
MATH 3321 SOLUTIONS: Homework #3

1. Use the Laplace transform method to find the solution of the initial-value problem:

y′′ + 2y′ + y = x + ex, y(0) = 2, y′(0) = −1.

s2Y − 2s + 1 + 2(sY − 2) + Y =
1
s2

+
1

s − 1

(s2 + 2s + 1)Y =
1
s2

+
1

s − 1
+ 2s + 3

Y =
1

s2(s + 1)2
+

1
(s − 1)(s + 1)2

+
2s + 3

(s + 1)2

=
1
s2

− 2
s

+
3/2

(s + 1)2
+

15/4
s + 1

+
1/4

s − 1
(after partial fraction decomp)

Therefore
y = x − 2 + 3

2
xe−x + 15

4
e−x + 1

4
ex.

2. Given the initial-value problem

y′′ − y′ − 6y = 2e−x; y(0) = α, y′(0) = −1.

What value(s) should be assigned to α so that the resulting solution will have limit 0 as
x → ∞?

The solution of the initial-value has the form

y = C1e
3x + C2e

−2x + Ae−x

where C1 and C2 are determined by the initial conditions. If C1 6= 0 then y(x) → ∞ as
x → ∞. Therefore, we want to choose α so that C1 = 0.

Taking the Laplace transform

s2Y − sα + 1 − [sY − α]− 6Y =
2

s + 1

(s2 − s − 6)Y =
2

s + 1
+ αs + α + 1

Y =
2

(s − 3)(s + 2)(s + 1)
+

αs + α + 1
(s − 3)(s + 2)

=
1/10
s − 3

+
(∗)

s + 2
+

(∗)
s + 1

+
4α/5 + 1/5

s − 3
+

(∗)
s + 2

(we’re only interested in the s − 3 term)

=
4α/5 + 3/10

s − 3
+

(∗)
s + 2

+
(∗)

s + 1

Therefore, we choose α such that

4α

5
+

3
10

= 0 ⇒ α = −3
8
.
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3. Find L[f ] if

f(x) =





x 0 ≤ x < 2

2 2 ≤ x < 4

x2 + 1 x ≥ 4

f(x) = x − xu(x − 2) + 2u(x − 2) − 2u(x− 4) + (x2 + 1)u(x − 4)

= x − [(x − 2) + 2]u(x− 2) + 2u(x − 2) − 2u(x − 4) + {([x− 4] + 4)2 + 1}u(x− 4)

= x − (x − 2)u(x − 2) − 2u(x− 4) + (x − 4)2u(x − 4) + 8(x − 4)u(x − 4) + 17u(x− 4)

= x − (x − 2)u(x − 2) + (x − 4)2u(x − 4) + 8(x − 4)u(x − 4) + 15u(x − 4)

Therefore,

L[f(x)] =
1
s2

− e−2s 1
s2

+ e−4s 2
s3

+ 8e−4s 1
s2

+ 15e−4s 1
s
.

4. If F (s) =
s + (s − 1)e−πs

s2 + 1
, what is f? Express f as a piecewise function.

F (s) =
s

s2 + 1
+ e−πs s

s2 + 1
− e−πs 1

s2 + 1
.

f(x) = cos x + cos (x − π)u(x − π) − sin (x − π)u(xπ)

= cos x − cos xu(x− π + sin xu(x − π)

and

f(x) =





cos x, 0 ≤ x < π

sin x, x ≥ π

5. Use the Laplace transform method to solve the initial-value problem

y′′ − 3y′ + 2y = f(x); y(0) = 0, y′(0) = 0

where

f(x) =

{
3 0 ≤ x < 2

2x− 4 x ≥ 2
.

f(x) = 3 − 3u(x − 2) + (2x − 4)u(x− 2) = 3 − 3u(x− 2) + 2(x − 2)u(x− 2).

s2Y − 3sY + 2Y =
3
s
− 3e−2s 1

s
+ 2e−2s 1

s2

2



Y =
3

s(s − 2)(s − 1)
+ e−2s 3

s(s − 2)(s − 1)
+ e−2s 2

s2(s − 2)(s − 1)

=
3/2
s

− 3
s − 1

+
3/2

s − 2
+ e−2s

[
3/2
s

− 3
s − 1

+
3/2

s − 2

]
+ e−2s

[
1/2

s − 2
− 2

s − 1
+

1
s2

+
3/2
s

]

=
3/2
s

− 3
s − 1

+
3/2

s − 2
+ e−2s

[
3
s
− 5

s − 1
+

2
s − 2

+
1
s2

]

Therefore,

y(x) = 3
2 − 3ex + 3

2e2x +
[
3 − 5ex−2 + 2e2(x−2) + (x − 2)

]
u(x − 2)

= 3
2 − 3ex + 3

2e2x +
[
x + 1 − 5ex−2 + 2e2(x−2)

]
u(x− 2)

and

y(x) =





3
2 − 3ex + 3

2e2x, 0 ≤ x < 2

x + 5
2
− 3ex + 3

2
e2x − 5e(x−2) + 2e2(x−2), x ≥ 2
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