO JO

(a) Sketch the solid determined by the lim-

its.
(b) Evaluate the integral.

(c) Interpret the result.

T 2 r4—r2
/ / / rdzdrdf = 4.
O JO JO
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2. Convert
3 \/ﬁ \/9—562—y2 2 2
/O /O /O \/ac + y“ dzdx dy

into a triple integral in cylindrical coordi-

nates. Sketch the solid determined by the

limits.

/2 3 /9—r2
ANS: / / / r-rdzdrdd =
0] 0 JO

/2 3 /9—r2 5
/ / / r<dz dr df
0 0O JO
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3. The cylinder z24y2 =4, 2 >0 s
sliced by the plane z=4+41y. Determine

the volume of the “sliced” cylinder.

/ / /4+y1ddd
Va2 sy at =

2w 2
/O /0(4—|—7“Sir19)7°drd9=1677

26



4. Draw the solid that is bounded above by

a portion of the hemisphere z = \/1 — gzl — y2

and below by the cone z = \/3x2 + 3¢2.

Set up a triple integral that gives the vol-

ume of the solid and then find its volume.

AnNs:

4/1/2/\/:/\/1 2 —

1d dy dxr =
V322 +3y° sy

4/;/2/01/2 (\/1—r2—r\/§) rdrd9:g<2—\/§).
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II. Spherical Coordinates:

(z,y,Z) — (:07 Qb, 9) where

x = p Sin¢ Coso 02 =22 442 4 52
y =psingsind tang = 7

£

<
z = p COS ¢ COS ¢ = —

P

Triple Integrals

///Q f(z,y,2) dzedydz —

///I_F(p,cb,ﬁ) p? sin ¢ dp de db

where
F(p7 Qb, 9)) —

f(p sing cos@, psing siné, p COS @)
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e Use when there is spherical symmetry;
“Signals:”
Integrand involves z2 + y2 + 22;

Integrating over a sphere or part of a sphere.
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Examples:

1. Given

///Qp3 sin ¢ dp de df =

/()27T/(;T/2/C)2p3 sin ¢ dp deb df

(a) what is the integrand?
(b) What is Q7

(c) Evaluate the integral.

ANns: 8w
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2. Give the value of

/;/;/2/03& sin ¢ dp de do

without calculating the integral.

Ans: 97 (1/4 the volume of a sphere of

radius 3)
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3. Evaluate

/_33/ o-v /\/9_x2_y2 Z\/xz —+ y2 + 22 dzdx dy

0 0

Ans:
3 \/9—y2 \/9—x2—y2
/ / / Z\/$2+y2+22dzd$dy:
—3J0 0
/2 2437

w/2 r3
i /2/0/ /Op4 Sin ¢ cos ¢ dp de df =
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4. Evaluate

1/2 l T \/1—x2—y2 L do dud
/1/2/,/——;(; /\/3x2+3y2 © YA

by changing to spherical coordinates.

Ans: /0%/07%/01 pe Sin¢dpdq5d9:g<2—\/§).
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