POLYNOMIALS

This is a brief review of basic facts about polynomials with real coefficients.
DEFINITION 1. A polynomial with real coefficients is an expression of the form

P(2) = anx™ + ap_ 12" 4 a0 2 4 -+ Faga® + a1z + ap
where n is a nonnegative integer and ag, a1, as, ..., a,, are real numbers with a, # 0.

The nonnegative integer n is called the degree of p. The numbers ag, a1, az, ..., a, are
called the coefficients of p; a, 1is called the leading coefficient.

Example 1. 1. Polynomials of degree 0: Polynomials of degree 0 have the form

p(z) =a, a anonzero constant

2. Polynomials of degree 1: Polynomials of degree 1 have the form
p(x) =ar+b, a#0

Polynomials of degree 1 are called linear polynomials

3. Polynomials of degree 2: Polynomials of degree 2 have the form
p(x) = az® +bx +¢, a#0

Polynomials of degree 2 are called quadratic polynomials or quadratics.

4. Polynomials of degree 3: Polynomials of degree 3 have the form
p(z) =ax® +bx* +cx+d, a #0

Polynomials of degree 3 are called cubic polynomials or cubics.

5. Polynomials of degree 4: Polynomials of degree 4 have the form
p(x) = agxt + asx® + asx® + arx + ag, ag #0

Polynomials of degree 4 are called quartic polynomials or quartics.

6. Polynomials of degree 5: Polynomials of degree 5 have the form
p(x) = asa® + agxt + a3z’ + aza® + a1z + ag, as # 0
Polynomials of degree 5 are called quintic polynomials or quintics.

DEFINITION 2. Let p be a polynomial. A number r such that p(r) =0 is called a root or

zero of p.
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Example 2. 1. The number r = — is the unique root of the linear polynomial p(z) = az +b.
a



2. Quadratic Formula: The numbers
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are the roots of the quadratic polynomial p(x) = ax? + bz + c.

3. There is a cubic formula and a quartic formula.
4. There are no formulas for the roots of a polynomial of degree 5 or greater.

THEOREM 1. A polynomial p of degree n has exactly n roots. The roots may be real
numbers or complex numbers.

THEOREM 2. (Complex Root Theorem) If a complex number 7 = a + bi is a root of the
polynomial p, then the complex conjugate of r, ¥ =a — bi is also a root of p; complex roots of
p occur in conjugate pairs.

COROLLARY A polynomial of odd degree must have at least one real root.
Example 3. 1. The two roots of p(x) =122 -2z —15 are 7 =5, 12 = —3.

2. The two roots of p(z) =2%+4x +4 are r = —2, ro = —2.

3. The three roots of p(x) =23 — 522+ 11z — 15 are 711 =3, ro =1+2i, 13 =1 — 2i.
THEOREM 3. (Factor Theorem) A number r is a root of a polynomial p if and only if (x—7)
is a factor of p. That is, r is a root of p if and only if

p(z) = (z —7)q(x)
where ¢ is a polynomial of degree n — 1.

Example 4. 3 is a root of p(z) = 23 — 522 + 112 — 15;
p(z) = (z — 3)(z? — 22+ 5).

COROLLARY 1. If p is a polynomial of degree m with roots 71, ro, ..., 7, (roots can be
repeated, some roots may be complex), then p can be factored into a product of linear factors:

p(x) = an [(z —r1)(x —r2) -+ (z —7ra)] .

COROLLARY 2. If p is a polynomial of degree n with roots ri, 79, ..., r,, then p can be
factored into a product of linear factors and quadratic factors corresponding to its real and complex
roots.

DEFINITION 3. A number r is a root of the polynomial p of multiplicity k if and only if

k+1

(r —r)* is afactor of p and (z —r) is not a factor of p. That is, r is a root of multiplicity

k if and only if
p(z) = (z = 1)*q(x)
and ¢(r) # 0.
Example 5. The roots of
p(x) = 2 — 523 + 92% — 7w 4 2

are 11 =19 =r3=1, 14 =2. 1 is a root of multiplicity 3 since

p(@) = (z=1)(z - (= - 1)z -2) = (z-1)*(z - 2).



