SUMMARY: CHAPTERS 16 and 17

CHAPTER 16 MULTIPLE INTEGRALS

I. DOUBLE INTEGRALS

a.

Definition: Let f = f(z,y) be continuous on the rectangle R: a <z <b, ¢ <y <d.
Let P be a partition of R and let m;; and M;; be the minimum and maximum values
of f on the i,j sub-rectangle R;;. Then
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n
(1) Lower sum: Ljf(P Z Z mi; Ax; Ay;.
i=17=1

3

M:

(#4) Upper sum: Uy(P Z M;jAzx;Ay;.

i=17=1

3

m

(#4¢) Riemann sum: Sy(P) :ZZ f(@7,yj)Az;Ay; where (z7,y;) isa point in R;;.
i=17=1

The double integral of f over R is the unique number I that satisfies

Ly(P) <1< Us(P) for all partitions P.

Notation: I:// f(x,y) dzdy
R

Let Q be an arbitrary closed bounded region in the plane. Then

//Qf(:n,y)dzndy://R F(z,y) dzxdy

where R is a rectangle that contains 2, and F(z,y) = f(z,y) on Q and F(z,y) =0
on R —Q.

Repeated Integrals: If the region Q is given by: a <z <b, ¢1(x) <y < ¢2(z) (Type

I region), then
¢2(x)
//f:nyd:ndy—//( flx,y) dydz
#1(z)

If the region Q is given by: ¢ <y <d, ¥1(y) <z < s(y) (Type II region), then

P2(y)
[, swaasay= [ [ sy ey
Y1(y)

c. Polar Coordinates: // fx,y) dedy = // f(r cos@,r sin@) rdrdf.
Q Q



d.

Applications:

(i) Volume: If f(z,y) >0 on Q, then V:// f(x,y) dzdy is the volume of the
Q

solid “cylinder” that has the surface z = f(z,y) asits top, Q as its base, and vertical
sides.

(it1) Area: // 1 dxdy = area of .
Q

(i1i) Mass of a Plate: If the density of a “plate” at a point (x,y) in the closed, bounded
region ) is given by a continuous function A(z,y), then the mass of the plate is

M://Q/\(:L",y) dzxdy

(iv) Center of Mass of a Plate: Let the continuous function A(z,y) be the density
function of a plate. Then the coordinates (zps, yas) of the center of mass of the plate
are given by:

x

// x Mz, y) dedy
M = i Yy
M )

where M is the mass of the plate.

// y Mz, y) dedy
M= i

II. TRIPLE INTEGRALS
a. Definition: Let f = f(z,y,z) be continuous on the “box”
T:a<z<ay by <y<by, c;1 <z<co.

Let P be a partition of 7, and let m;;, and M;;, be the minimum and maximum
values of f on the ijk sub-box R;j;. Then

n m 1
(1) Lower sum: Lf(P)= Z Z M Az Ay; Az,
i=1 j=1 k=1
n m [
(74) Upper sum: Uy(P) = Z Z M;jAxi Ay Azy.
i=1 j=1k=1

n m I
(i1) Riemann sum: Sf(P):ZZZ @}, y;, zp) AziAy; Az, where (2], y7, z) s

a point in Rjjk.
The triple integral of f over 7T is the unique number [ that satisfies

Li(P) <1< Us(P) for all partitions P.

Notation: I:/// flx,y, z) dedydz
T

Let ©Q be an arbitrary closed bounded region in space. Then

///Qf("]“q’y’z)d:"dyﬁ”:///72 F(z,y, 2) dvdydz

where 7 isa “box” that contains 2, and F(x,y,2) = f(z,y,z) on Q and F(z,y)=0
on 7 — Q.



b. Repeated Integrals: If the region ) is given by:

a<x<b ¢p1(x) <y < da(x), Yi(z,y) <z <oz,y) (Type I region),

b po2(x) pi2(z,y)
/// f(:ﬂ,y,Z)dwdydzz// f(z,y,2)dzdydx
Q a Joi1(xz) Ji(x,y)

Note: There are five more types of special regions.

then

c. Cylindrical Coordinates:

///Qf(:n,y,z)d:ndydz:///QF(re, 2)rdrdfdz.

d. Spherical Coordinates:

///Qf(lﬂ,y,z)dzndydz:///ﬂF(p, b, 0) p*sin ¢ dp do df.

CHAPTER 17. LINE INTEGRALS

Given a vector field

F(z,y) = P(z,y) i+ Q(x,9) ]

and a smooth (or piecewise smooth) curve C:
C: z=z(u), y=y(u), a<u<b (parametric form)
C:r(u)=z(u)it+yu)j a<u<b (vector form)

Or, in three dimensions, a vector field

F(z,y,2) = P(z,y,2) i+ Q(z,y,2) j+ R(x,y, 2) bfk

and a smooth (or piecewise smooth) curve C:

C: xz=z(u), y=y(u), z=2(u), a<u<b (parametric form)
C:r(u)=zw)it+ylu)j+zu)k a<u<b (vector form)

DEFINITION: The line integral of F over C is the number given by

/C F(r)-dr — / " Blr()] () du



Alternative notations:

/ F(r)-dr:/ P(z,y)dz+ Q(x,y) dy:/ Frds (2 dimensions)
C C C

or

/ F(r)-dr:/ P(z,y,z)dx+ Q(z,y, z) dy+ R(x,y, 2) dz:/ Frds (3 dimensions)
C C C

where Fr is the component of F on the unit tangent vector T.

THEOREM: Line integrals are invariant under orientation-preserving changes of parameter.

THEOREM: Reversing the orientation of C' changes the sign of the integral:

F(r)-dr=— | F(r)-dr.
—C C

c.f. /ba f(x) d:E:—/ab f(x)dz.

FUNDAMENTAL THEOREM OF LINE INTEGRALS:
Given a curve C': r(u), a <u <b and a vector field F. If F =Vf for some function

f(z,y), then

[ F@)-dr= £(B) - f(4)
C

where A =r(a) and B =r(b).

DEFINITION: The curve C is closed if r(a)=r(b).

COROLLARY 1. If F is the gradient of some function f and the curve C' is closed, then

/CF(r)-dr:O

COROLLARY 2. (Independence of Path) If F is the gradient of some function f and if
C7 and (5 are any two curves which begin at A and end at B, then

F(r) -dr = F(r)-dr
Cl CQ

DEFINITION: The curve C is a simple closed curve if it is closed and r(t1) # r(t2) for
all a <ty <ty <b. The positive direction on C' is counterclockwise. A simple closed curve is
also called a Jordan curve . The region enclosed by a simple closed curve is called a Jordan
regiomN.



GREEN’S THEOREM: Given a simple closed curve C' oriented in the counterclockwise
direction, and a vector field F(z,y) = P(z,y)i+ Q(z,y)j.

%Pmydw—l—@wydy—//[ac? aP] dz dy

where () is the Jordan region enclosed by C.

COROLLARY TO GREEN’S THEOREM If C is a simple closed curve, and if
oP 0Q

= —; thatis, if F=P(z,y)i+ Q(x,y)]j is a gradient, then,
oy  Ox

ji P(z,y) dz+ Q(z,y) dy = 0.

AREA OF ) USING GREEN’S THEOREM: (' a simple closed curve enclosing the
region €):

1
Area of ://1d:ndy:7§ —yd:n:j{ :L"dy:—% —ydx + x dy.
Q c c 2 Jc



