The Laplace Transform

Let f be continuous function on [0, o).
The Laplace transform of f, denoted by
L[f(x)], or by F(s), is given by

Llf(2)] = F(s) = /OOO e~ f () dx.

The domain of F' is the set of real num-
bers s for which the improper integral

converges.



f is of exponential order X\ if there exists
a positive number M and a nonnegative

number A such that

F(z)] < Me* on [A,o0).

Examples:

(a) Bounded functions, e.g., sin z, COS x

(b) Powers of z, f(z) = z".

(c) Exponential functions f(x) = e%*.

f(x) = e is not of exponential order.



THEOREM: Let f be a continuous
function on [0,00). If f is of exponen-
tial order XA, then the Laplace transform

L[f(x)] = F(s) exists for s > \.
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Properties of the Laplace
Transform

1. £ is a linear operator:

LIf1(z) + fo(x)] = LIf1(x)] + L[f2(x)]

Llef(x)] = cLf ()]

2. If f is continuously differentiable and
of exponential order X\, then L[f'(x)] ex-

ists for s>\ and

LIf'(z)] = sL[f(z)] — f(0).



e If f is twice continuously differentiable
with f and f’ of exponential order X,

then L[f"(x)] exists for s> X and

L[f"(z)] = s?L[f(x)] — sf(0) — #(0).

e In general, if f, f, ---, f(»=1) are of ex-
ponential order )\, then L[f(™)(2)] exists
for s> A and

L™ (z)] =

s"LIf (2)]—s""Ly(0)—s"2y/(0)— - -y ("1 (0).



3. If L[f(x)] = F(s), then

dF d°F

Llzf(2)] = ——, Lz f(x)] = —

and, in general,

Ll f@) = (~)"

4. If L[f(z)] = F(s), then

Lle"™ f(x)] = F(s—1).



Examples:

1. Find the Laplace transform of

f(z) = 34 4¢3 — 2 cos 2z.

4 2s
s—3 s2+4

Ans: F(s) = 3 +
S

2. Find the Laplace transform of the so-

lution of the initial-value problem:

y — 2y = 4z; y(0) = 3.

352+ 4
s2(s —2)

Ans: Y (s) =



3. Find the Laplace transform of the so-

lution of the initial-value problem:

y' =29y +5y = 2z+e~%; y(0) = -2, y/(0) = 0.

AnNs:

82+28—|—2 n 4 — 2s
s2(s+1)(s2—-2s+5) s2—-2s5s+5

Y(s) =



Inverse Laplace transforms

Theorem If f and g are continuous
functions on [0,c), and if L[f(x)] =
Llg(x)], then f=g; thatis f(x) = g(x)
for all z € [0,00). (£ is a one-to-one

operator.)

If F(s) is a given transform and if the
function f, continuous on [0,c), has
the property that L[f(z)] = F(s), then f
is called the inverse Laplace transform of

F(s), and is denoted by

f(z) = L7HF(s)].

The operator £~ 1 is called the inverse

operator of L.
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The operator £~ 1 is linear; that is

LTYUF(s) + G(s)] = L7HF(s)] + £7HG(s)]

and

L7 eF(s)] = e£7Y[F(s)], ¢ any constant.
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Examples:

1. Find the Laplace transform of the so-

lution of the initial-value problem

y + 2y =3e”, y(0) =4,

then find the solution of the problem.

4s — 1 1 3

GG_1)(s+2) s_1 1542

(a) Y =

(b) y=¢e%+3e 2%

2s—1
s* + 452

2. F(s) =
Find f(z) = L~ 1[F(s)].

AnNs. f(a;):%—%a;— cosQa;—l—%sin 2x

N
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3s+ 2

3. Fls)= (s —1)(s2 425+ 5)

Find f(z) = £~ 1[F(s)].
Ans. f(z) = 3e®—2e T cos 2z+Le Tsin 2z

4. Find the Laplace transform of the so-

lution of the initial-value problem
y' —y' —2y=sin2z, y(0)=1, y'(0) =2

then find the solution of the problem.

2 1
@ Y= eI G D62 Ts_ 2
_13/12 2/15 1 s 3 2
 s—2 s4+1 20s24+4 108244

13 _2 2 _— 1 3 i
(b) Yy — ﬁe x—ﬁe ZC_I_% COS 2$—% Sin 2x.
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Jump Discontinuity: Let the function
f = f(x) be defined on an interval I and

continuous except at a point ce . If

lim f(xz) and lim f(x)

r—C r—C

exist, but

im f(z) # lim f(z),

r—C r—C

then f is said to have a jump (or finite )

discontinuity at c.

Piecewise Continuous Functions: A func-
tion f defined on an interval I is piece-
wise continuous on I if it is continuous
on [ except for at most a finite number
of points c¢1, ¢o, ..., ¢, Of I at which it

has jump discontinuities.
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THEOREM: If the function f is piece-
wise continuous on [0,c0), and of expo-
nential order A\, then the Laplace trans-

form L[f(xz)] exists for s > .
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Unit Step Functions: Let ¢ > 0. The

function

uc(a:)zu(a:—c)z{(l) i;g

is called a unit step function.

Laplace Transform of a Unit Step Func-
tion:

Llu(x —¢)] = e_csl, s > 0.
s
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Translation of a Function: if f is de-
fined on [0,00) and ¢ > 0, then the
function

0 x <c
f(x —c)u(x — c) x > c

is a translation of f.

flz—c)u(z—c) = {
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Property 5. Laplace Transform of a

Translated Function:

Suppose that L[f(x)] = F(s). Then, for

any positive number ¢,

1. L[f(z —c)u(x —c)] = e SF(s).

2. L7 e F(8)] = f(z — )ulx — ).
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Examples: Find L[f(z)].

2x 0<zxz<3
1 x> 3

1. f(z) = {

Step 1. Express f in terms of wu(x — 3):

f(x) =34+ 3u(x—3) +2(z — 3)u(x — 3)

Step 2. Determine L[f]:
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72 0<x<?2

= f(x):{?)x x> 2

Step 1. Express f in terms of wu(x — 2):

f(z) = 2°—(2—2)%u(z—2)—(z—2)u(z—2)+2u(z—2)

Step 2. Determine L[f]:

_2 —232 —231 —281
F(S)]—S—3—€ 8—3—6 S—2+2€ ;
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7

1 O<zx<m/2
3. f(x) =1¢ sinx /2 <z<T.
\2COSa: x>

Step 1. Express f in terms of

u(x —w/2) and u(x — ) :
f(z) =1—u(z —35) + cos(z — 5)u(zr — 5)+

sin(x — m)u(x — ) — 2cos(z — m)u(x — )

Step 2. Determine L[f]:

F(s) = l . 67‘(‘8/21 4 6—7‘(‘8/2
S

S

S

82—|—1+

L 26—7'('8

s2 41 s2 41
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Examples: Given F(s) find f(x):

1
s — 2

1
1. F(s) = S De 25 4 728
s s

f(z) =3 —2u(z — 2) + 2(x=2)y(z — 2)

3 0<x<?2
1—|—62(5’3_2) x > 2 '

1
s(s 4+ 2)

2
2. F(s) = —+ 4e 38

f(z) =2+ 2u(z — 3) — 2 2(&=3)y(z — 3)

2 O0<x<3
4 — 2eb 22 x >3 |
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1 _ 6—7'('8

s(s2 4+ 4)

3. F(s) =
f(x) = % —% COS 2z — %u(w — )+
L cos(2[x — 7Du(z — 7)

4

COS 23:—%11,(3:—77)4—% cos 2z(u(x—m)

g

INS

e L

COS 2x O<zxz<m

@ JENT
INPS

T > T
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Example: Use the Laplace transform method

to solve the initial-value problem

vy + 3y = f(z), y(0)=1.

Sin 0 <
where f(a:)z{ v SET<m

0 Tr > T
1 6—7’(‘8
Y =
(s) (s2 4 1)(s+3) + (32+1)(s+3)Jr
1

s+ 3

i—ée_%—l—f—osinx—%cosx Oz
y:

%6_35” + %06_3(56_7‘-) T > T
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Example: Use the Laplace transform method

to solve the initial-value problem

y' + 2y +y=f(z), y(0)=14y'(0)=0.

1 O<x<?2
where f(a;)_{x_l r> 0 :
1 e 25
Y(s) _S(S+1)2+82(S—|—1)2

l—e™® —zxe™®
T —3—e T —ge ¥ f gt ae (072 _ = (@-2)

25



