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Section 4.7 The Initial Value Problem and Eigenvectors

The system is uncoupled, so we can solve each equation independently, using the initial
value problem to obtain:

x(t) = moedt

y(t) = wyoe >

All solutions are of the form

()= ) (e () o ()

So all solutions are linear combinations of

U(t)—63t< (1) ) and V(t)=e ( (1) )

(a) In order to determine that Y (¢) is a solution to (4.7.10), substitute Y (¢) into both sides
of the equation % =CX:

ay d o [ 1 _d et B 2%t .
a —a\S o “at\ o )\ o )
o= (3 (7))

Similarly, show that Z(¢) is a solution:

() )
CZ(t)=<(2) _i’)(_>=<‘>

(b) Again, verify that X (¢t) = 2Y (t) — 14Z(¢) is a solution to (4.7.10) by substituting into
both sides of the equation and noting that the values are equal:

2t —t 2t —t
dX _d oo 1) gt 1 _d [ 2¢% — e [ A€+ e ;
dt dt 0 -1 dt 14e~? —14e7?
22t 14e~t 4e?t 4 14e7?
CXt)=C Y1) —14Z(t)) =C — = .

(¢) As demonstrated in Section 3.4, if Y (¢) and Z(t) are both solutions to (4.7.10), then
X(t) =aY (t) + BZ(t) is also a solution to (4.7.10).
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1 1
X(t) = 2¢e* +et .
=2 ( O ) (!
Solution: Note that

X(t)=aY(t)+BZ(t) = ae® < (1) ) + Be? ( _1 )

(d) Answer:

is a solution to (4.7.10). Substitute the value X (0) = (3, —1)! into the equation to find a
solution with that initial condition:

() wm(2)o(2)

We now have the linear system:

3 = a +
1 = -3

which we can solve to find o =2 and § = 1.

x5 (1))

Solution: Note that if Cv = \v, then X (t) = e*v is a solution to X (t) = CX(t). Let

The eigenvalues corresponding to v; and ve are Ay = 0 and Ao = 2. This can be verified by

Answer:

calculating Cv; = 0 and Cvg = 2vs. So,

X(t) = ( 1 ) and X(t):th< _1 )

are both solutions to X(t) = C'X. By the principle of superposition,

X(t)za( 1)4‘56%( _1)

is also a solution. Substitute the given the initial condition into the equation to obtain

() me()( 1)

Now, solve the linear system
a + p
a — 3

to find thata:%andﬂ:%.
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Answer: Let

a=(1) mame ()

The vector v; is an eigenvector of C' with corresponding eigenvalue a + b, and vy is an
eigenvector with eigenvalue a — b.

Solution: Calculate

(3 2)(2)-(50) e 2),

A vector (z,y) is an eigenvector of C' if

that is, if

In this case,
1—
— —1-A
This equation will have a nonzero solution (z,y) only if
1—A 2 x
-3 —1-2A y

is not row equivalent to the identity matrix. Row reducing the matrix yields

1 —)\
0 —1-A+ %

6
-1 .
)\+1_)\ 0,

so C has an eigenvector when

that is, when A2 = —5. Therefore, C' has no real eigenvectors.
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(a) Answer: If « =1 and 8 =1, then

QU(0) + AV (0) = ( (1) )

Solution: Solve the linear system

a — g =0
B

(b) Figure 11a shows y as a function of ¢t. The figure was created by the MATLAB com-

mands:

t = linspace(-8,2);
y = exp(t);
plot(t,y)

(c) Figure 11b shows the pplane5 graph of the system, and Figure 11c shows the y vs. t
graph.

(d) The two plots are identical, since the pplane5 command y vs. t graphs the y compo-
nent of the solution, which is precisely what we did by hand in (b).

(e) In this case, & = 2 and § = 1. Since the y component of U(t) is zero, the graphs of y(t)
are identical to those in (b) and (c).

-8 K - 2 o
t

Figure 11a Figure 11b Figure 11c

Section 4.8 Eigenvalues of 2 x 2 Matrices

Answer: The matrix is not invertible when A =5 or A = —1.
Solution: Corollary 3.8.3 states that a matrix is not invertible if and only if the determinant

is zero; in this case, if

(1=XN)B=X)—(2)4) =X -4\ -5=0.
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The determinant of the matrix is 23, the trace is 7, and the characteristic polynomial is
p(\) = A2 — 7) + 23.

The determinant of the matrix is —5, the trace is 0, and the characteristic polynomial is
p(A) = A2 — 5.

The determinant of the matrix is 0, the trace is 9, and the characteristic polynomial is
p(\) = A2 — 9\

Answer: The eigenvalues of the matrix are \;y = —5 and Ay = 1.
Solution: For any 2 x 2 matrix A, the eigenvalues are the roots of the characteristic
polynomials, which can be found by solving the equation A\? — tr(A)\ + det(A) = 0. In this

case, the characteristic polynomial of the matrix is A\? + 4\ — 5.

Answer: The matrix has a double eigenvalue at A = 1.
Solution: The characteristic polynomial of the matrix is A2 — 2\ + 1. The eigenvalues are
the roots of this polynomial.

The matrix has complex conjugate eigenvalues, since the mapping is a contracting rotation.

The mapping has real eigenvalues. Repeated mapping of any vector leads to a vector in one

of two invariant directions. These directions are the eigenvectors.

Section 4.9 Initial Value Problems Revisited

Answer: The solution to X = CX satisfying this initial condition is

1 o 1\ [ 3e*—2¢t
v () (1) ()

Solution: First, find the eigenvalues of C', which are the roots of the characteristic poly-

nomial

po(A) = A2 —tr(C)A +det(C) = A2 =X —2=(A—2)(A+1).

So the eigenvalues are: A\; = 2 and Ay = —1. To find the eigenvector associated to each

eigenvalue, solve the equation (C'— \;Iz)v; =0 for j =1 and j = 2. Solve

(5 2)-(53))n=(0 3 )m=0
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to obtain v; = (1,0)? and solve

()= (o003 )

to obtain vy = (1,1)!. We can then write the general solution

1 1
X(t) = a1eMty; + ane*?tuy = et < 0 ) + age? ( ) > .

From this formula, find a; and ag by solving

(3)esmenli)on(1)-(757)

Solving the linear system

o+ ay = 1
Qg = —2
we obtain oy = 3 and as = —2 and find the solution to the differential equation.

Answer: The solution to X = CX satisfying this initial condition is

8 1 5 2 1( 8t —10e2
X(t) = St _ D2 _ - .
®) 36<2> 3¢ <1> 3<1Get5e2t)

Solution: First, find the eigenvalues of C', which are the roots of the characteristic poly-
nomial
pec(A) = A2 —tr(C)A +det(C) = X2+ A —2=(A—1)(A+2).

So the eigenvalues are: A\; = 1 and Ay = —2. To find the eigenvector associated to each

eigenvalue, solve the equation (C' — A\jl2)v; =0 for j =1 and j = 2. Solve

(22)-(ob))n=(2 7 )

to obtain v; = (1,2)* and solve

-3 2 n 2 0 -1 2 0
Vo = Vo =
—2 2 02))? \—24)"7
to obtain vy = (2,1)*. We can then write the general solution

1 2
X(t) = are™Mtu] + age™toy = aqet < N ) + age % ( ) .
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From this formula, find «; and as by solving

-1 1 2 a1 + 2an
( 3>:X(0):O‘1<2>+a2<1>:<2a1+a2>'

Solving the linear system

a1 + 209 = -1
20&1 + Qg = 3
we obtain a1 = % and oy = —g and find the solution to the differential equation.

Answer: The solution to X = C'X satisfying this initial condition is

3 1 1 1 1 [ 3e3t — ¢t
X(t) = 2Bt _ et . .
() =3¢ (1) 2\ 1 2\ 3¢3 4t

Solution: First, find the eigenvalues of C', which are the roots of the characteristic poly-

nomial
pe(N) = A2 —tr(C)X +det(C) = A2 —4X+3 = (A= 3)(\ — 1).

So the eigenvalues are: A\; = 3 and Ay = 1. To find the eigenvector associated to each

eigenvalue, solve the equation (C'— AjIz)v; =0 for j =1 and j = 2. Solve

((F3)-(58))=(1 2)m=o

to obtain v; = (1,1)! and solve

GO

to obtain vy = (1,—1)%. We can then write the general solution

1 1
X(t) = apeto; + agetvy = e ( ) > + el < . ) )

From this formula, find oy and as by solving

<1>X(0)a1<1>+a2< 1><Oz1+2a2>.
9 1 -1 Qa1 — Qg

Solving the linear system
a; + 209 = 1
a1 — Qo = 2

we obtain a; = % and oy = f% and find the solution to the differential equation.
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Answer: The solution to the differential equation X = C'X with the given restrictions is

1 1 2 2 1 et 4 4ett
X(t) = zet 2t . .
®) 5¢ ( 2 ) + 5° -1 5\ 2t — 2t

Solution: First, find the matrix C using the given information: First, since C' is symmetric,

(1)

Then, we are given tr(C) = a + d = 3, so we can rewrite C as

cz<a b >
b 3—a

Since X (t) = e7%(1,2)" is a solution, A\; = —1 must be an eigenvalue of C' with associated

we can write

eigenvector v = (1,2)*. Thus Cvy = A\jvy, or

a b 1y a+2b B a+2b [ -1
b 3—a 2 ) \b+28-a) )] \ —2a+b+6 ) \ —2 )

This equation yields the linear system

a + 20 = -1
—2a¢ + b = -8
which we can solve to obtain ¢ = 3 and b = —2. So

~(17)

pe(A) = A2 —tr(C) +det(C) = A2 =3\ —4 = (A +1)(\ —4).

Now, find Az, the other root of

Thus, the second eigenvalue of C is Ay = 4, and we can solve

(2 7)- (3 2)o-(2 1)

to obtain vy = (2, —1)%, the eigenvector associated to Ay. The general solution to X=0CX

X(t) =aje" ( ; ) +Ot2€4t< _i )

Find a3 and ag by substituting the initial condition X (0) = X into this formula:

(o) omaa) e (5) (5.2
0 2 -1 200 —

Thus, a; = % and ag = %, so we find the general solution.

is
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Answer: The solution to the differential equation X = C'X with the given initial condition

X(t) ~ 1.0860e 5035 ( 09005 > — 2.4527¢* 48350 ( 08850 ) :

is

0.4348 —0.4598
Solution: In MATLAB, enter the matrix C and the vector X0. Then, type
lambda = eig(C)

to obtain the eigenvalues of C', which are A\; ~ —1.0835 and Ay = 4.4835. Find the eigen-
vectors v; and vy associated to A\; and Ay by typing

vl
v2

null(C - lambda(1l)*eye(2))
null(C - lambda(2)*eye(2))

Thus, the general solution is

—0.9005 —0.8880
X t) = At Aot ~ —1.8035¢t 4.4835t .
(8) = aqe™ vy + aze™v; & ane 0.4318 | T %€ —0.4598

The initial condition is
XO = X(O) = 1V1 + Q3.
We can solve this linear system by creating the matrix A = (v1|vs), and computing A~!X.

In MATLAB, type

A = [v1 v2]
alpha = inv(A)*X0

obtaining a; & 1.0860 and as ~ —2.4527.

Answer: X(0.5) = (0.155,0.386)" and the two methods agree to three decimal places.
Solution: (a) The result of the pplane5 integration is given in Figure 8a. After zooming
several times we arrive at Figure 8b. By inspection X (0.5) = (0.155,0.386).

(b) Enter the matrix C into MATLAB by typing

C=1[2.65 -2.34; -1.5 -1.2];
Find the eigenvalues and eigenvectors of this matrix by typing [V,D] = eig(C) and ob-
taining

V =
0.9510 0.4525
-0.3093 0.8918

3.4112 0
0 -1.9612
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Therefore the general solution to this differential equation is:

X(t) — 0[83‘4112t 0.9510 + 5671'9612t 0.4525 '
~0.3093 0.8918
(%
X(0) =V
( B )

o 1 0.9510 0.4525 0.5 —0.0067
= V XO = =
B —0.3093 0.8918 1.0

It follows that

Therefore,

B 1.1191
The last calculation is done by typing coeff

to the initial value problem is:

inv(V)*[0.5;1.0]. Therefore, the solution

X(t) — *0.006763'411% 0.9510 + 1.1191671'961% 0.4525 .
—0.3093 0.8918

We can evaluate X (0.5) in MATLAB by typing
X5 = coeff(1)*exp(D(1,1)*0.5)*V(:,1) + coeff(2)*exp(D(2,2)*0.5)*V(:,2)
and obtaining
X6 =

0.1547

0.3858

(¢) The two answers agree to three decimal places.

x'=Ax+By
y'=Cx+Dy
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