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Abstract

The main goal of this article is to review various results and methods concerning the numerical simulation of Bingham visco-plastic flow; these
results have been obtained from the early 1970s to now. We consider first the case of flow in cylindrical pipes and then flow in multi-dimensional
cavities. The methods to be discussed include classical ones relying on regularization, (kind of) Lagrange multipliers and augmented Lagrangian
techniques; they include also a duality–penalty method whose implementation relies on a Newton-Conjugate Gradient-Uzawa algorithm which
seems to be new (in this context at least). Other issues are addressed; they concern particularly the accelerated calculation of steady state solutions
and the time discretization of the unsteady flow models. The results of numerical experiments are presented, including the simulation of the wall
driven flow in square cavities.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

The numerical simulation of Bingham fluid flow has been the subject of intensive scrutiny for many years. We see at least two
reasons for that:

(i) The fact that materials as diverse as fresh concrete, tortilla dough, fruits-syrup mixtures, blood in the capillaries, muds used in
drilling technologies, tooth pastes, . . ., have a Bingham medium behavior, namely: below a certain stress yield, the medium
enjoys rigidity; above this yield the medium behaves like an incompressible viscous fluid.

(ii) For applied mathematicians and numerical analysts, Bingham flow modeling has been a permanent source of challenging
problems for many decades already, the main breakthrough in this direction being the variational inequality formulation due to
Duvaut and Lions (Refs. [1,2]).

Our goal in this article is to review several of the approaches we are aware of, concerning the numerical simulation of Bingham
flow. Roughly speaking, there exist two main approaches: one based on regularization procedures, the other based on the use of
multipliers. There is no way that we can describe all the related methods in this article; we will discuss, nevertheless, quite a
few of them, considering first the case of Bingham flow in cylindrical pipes and then the more general case of Bingham flow in
multi-dimensional cavities.

It has become practically impossible to give all the references related to the modeling and simulation of Bingham fluid flow (more
than 11,000 hits on Google Scholar); in addition to [1,2], let us mention, among many others, [3–6] (see also the references therein).

2. On the modeling of Bingham viscous plastic flow

The material in this section is pretty classical. It has been introduced here to fix the notation and to remind of some basic facts
concerning the mathematical modeling of Bingham flow. Let thusΩ be a domain (i.e., an open and connected region) of R

d (d = 2
or 3 in applications); we denote by Γ the boundary ofΩ. The isothermal flow of an incompressible Bingham visco-plastic medium,
during the time interval (0, T ), is modeled by the following system of equations (clearly of the Navier–Stokes type):

�[∂tu + (u · ∇)u] = ∇ · σ + f inΩ× (0, T ), (1)

∇ · u = 0 in Ω× (0, T ), (2)

σ = −pI +
√

2g
D(u)

|D(u)| + 2μD(u), (3)

u(0) = u0 (with ∇ · u0 = 0). (4)

For simplicity, we shall consider only Dirichlet boundary conditions, namely:

u = uB onΓ × (0, T ), with
∫
Γ

uB(t) · n dΓ = 0, a.e. on (0, T ). (5)

In systems (1)–(5):

• � (resp., μ and g) is the density (resp., are the viscosity and plasticity yield) of the Bingham medium; we have � > 0, μ > 0 and
g > 0.

• f is a density of external forces.
• D(v) = 1

2 [∇v + (∇v)t](= Dij(v)1≤i,j≤d), ∀ v ∈ (H1(Ω))d , and |D(v)| is the Frobenius norm of tensor D(v), i.e.,

|D(v)| =
⎛
⎝ ∑

1≤i,j≤d
|Dij(v)|2

⎞
⎠

1/2

.

• n is the outward unit normal vector at Γ .
• We have denoted (and will denote later on) by ϕ(t) the function x → ϕ(x, t).
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We observe that if g = 0, systems (1)–(5) reduces to the Navier–Stokes equations modeling isothermal incompressible Newtonian
viscous fluid flow. Having said that, if g > 0 the above model makes no sense on the (rigid) set

Q0 = {{x, t}|{x, t} ∈ Ω× (0, T ),D(u)(x, t) = 0}.
Following Duvaut and Lions (Refs. ([1], Chapter 6) and ([2], Chapter 6)) we eliminate the above difficulty by considering instead
of the (doubly) nonlinear systems (1)–(5) the following variational inequality model (where dx = dx1 . . . dxd):

Find {u(t), p(t)} ∈ (H1(Ω))d × L2(Ω) such that a.e. on (0, T ) we have

�

∫
Ω

∂tu(t) · (v − u(t)) dx+ �

∫
Ω

(u(t) · ∇)u(t) · (v − u(t)) dx+ μ

∫
Ω

∇u(t) : ∇(v − u(t)) dx+
√

2g(j(v) − j(u(t)))

−
∫
Ω

p(t)∇ · (v − u(t)) dx ≥
∫
Ω

f(t) · (v − u(t)) dx, ∀ v ∈ VB(t) (6)

∇ · u(t) = 0 inΩ, (7)

u(0) = u0, (8)

u(t) = uB(t) onΓ, (9)

with, in (6),

j(v) =
∫
Ω

|D(v)| dx, ∀ v ∈ (H1(Ω))d (10)

and

VB(t) = {v|v ∈ (H1(Ω))d, v = uB(t) onΓ }. (11)

Various comments concerning formulation (6)–(9) can be found in, e.g., Ref. ([7], Chapter 10). The variational inequality formulation
of temperature dependent Bingham flow can be found in, e.g., Ref. [8].

In the following sections we are going to review a variety of computational techniques which have been developed during the
last four decades for the solution of problems (1)–(5) and (6)–(9). For simplicity, we will start our discussion with Bingham flow in
cylinders, and then consider flow in bounded multidimensional cavities.

Remark 1. It follows from Refs. [1] and [2] that there exists a tensor-valued function λ such that the formulation (6)–(9) is equivalent
to

�[∂tu + (u · ∇)u] = ∇ · σ inΩ× (0, T ), ∇ · u = 0 inΩ× (0, T ), u = uB onΓ × (0, T ), u(0) = u0 (12)

with

σ = 2μD(u) + g
√

2 λ, (13)

λ : D(u) = |D(u)|, λ = λt , |λ| ≤ 1. (14)

We can take advantage of the above formulation to solve (6)–(9) numerically as shown in Section 7.2. Incidentally, assuming that
λ is known, relation (13) provides the stress tensor everywhere in Ω× (0, T ) (this includes the rigid region Q0). The tensor-valued
function g

√
2λ can be viewed as the extra-stress tensor associated to the visco-plastic behavior of the medium.

3. Bingham flow in cylinders. (I) Formulation

The isothermal and unsteady axial flow of an incompressible visco-plastic Bingham fluid in an infinitely long cylinder of (bounded)
cross-section Ω is (formally) modeled by the following nonlinear parabolic equation (where Γ is the boundary of Ω):

�∂tu− μ∇2u− g∇ ·
( ∇u

|∇u|
)

= C inΩ× (0, T ), u = 0 onΓ × (0, T ), u(0) = u0. (15)

In system (15): (i) u is the axial flow velocity, i.e., u = {0, 0, u}, assuming that the fluid flows in theOx3-direction,Ω being parallel
to the (Ox1,Ox2)-plane. (ii) C is the pressure drop per unit length (it is a function of t, only, and possibly a constant). System (15)
is a particular case of (1)–(5).

Before going further, let us observe that (as in Section 2, for (1)–(5)), model (15) makes no sense in the (space-time) rigid region

Q0 = {{x, t}|{x, t} ∈ Ω× (0, T ), ∇u(x, t) = 0}.
There are classically two approaches to overcome the above difficulty, namely the regularization and multiplier approaches.
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4. Bingham flow in cylinders. (II) The regularization approach

Let ε be a small positive parameter. The idea here is to replace (12) by the following well-posed nonlinear parabolic problem:

�∂tuε − μ∇2uε − g∇ ·
( ∇uε

(ε2 + |∇uε|2)1/2

)
= C inΩ× (0, T ), uε = 0 onΓ × (0, T ), uε(0) = u0. (16)

We will return later on the approximation properties ofuε. Let us say that the above regularization procedure has been widely used, not
only in Visco-Elasticity, but also in Image Processing (see, e.g. Ref. [9] and the references therein). It has however some drawbacks,
a major one being that if C = 0, the well-known property that u(t) → 0 in finite time is lost. An alternative to regularization is
provided by the multiplier approach, to be discussed in the following section.

Remark 2. Other regularization procedures can be found in Ref. [29].

5. Bingham flow in cylinders. (III) Variational inequality formulation. The multiplier approach

It follows from Refs. [1] and [2] that a mechanically and mathematically correct formulation of problem (15) is provided by the
following variational inequality type model:

u(t) ∈ H1
0 (Ω) a.e. on (0, T ), �

∫
Ω

∂tu(v− u) dx+ μ

∫
Ω

∇u · ∇(v− u) dx+ g(j(v) − j(u)) ≥ C

∫
Ω

(v− u) dx,

∀ v ∈ H1
0 (Ω), u(0) = u0, (17)

with

j(v) =
∫
Ω

|∇v| dx. (18)

The following mathematical results hold, all important from a computational point of view:

Theorem 1. Let u and uε be the respective solutions of problem (17) and (16); we have then, if u0 ∈ L2(Ω),

‖uε(t) − u(t)‖L2(Ω) ≤
(
g|Ω|
μλ0

)1/2 [
1 − exp

(
−2μλ0

�
t

)]1/2 √
ε, ∀ t ∈ [0, T ], (19)

with |Ω| = meas.(Ω), and λ0 > 0 the smallest eigenvalue of the operator −∇2 on Ω for the homogeneous Dirichlet boundary
conditions.

We have thus

lim
ε→0

uε = u inL∞(0, T ;L2(Ω)). (20)

The convergence properties (19) and (20) provide, quite clearly, a justification of the regularization procedure described in Section
4.

Theorem 2. Suppose that C is also constant in time and that T = +∞. We have then, if u0 ∈ L2(Ω), the following asymptotic
behavior:

u(t) = 0, ∀ t > Tc ifC < gγ|Ω|−1/2, (21)

where

γ = inf
v

[∫
Ω

|∇v| dx

‖v‖L2(Ω)

]
, v ∈ H1

0 (Ω) \ {0},

and

Tc = �

μλ0
ln

[
1 + μλ0‖u0‖L2(Ω)

γg− C|Ω|1/2
]
. (22)

If C ≥ γg|Ω|−1/2, then the following estimate holds:

‖u(t) − u∞‖L2(Ω) ≤ ‖u0 − u∞‖L2(Ω) exp

(−μλ0t

�

)
, (23)

with u∞ the corresponding steady-state solution.
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The estimate provided by (23) is not optimal since it does not include g (the plasticity yield).

Theorem 3. The solution of problem (17) is characterized by the existence of a vector-valued function λ (= {λ1, λ2}) such that

�∂tu− μ∇2u− g∇ · λ = C inΩ× (0, T ), u = 0 onΓ × (0, T ), |λ(x, t)| ≤ 1, a.e.onΩ× (0, T ) and λ · ∇u = |∇u|,
u(0) = u0, (24)

with |q| = (q2
1 + q2

2)1/2.

Theorem 3 is proved in, e.g., Refs. [1,2]. Actually, there are several ways to prove the above theorem: non-constructive ones
relying on the Hahn–Banach Theorem, and more constructive ones based on the regularization procedure briefly discussed in Section
4 (the regularization approach has been used in Ref. ([10], Chapter 2) to prove the steady state analogue of Theorem 3). Further
observations are in order; among them:

Remark 3. Without being (strictly speaking) a Lagrange (or Kuhn–Tucker) multiplier, the vector λ shares many properties with
such vectors, explaining why we will call it a multiplier in the sequel. Among its properties, let us emphasize that the multiplier λ

is non-unique (as shown in, e.g., Refs. [11,12]), however ∇ · λ is unique.

Remark 4. The third relations in (24) are equivalent to

λ(t) = P�[λ(t) + rg∇u(t)], ∀ r ≥ 0, (25)

with the closed convex set � and the projection operator P�(: (L2(Ω))2 → �) defined by

� = {q|q ∈ (L2(Ω))2, |q(x)| ≤ 1, a.e. onΩ} (26)

and

P�(q)(x) = q(x)

max(1, |q(x)|) , a.e. onΩ, ∀ q ∈ (L2(Ω))2, (27)

respectively. The present remark has important computational implications, as shown in Section 7.2.

6. Bingham flow in cylinders. (IV) Time-discretization of problem (17)

To the best of our knowledge, the backward Euler scheme, described below, is the only scheme preserving the asymptotic behavior
of the solution of the continuous problem (namely, problem (17)), including the return to rest in finite time (if g is large enough).
This scheme reads as follows (with 
t(> 0) a time discretization step that we suppose constant, for simplicity):

u0 = u0; (28)

then, for n ≥ 1, compute un from un−1 via the solution of

un ∈ H1
0 (Ω), �

∫
Ω

(un − un−1)(v− un) dx+ μ
t

∫
Ω

∇un · ∇(v− un) dx+ g
t(j(v) − j(un)) ≥ 
tCn
∫
Ω

(v− un) dx,

∀ v ∈ H1
0 (Ω), (29)

with Cn = C(n
t). It follows from, e.g., ([10], Chapter I) that (29) is an elliptic variational inequality (of the second kind) problem,
which has a unique solution. Concerning schemes (28) and (29) we have the following stability.

Theorem 4. Suppose that C(t) is bounded on (0, T ) and that u0 ∈ L2(Ω); then the schemes (28) and (29) is unconditionally stable.
Moreover, if the upper bound of C(t) is small enough, there exists an integer nc ≥ 0, such that

un = 0, ∀ n ≥ nc (30)

Proof. Taking v = 2un and 0 in the variational inequality in (29), we obtain, by comparison, the following relation

�

∫
Ω

(un − un−1)un dx+ μ
t

∫
Ω

|∇un|2 dx+ g
t j(un) = Cn
t

∫
Ω

un dx. (31)

Let us denote sup
t∈(0,T )

|C(t)| by ‖C‖∞. Using the Schwarz inequality in L2(Ω) and the Strauss–Nirenberg inequality

γ‖v‖L2(Ω) ≤ j(v), ∀ v ∈ H1
0 (Ω),

it follows from (31) that

‖un‖2
L2(Ω) − ‖un−1‖2

L2(Ω) + 2μ
t

�
‖∇un‖2

(L2(Ω))2 ≤ 2
t

�
(‖C‖∞|Ω|1/2 − gγ)+‖un‖L2(Ω), (32)
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∀ n ≥ 1, (where z+ = max(0, z)). If g ≥ ‖C‖∞|Ω|1/2/γ , relation (32) implies ‖un‖L2(Ω) ≤ ‖u0‖L2(Ω), ∀ n ≥ 1, i.e., the uncondi-
tional stability of the scheme. Suppose now that g < ‖C‖∞|Ω|1/2/γ and denote by K the (positive) quantity ‖C‖∞|Ω|1/2 − gγ .
Combining (32) and the relations

2ab ≤ αa2 + b2

α
, ∀ a, b ∈ R and ∀α > 0,

λ0‖v‖2
L2(Ω) ≤ ‖∇v‖2

(L2(Ω))2 , ∀ v ∈ H1
0 (Ω) (Poincaré Inequality),

where λ0 is the smallest eigenvalue of the operator −∇2 for the homogeneous Dirichlet boundary conditions, we obtain(
1 + μ
t

�
λ0

)
‖un‖2

L2(Ω) ≤ 
tK2

�λ0μ
+ ‖un−1‖2

L2(Ω), ∀ n ≥ 1. (33)

Let us denote by θ the quantity 1 + μ
tλ0/�; it follows from (33) that

‖un‖2
L2(Ω) ≤ 
tK2

�λ0μ

n∑
j=1

θ−j + ‖u0‖2
L2(Ω)θ

−n, ∀ n ≥ 1. (34)

Since θ > 1, (34) implies that

‖un‖2
L2(Ω) ≤ 
tK2/�λ0μθ

−1/1 − θ−1 + ‖u0‖2
L2(Ω), ∀ n ≥ 1,

a relation which implies in turn (since θ−1

1−θ−1 = 1
θ−1 ) that

‖un‖2
L2(Ω) ≤ (λ0μ)−2K2 + ‖u0‖2

L2(Ω), ∀ n ≥ 1, (35)

i.e., the unconditional stability of schemes (28) and (29) when g < ‖C‖∞|Ω|1/2/γ .
To complete the proof of the theorem, we still have to show that property (30) holds if C(t) is sufficiently small. Suppose indeed

that

‖C‖∞ < γg|Ω|−1/2, (36)

it follows from (31), and from the various inequalities already used above, that

�(‖un‖L2(Ω) − ‖un−1‖L2(Ω))‖un‖L2(Ω) +
tλ0μ‖un‖2
L2(Ω) +
t(gγ − ‖C‖∞|Ω|1/2)‖un‖L2(Ω) ≤ 0,∀ n ≥ 1. (37)

Since (from (36)) gγ − ‖C‖∞|Ω|1/2 > 0, it follows from (37) that if there exists n0 such that un0 = 0, then un = 0, ∀ n ≥ n0.
Suppose now that un �= 0, ∀ n ≥ 0. We have then, from (37),

(‖un‖L2(Ω) − ‖un−1‖L2(Ω)) + 
t

�
λ0μ‖un‖L2(Ω) + 
t

�
(gγ − ‖C‖∞|Ω|1/2) ≤ 0, ∀ n ≥ 1 (38)

Relation (38) can be rewritten as

(‖un‖L2(Ω) − ‖un−1‖L2(Ω)) + 
t

�
λ0μ

[
‖un‖L2(Ω) + (λ0μ)−1(gγ − ‖C‖∞|Ω|1/2)

]
≤ 0, (39)

∀ n ≥ 1. Introduce now yn = ‖un‖L2(Ω) + (λ0μ)−1(gγ − ‖C‖∞|Ω|1/2); it follows from (39) that

(1 +
t�−1λ0μ)yn ≤ yn−1, ∀ n ≥ 1,

which implies that

yn ≤ (1 +
t�−1λ0μ)−ny0. (40)

Relation (40) implies that lim
n→+∞y

n = 0, i.e., lim
n→+∞[‖un‖L2(Ω) + (λ0μ)−1(gγ − ‖C‖∞|Ω|1/2)] = 0, which is impossible since

gγ − ‖C‖∞|Ω|1/2 > 0. There exists thus an index nc such that (30) holds; this completes the proof of the theorem. �

Remark 5. From relation (40) we can derive an upper bound for the above index nc. Indeed, it follows from the definition of yn

that (40) can not hold for those n verifying

n ≥ ln[1 + λ0μ‖u0‖L2(Ω)/(gγ − ‖C‖∞|Ω|1/2)]

ln(1 +
t�−1λ0μ)
, (41)
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implying that the corresponding un = 0. Assuming that {un}n≥0 converges in some sense to the solution u of the continuous problem
(17), when 
t → 0 (a result not too difficult to prove), we observe ( after multiplying both sides of the inequality (41) by 
t) that

u(t) = 0, ∀ t ≥ �

λ0μ
ln

[
1 + λ0μ‖u0‖L2(Ω)

(gγ − ‖C‖∞|Ω|1/2)

]
. (42)

Relation (42) is consistent with the “cut-off” relations (21) and (22). To the best of our knowledge, the backward Euler scheme is
the only time-discretization scheme to enjoy these asymptotic properties, mimicking those of the continuous model.

Remark 6. Concerning the solution of problem (17), there are many situations of practical interest where u(t) does not have
the C2(Ω̄)-regularity and where, moreover, u /∈ C1([0, T ];L2(Ω)). This lack of regularity, with respect to both the space and
time variables, suggests that there are little advantages at using approximations of higher order than backward Euler for the time
discretization and piecewise linear finite elements for the space one. The numerical experiments and comparisons reported in [13]
validate these predictions; what was compared in [13] were computations based, on the one hand, on

u0
h = u0h (∈ Vh) (43)

then, for n ≥ 1, compute unh from un−1
h via the solution of

unh ∈ V0h, �

∫
Ωh

(unh − un−1
h )(v− unh) dx+ μ
t

∫
Ωh

∇unh · ∇(v− unh) dx+ g
t(jh(v) − jh(unh))

≥ 
tCn
∫
Ωh

(v− unh) dx, ∀ v ∈ V0h, (44)

and, on the other hand, on

u0
h = u0h (∈ V0h); (45)

then, compute first u1
h from

u1
h = 2u1/2

h − u0
h, (46)

where, in (46), u1/2
h is the solution of

u
1/2
h ∈ V0h �

∫
Ωh

(u1/2
h − u0

h)(v− u
1/2
h ) dx+ μ
t

2

∫
Ωh

∇u1/2
h · ∇(v− u

1/2
h ) dx+ g
t

2
(jh(v) − jh(u1/2

h ))

≥ 
tC1/2

2

∫
Ωh

(v− u
1/2
h ) dx, ∀ v ∈ V0h, (47)

and next, for n ≥ 2, unh is obtained via the solution of

unh ∈ V0h, �

∫
Ωh

(1.5unh − 2un−1
h + 0.5un−2

h )(v− unh) dx+ μ
t

∫
Ωh

∇unh · ∇(v− unh) dx+ g
t(jh(v) − jh(unh))

≥ 
tCn
∫
Ωh

(v− unh) dx, ∀ v ∈ V0h. (48)

In Ref. [13], we had:

• In (43) and (44), the finite element spaces Vh and V0h defined by

Vh = {v|v ∈ C0(Ω̄h), v|K ∈ P1, ∀K ∈ Th} (49)

and

V0h = {v|v ∈ Vh, v = 0 onΓ }, (50)

respectively, with Th a triangulation of Ω, Ω̄h =
⋃
K∈Th

K (assuming that the K are closed triangles), Ωh = the interior of Ω̄h, and

P1 the space of the polynomials in two variables of degree ≤ 1.
• In (45)–(48), the finite element space V0h defined by

V0h = {v|v ∈ C0(Ω̄h), v|K ∈ P2(K), ∀K ∈ Th, v = 0 onΓ }, (51)
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with Th a triangulation containing possibly curved triangles (to better follow the curved parts of the boundary, if such parts exist),
Ω̄h =

⋃
K∈Th

K, Ωh = the interior of Ω̄h, P2(K) = P2 if K is a rectilinear triangle and, if K is a curved triangle, P2(K) is obtained

from P2 via the quadratic mapping based isoparametric methodology discussed in, e.g., [14,15] and [7].
• lim

h→0
u0h = u0 in L2(Ω).

• In (44),

jh(v) =
∑
K∈Th

∫
K

|∇v| dx

while, in (45), jh(·) is obtained from
∑
K∈Th

∫
K

|∇v| dx using a Simpson rule related numerical integration method to compute the

integrals over the triangles K.

Observe that the step (47) is of the Crank–Nicolson type, while the scheme used in (48) is fully implicit and two-step backward.
Scheme (45)–(48) is second order accurate (when applied to the solution of smooth problems (which is not the case here)) and stiff
A-stable (like schemes (43) and (44)). Other schemes are available.

It is worth mentioning that an adaptive finite element method for the solution of the steady-state variant of problem (17) is
discussed in [16]; it relies on piecewise quadratic approximations similar to those in (51). Adaptivity provides here a way to
overcome the low accuracy of the approximate solutions resulting from the lack of regularity of the solution ( H2−regularity at
most).

7. Bingham flow in cylinders. (V) Steady flow

7.1. Formulation of the problem. Synopsis

Suppose that the pressure drop C is independent of t. It follows then from, e.g., [10] that the steady state problem associated to
(17), namely

u∞ ∈ H1
0 (Ω), μ

∫
Ω

∇u∞ · ∇(v− u∞) dx+ g(j(v) − j(u∞)) ≥ C

∫
Ω

(v− u∞) dx, ∀ v ∈ H1
0 (Ω), (52)

has a unique solution. In order to solve (52) (an elliptic variational inequality problem), several approaches are available, several of
them discussed in, e.g., Refs. [10–13]; among them

(i) Solve the corresponding problem (17) on the time interval (0,+∞) until a steady state is reached.
(ii) Apply to (52), directly, the “old-fashioned” Uzawa method (introduced, a very long time ago, in [17]).

(iii) Use some of the time dependent methods advocated in [12] which provide short-cuts to u∞.
(iv) Use augmented Lagrangian methods associated to the linear constraint p = ∇u (this approach is increasingly popular and has

been used in, e.g., [16] and [18–20], the last reference concerning the numerical simulation of Electro-Rheological fluid flow).

We will discuss below all the four above approaches, but also a recently introduced one, combining penalty techniques, the
Newton’s method and conjugate gradient algorithms.

7.2. Computing u∞ via the solution of the time dependent problem

Relation (23) in the statement of Theorem 2 (see Section 5), shows that integrating (17) from 0 to +∞ provides u∞ with
exponential speed in L2(Ω); actually, this property still holds if one applies the backward Euler scheme to the solution of problem
(17). Let us prove this property: assuming that the pressure drop C is time independent, the backward Euler schemes (28) and (29)
takes the following form:

u0 = u0; (53)

then, for n ≥ 1, compute un from un−1 via the solution of

un ∈ H1
0 (Ω), �

∫
Ω

(un − un−1)(v− un) dx+ μ
t

∫
Ω

∇un · ∇(v− un) dx+ g
t(j(v) − j(un)) ≥ 
tC

∫
Ω

(v− un) dx,

∀ v ∈ H1
0 (Ω). (54)
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Denote un − u∞ by ūn; taking v = un (resp., v = u∞) in (52) (resp., (54)) and adding (after multiplying by 
t both sides of the
inequality in (52)), we obtain

�

∫
Ω

(ūn − ūn−1)ūn dx+ μ
t‖∇ūn‖2
(L2(Ω))2 ≤ 0, ∀ n ≥ 1. (55)

Combining (55) with the Schwarz inequality in L2(Ω), and the Poincaré inequality in H1
0 (Ω), we obtain

�

2
(‖ūn‖2

L2(Ω) − ‖ūn−1‖2
L2(Ω)) + μλ0
t‖ūn‖2

L2(Ω) ≤ 0, ∀ n ≥ 1, (56)

where λ0 is the smallest eigenvalue of the operator −∇2 for the homogeneous Dirichlet boundary conditions. It follows from (56)
that

(1 + 2μλ0�
−1
t)‖ūn‖2

L2(Ω) ≤ ‖ūn−1‖2
L2(Ω), ∀ n ≥ 1,

which implies in turn that

‖ūn‖L2(Ω) ≤ (1 + 2μλ0�
−1
t)−n/2‖ū0‖L2(Ω), n ≥ 0. (57)

The exponential convergence (in L2(Ω)) of un to u∞ follows from (57). Actually, relation (57) still holds if one replaces (52), (53),
and (54) by their finite element analogues.

Of course, when applying the fully implicit schemes (53) and (54) to the computation of u∞ we still have to address the solution
of the elliptic variational inequalities (54); this important issue will be discussed in the following section.

7.3. An iterative method à la Uzawa for the solution of problems (52) and (54)

Both problems (49) and (51) are particular cases of

u ∈ H1
0 (Ω), α

∫
Ω

u(v− u) dx+ μ

∫
Ω

∇u · ∇(v− u) dx+ g(j(v) − j(u)) ≥
∫
Ω

f (v− u) dx, ∀ v ∈ H1
0 (Ω), (58)

with α ≥ 0 and f ∈ L2(Ω).
A classical method to solve problem (58) is the one introduced in Ref. [17]; it reduces the solution of the above problem to the

solution of a sequence of linear Dirichlet problems for the operator αI − μ∇2 and simple projection operations. The method relies
on the equivalence between (58) and

αu− μ∇2u− g∇ · λ = f inΩ, u = 0 onΓ, λ · ∇u = |∇u|, λ ∈ �, (59)

the last two relations implying that

λ = P�(λ + rg∇u), ∀ r ≥ 0, (60)

with the operator P� defined by (27).
In order to solve (58), via relations (59) and (60), we advocate (following [17]) the fixed point algorithm below:

λ0 is given in � (61)

then, for n ≥ 0, assuming that λn is known, we compute un and then λn+1 as follows:
solve

αun − μ∇2un = f + g∇ · λn inΩ, un = 0 onΓ, (62)

and

λn+1 = P�(λn + rg∇un). (63)

Remark 7. Suppose that the system (59) has a solution {u,λ} ∈ H1
0 (Ω) × � (which is indeed the case); it can be shown (see, e.g.,

Refs. [10,11]) that the above pair is necessarily a saddle-point over H1
0 (Ω) × � of the Lagrangian functional

L : H1(Ω) × (L2(Ω))2 → R

defined by

L(v,μ) = 1

2

[
α‖v‖2

L2(Ω) + μ‖∇v‖2
(L2(Ω))2

]
+ g

∫
Ω

μ · ∇v dx−
∫
Ω

fv dx (64)

i.e., the pair {u,λ} verifies (from the definition of a saddle-point; see, e.g., ([7], Chapter 4))

{u,λ} ∈ H1
0 (Ω) × �, L(u,μ) ≤ L(u,λ) ≤ L(v,λ), ∀ {v,μ} ∈ H1

0 (Ω) × �. (65)
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Conversely, any solution of (65) is solution of system (59). It follows from the above reference that algorithm (61)–(63) is nothing
but an Uzawa algorithm applied to the solution of the saddle-point problem (65) with L(·, ·) defined by (64); for a systematic study
of Uzawa algorithms, see, e.g., ([7], Chapter 4) and the references therein.

Proving the convergence of algorithm (61)–(63) (for r > 0 and sufficiently small) is a relatively simple exercise; owing to the
importance of these topics (in order to investigate, in the following sections, the convergence of variants of algorithm (61)–(63)) we
feel compelled to give a proof of the convergence of the above algorithm. We have thus the following convergence

Theorem 5. Suppose that

0 < r <
2μ

g2 , (66)

in (63). Then, ∀ λ0 ∈ �, the sequence {un,λn}n≥0 generated by algorithm (61)–(63) verifies

lim
n→+∞{un,λn} = {u,λ∗} inH1

0 (Ω) × ((L∞(Ω))2 weak*), (67)

where {u,λ∗} is a solution of (59) in H1
0 (Ω) × �.

Proof. Let {u,λ} be a solution of (59) in H1
0 (Ω) × � and let us denote un − u and λn − λ by ūn and λ̄

n, respectively. Taking into
account the fact that the operator P� is a contraction of (L2(Ω))2, we obtain by subtraction between (59), (60) and (62), (63) that,
∀ n ≥ 0,

αūn − μ∇2ūn = g∇ · λ̄
n inΩ, ūn = 0 onΓ, ‖λ̄n+1‖(L2(Ω))2 ≤ ‖λ̄n + rg∇ūn‖(L2(Ω))2 . (68)

It follows then from the third relation (68) that

‖λ̄n+1‖2
(L2(Ω))2 ≤ ‖λ̄n‖2

(L2(Ω))2 + 2rg
∫
Ω

λ̄
n · ∇ūn dx+ r2g2‖∇ūn‖2

(L2(Ω))2 ,

which implies in turn

‖λ̄n‖2
(L2(Ω))2 − ‖λ̄n+1‖2

(L2(Ω))2 ≥ −2rg
∫
Ω

λ̄
n · ∇ūn dx− r2g2‖∇ūn‖2

(L2(Ω))2 . (69)

We observe, next, that, after integration by parts, the first two relations in (68) imply that

α‖ūn‖2
L2(Ω) + μ‖∇ūn‖2

(L2(Ω))2 = −g
∫
Ω

λ̄
n · ∇ūn dx. (70)

Combining relations (69) and (70), we obtain

‖λ̄n‖2
(L2(Ω))2 − ‖λ̄n+1‖2

(L2(Ω))2 ≥ 2r
[
α‖ūn‖2

L2(Ω) + μ‖∇ūn‖2
(L2(Ω))2

]
− r2g2‖∇ūn‖2

(L2(Ω))2

≥ r

(
2 − rg2

μ

) [
α‖ūn‖2

L2(Ω) + μ‖∇ūn‖2
(L2(Ω))2

]
. (71)

Suppose that the condition (66) holds; it implies that r(2 − rg2/μ) > 0. It follows then from (71) that the sequence
{

‖λ̄n‖2
(L2(Ω))2

}
n≥0

is decreasing; this sequence being bounded from below by 0 is converging to some (nonnegative) limit, which implies that

lim
n→+∞(‖λ̄n‖2

L2(Ω) − ‖λ̄n+1‖2
L2(Ω)) = 0. (72)

Combining (71) and (72) we obtain lim
n→+∞ū

n inH1
0 (Ω), namely the convergence of {un}n≥0 to u inH1

0 (Ω). Proving the convergence

of {λn}n≥0 is a more complicated issue that we will not address here (it is discussed in, e.g., ([7], Chapter 4) and [11]). �
Remark 8. All the solutions of system (59) share the same u. Suppose now that {u,λ} and {u,λ′} are solutions of (59); we have
then

∇ · (λ′ − λ) = 0. (73)

Keeping in mind that

(L2(Ω))2 = ∇H1
0 (Ω) ⊕ S0, (74)

where S0 = {q|q ∈ (L2(Ω))2, ∇ · q = 0}, it follows from (73), that all the pairs {u,λ}, solutions of (59), not only share the same
argument u, but all the λs have the same component in ∇H1

0 (Ω) when decomposed according to (74). Another consequence is the
following.
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Consider q ∈ (L2(Ω))2; it follows from (74) that q = q1 + q2, with q1 ∈ ∇H1
0 (Ω) and q2 ∈ S0, respectively, the above decom-

position being unique. If {u,λ} is solution of (59), all the λs have λ1 in common in the decomposition (74) of (L2(Ω))2. Suppose
now that r verifies the condition (66); it follows then from Theorem 5 and from (68), (74) that

lim
n→+∞λn1 = λ1 in (L2(Ω))2. (75)

The frequently observed slow convergence of algorithm (61)–(63), particularly when g is large, seems to be related to the relative
importance of λ2 compared to λ1. The more important λ2, the slower is the convergence, everything else being the same.

Remark 9. By formal elimination of u in (59) we can show that in fact λ is solution of a kind of elliptic variational inequality of
the obstacle type. To show that, we observe first that any pair {u,λ} solution of (59) in H1

0 (Ω) × � verifies

λ ∈ �,

∫
Ω

(−∇u) · (μ − λ) dx ≥ 0, ∀ μ ∈ �, αu− μ∇2u = f + g∇ · λ inΩ, u = 0 onΓ. (76)

Next, we introduce the continuous and linear operator A from (L2(Ω))2 into (L2(Ω))2, defined as follows:

Aq = −∇uq, ∀ q ∈ (L2(Ω))2, (77)

where uq is the unique solution in H1
0 (Ω) of the Dirichlet problem

αuq − μ∇2uq = g∇ · q, inΩ, uq = 0 onΓ. (78)

We have, ∀ q, q′ ∈ (L2(Ω))2,∫
Ω

(Aq) · q′ dx = −
∫
Ω

∇uq · q′ dx =< uq,∇ · q′ >= 1

g
< uq, αuq′ − μ∇2uq′ >= 1

g

∫
Ω

[αuquq′ + μ∇uq · ∇uq′ ] dx,

(79)

where in (79), 〈·, ·〉 denotes the pairing betweenH1
0 (Ω) and its dual spaceH−1(Ω). It follows from (79) that operator A is symmetric

and positive semi-definite; A is not positive definite since we clearly haveKer(A) = S0, with S0 as in (74). Finally, define uf as the
unique solution in H1

0 (Ω) of the following Dirichlet problem

αuf − μ∇2uf = f inΩ, uf = 0 onΓ (80)

(ifΓ is smooth enough and/orΩ is convex, thenuf ∈ H1
0 (Ω) ∩H2(Ω), implying that ∇uf ∈ (H1(Ω))2 ⊂ (Ls(Ω))2, ∀ s ∈ [1,+∞)).

It follows then from (76)–(78) that

∇u = ∇uf + ∇uλ = ∇uf − Aλ,

which combined with (76) implies that the vector-valued function λ is a solution of the following “elliptic” variational inequality
(in the sense of Lions and Stampacchia (Ref. [21])):

λ ∈ �,

∫
Ω

Aλ · (μ − λ) dx ≥
∫
Ω

∇uf · (μ − λ) dx, ∀ μ ∈ �, (81)

which, from the very nature of the convex set �, is definitely an obstacle problem. Incidentally, an equivalent formulation of algorithm
(61)–(63) is given by

λ0 is given in �; (82)

then, for n ≥ 0, assuming that λn is known, compute λn+1 as follows:
solve

λn+1 = P�[λn − rg(Aλn − ∇uf )], (83)

implying that the above algorithm is (from the symmetry of operator A) a gradient method with projection.

Two other iterative methods for the solution of problem (58), (59) will be discussed in the following sections; more method are
discussed in Ref. [12].

7.4. A (pseudo-) time relaxation approach for the solution of problem (58), (59)

To the best of our knowledge the method to be discussed now is new; in fact it improves on related methods discussed in Ref. [11]
and has some similarities with methods recently introduced in Image Processing. The basic idea is pretty simple and quite general:
it consists in associating with (58) and (59) a well-chosen dynamical system (initial value problem) that we integrate from 0 to +∞
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in order to capture the related steady state solutions, if such solutions exist, which is the case here. The initial value problem that we
consider is the dynamical variant of problem (81) defined as follows (with τ a pseudo-time):

λ(0) = λ0 (∈ �); (84)

λ(τ) ∈ �, τ ∈ [0,+∞),
∫
Ω

(∂τλ + gAλ) · (μ − λ) dx ≥ g

∫
Ω

∇uf · (μ − λ) dx, ∀ μ ∈ �. (85)

An equivalent, but more explicit formulation of the initial value problems (84) and (85) is given by replacing (85) by

αu− μ∇2u− g∇ · λ = f inΩ, u = 0 onΓ, λ(τ) ∈ �, τ ∈ [0,+∞),
∫
Ω

(∂τλ − g∇u) · (μ − λ) dx ≥ 0, ∀ μ ∈ �.

(86)

To time-discretize problems (85) and (86) we advocate the following backward Euler scheme

λ0 = λ0; (87)

then, for n ≥ 1, compute λn from λn−1 via the solution of

αun − μ∇2un − g∇ · λn = f inΩ, un = 0 onΓ, λn ∈ �,

∫
Ω

[
(λn − λn−1)


τ
− g∇un

]
· (μ − λn) dx ≥ 0,∀ μ ∈ �,

(88)

with 
τ (> 0) a (pseudo-) time discretization step. From the properties of operator A, problem (88) has a unique solution. In order
to solve system (88), we observe first that the vector-valued function λn verifies

λn ∈ �,

∫
Ω

[
λn + r

(λn−1 − λn)


τ
+ rg∇un − λn

]
· (μ − λn) dx ≤ 0, ∀ μ ∈ �, ∀ r > 0,

which makes (88) equivalent to

λn = P�

[
λn + r

(λn−1 − λn)


τ
+ rg∇un

]
, ∀ r > 0. (89)

To compute {un,λn} we suggest the following fixed point algorithm:

λn0 is given in � (a most natural choice being λn0 = λn−1); (90)

for k ≥ 0, λnk being known, compute unk and λnk+1 as follows:
Solve first

αunk − μ∇2unk = f + g∇ · λnk inΩ, unk = 0 onΓ, (91)

and update λnk via

λnk+1 = P�

[
λnk + r

(λn−1 − λnk )


τ
+ rg∇unk

]
. (92)

Concerning the convergence of algorithm (90)–(92) to the unique solution of system (88) in H1
0 (Ω) × (L2(Ω))2, we have the

following

Theorem 6. Suppose that

0 < r ≤ 2μ

2μ+ g2
τ

τ; (93)

we have then, ∀ λn0 in (90),

lim
k→+∞

{unk,λnk } = {un,λn} inH1
0 (Ω) × (L2(Ω))2, (94)

the convergence being geometric.

Proof. We proceed as in the proof of Theorem 5. Denoting thus unk − un and λnk − λn by ūnk and λ̄
n
k , respectively, we obtain by

subtraction between (89) and (91), (92) that, ∀ k ≥ 0,

αūnk − μ∇2ūnk = g∇ · λ̄
n
k in Ω, ūnk = 0 onΓ, (95)
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and (from the contraction properties of operator P�)

‖λ̄nk+1‖(L2(Ω))2 ≤
∥∥∥(

1 − r


τ

)
λ̄
n
k + rg∇ūnk

∥∥∥
(L2(Ω))2

. (96)

Combining relations (95) and (96) yields

‖λ̄nk+1‖2
(L2(Ω))2 + r

[
2μ− r

(
2μ


τ
+ g2

)]
‖∇ūnk‖2

(L2(Ω))2 ≤
(

1 − r


τ

)2 ‖λ̄nk‖2
(L2(Ω))2 . (97)

It follows from (97) that the convergence property (94) will take place if r verifies |1 − r/
τ| < 1 and r[2μ− r(2μ/
τ + g2)] ≥
0, i.e., 0 < r < 2
τ and r ≤ 2μ
τ/(2μ+ g2
τ), respectively. Since 2μ
τ/(2μ+ g2
τ) < 
τ < 2
τ, condition (93) implies,
clearly, the convergence property (94); indeed, we have more since the above discussion shows the existence of a constant K such
that

‖unk − un‖H1
0 (Ω) ≤ K‖λn − λn0‖(L2(Ω))2

∣∣∣1 − r


τ

∣∣∣k , ∀ k ≥ 0, ‖λnk − λn‖(L2(Ω))2 ≤ K‖λn − λn0‖(L2(Ω))2

∣∣∣1 − r


τ

∣∣∣k ,
∀ k ≥ 0, (98)

which completes the proof of the theorem. �
Remark 10. If one takes 
τ = 2μ/g2 and r = 
τ/2(= μ/g2) the convergence condition (93) is verified, the contraction factor in
both relations (98) being 1/2.

7.5. A penalty-Newton-Uzawa-conjugate gradient method for the solution of problem (58), (59)

The dual problem (81) is essentially (see Section 7.3) an obstacle problem associated to the point-wise constraint

|λ(x)| ≤ 1, a.e. onΩ. (99)

An alternative to the projection methods discussed so far is provided by a variant of the penalty-Newton-conjugate gradient method,
applied in Refs. [22–24] to the solution of time dependent parabolic variational inequalities of the obstacle type. Let ε be a small
positive parameter; we approximate the dual problem (81) by the following one:

Aλε + 1

ε
(|λε|2 − 1)+2λε = ∇uf , (100)

with ξ+ = max(0, ξ),∀ ξ ∈ R. The nonlinearity in (100) is reminiscent of a Ginzburg–Landau one. Using convexity/monotonicity
arguments, and the fact that (100) is the Euler–Lagrange equation of the following problem from Calculus of Variations

λε ∈ (L6(Ω))2, jε(λε) ≤ jε(μ), ∀ μ ∈ (L6(Ω))2, (101)

with

jε(μ) = 1

2

∫
Ω

Aμ · μ dx+ 1

6ε

∫
Ω

(|μ|2 − 1)+3 dx−
∫
Ω

∇uf · μ dx,

we can easily prove that problems (100) and (101) has a solution in (L6(Ω))2. From the definition of operator A, problem (100) is
equivalent to the following nonlinear system

αuε − μ∇2uε − g∇ · λε = f in Ω, uε = 0 on Γ, −∇uε + 1

ε
(|λε|2 − 1)+2λε = 0 (102)

(easier to handle than (100), in practice). Using relatively simple variants of the methods discussed in [10] (concerning the approx-
imation of elliptic variational inequality problems), we can prove the following convergence properties

lim
ε→0

uε = u inH1
0 (Ω), lim

ε→0
λε = λ weakly in (L6(Ω))2, (103)

where the pair {u,λ} is a solution of problem (59) (implying in turn that λ is a solution of the obstacle problem (81)). Having thus
justified the introduction of the approximate (by penalization) problem (100), we still have to address its solution. The Newton’s
method is an obvious candidate to achieve such a task; this leads to the following algorithm (after multiplying by ε both sides of
(100) and dropping the subscripts ε):

λ0 is given in (L6(Ω))2 (λ0 = 0, for example); (104)

for n ≥ 0, compute λn+1 from λn via

λn+1 = λn + δλn, (105)
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where, in (105), δλn is solution of the following linear problem

εAδλn + (|λn|2 − 1)+2δλn + 4(|λn|2 − 1)+λn(λn · δλn) = −[ε(Aλn − ∇uf ) + (|λn|2 − 1)+2λn]; (106)

we stop iterating when, typically, ‖δλn‖(L2(Ω))2 ≤ tol1.
The linear operator in the left-hand side of (106) is clearly symmetric and positive semi-definite; these properties suggest solving

(106) by a conjugate gradient algorithm. From a practical point of view, it is preferable to consider directly the equivalent system
(102); we are going to solve it by a Newton algorithm operating in H1

0 (Ω) × (L6(Ω))2; this algorithm (equivalent to (104)–(106))
reads as follows:

λ0 being given in (L6(Ω))2 (λ0 = 0, for example), solveαu0 − μ∇2u0 = g∇ · λ0 + f inΩ, u0 = 0 onΓ (107)

(the above elliptic problem has a unique solution in H1
0 (Ω) (in fact in W1,6

0 (Ω)).
Then, for n ≥ 0, compute {un+1,λn+1} from {un,λn} via

{un+1,λn+1} = {un + δun,λn + δλn}, (108)

where, in (108), {δun, δλn} is solution of

αδun − μ∇2δun − g∇ · δλn = 0 inΩ, δun = 0 on Γ, (109)

−ε∇δun + (|λn|2 − 1)+2δλn + 4(|λn|2 − 1)+λn(λn · δλn) = ε∇un − (|λn|2 − 1)+2λn. (110)

We are going to discuss now the solution of system (109), (110) by an Uzawa-conjugate gradient algorithm operating in the Hilbert
space H1

0 (Ω) × (L2(Ω))2. To further simplify the notation we denote δun by ψ, δλn by p, and by Q the space (L2(Ω))2; problems
(109) and (110) takes then the following form:

αψ − μ∇2ψ = g∇ · p in Ω, ψ = 0 on Γ, (111)

−ε∇ψ + (|λn|2 − 1)+2p + 4(|λn|2 − 1)+λn(λn · p) = ε∇un − (|λn|2 − 1)+2λn, (112)

leading to the following algorithm:

Step 0. Initialization

p0 is given in Q (p0 = 0 is a natural choice here); (113)

solve the following Dirichlet problem

ψ0 ∈ H1
0 (Ω), α

∫
Ω

ψ0ϕ dx+ μ

∫
Ω

∇ψ0 · ∇ϕ dx = −g
∫
Ω

p0 · ∇ϕ dx, ∀ϕ ∈ H1
0 (Ω), (114)

and then

g0 ∈ Q,
∫
Ω

g0 · q dx = −ε
∫
Ω

∇(ψ0 + un) · q dx+
∫
Ω

(|λn|2 − 1)+2(p0 + λn) · q dx

+ 4
∫
Ω

(|λn|2 − 1)+(λn · p0)(λn · q) dx, ∀ q ∈ Q. (115)

Set

w0 = g0. (116)

For m ≥ 0, assuming that pm, gm and wm are known, the last two different from 0, we proceed as follows to compute {p, ψ}:
Step 1. Descent

Solve

ψ̄m ∈ H1
0 (Ω), α

∫
Ω

ψ̄mϕ dx+
∫
Ω

μ∇ψ̄m · ∇ϕ dx = −g
∫
Ω

wm · ∇ϕ dx, ∀ϕ ∈ H1
0 (Ω), (117)

and then

ḡm ∈ Q,
∫
Ω

ḡm · q dx = −ε
∫
Ω

∇ψ̄m · q dx+
∫
Ω

(|λn|2 − 1)+2wm · q dx+ 4
∫
Ω

(|λn|2 − 1)+(λn · wm)(λn · q) dx,

∀ q ∈ Q. (118)

Compute

ρm =
∫
Ω

|gm|2 dx∫
Ω

ḡm · wm dx
(119)
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and

pm+1 = pm − ρmwm, gm+1 = gm − ρmḡm. (120)

Step 2. Testing the convergence and construction of wm+1

If
∫
Ω

|gm+1|2 dx/
∫
Ω

|g0|2 ≤ tol2 take p = pm+1 and compute ψ from the solution of

αψ − μ∇2ψ = g∇ · p inΩ, ψ = 0 onΓ ;

else compute

γm =
∫
Ω

|gm+1|2 dx∫
Ω

|gm|2 dx
, (121)

and

wm+1 = gm+1 + γmwm. (122)

Do m = m+ 1 and return to (117).

Algorithm (113)–(122) is less complicated than it looks like; it requires essentially the solution of one Dirichlet problem at each
iteration.

Remark 11. Algorithm (113)–(122) has been written in variational form in order to facilitate its finite element implementation, an
issue to be addressed in Section 9.

8. Bingham flow in cylinders. (VI) An augmented Lagrangian approach to the solution of problem (58)

Problem (58) is equivalent to the following minimization one

u ∈ H1
0 (Ω), J(u) ≤ J(v), ∀ v ∈ H1

0 (Ω), (123)

with

J(v) = 1

2

∫
Ω

[
α|v|2 + μ|∇v|2

]
dx+ g

∫
Ω

|∇v|dx−
∫
Ω

fv dx.

The idea behind the augmented Lagrangian method which follows is to uncouple nonlinearity and derivatives; this will be done by
treating ∇v as an independent variable q and then to impose the relation ∇v− q = 0 by penalization and the use of a Lagrange
multiplier. In order to implement the above idea, we will proceed as follows:

(1) We denote (L2(Ω))2 by Q and define W and j(·, ·) by

W = {{v,q} | v ∈ H1
0 (Ω), q ∈ Q and q = ∇v} (124)

and

j(v,q) = 1

2

∫
Ω

[
α|v|2 + μ|∇v|2

]
dx+ g

∫
Ω

|q|dx−
∫
Ω

fv dx. (125)

(2) We observe that problem (123) is equivalent to

{u,p} ∈ W, j(u,p) ≤ j(v,q), ∀ {v,q} ∈ W. (126)

(3) We define an augmented Lagrangian functional Lr : (H1
0 (Ω) × Q) × Q → R by

Lr({v,q},μ) = j(v,q) + r

2

∫
Ω

|∇v− q|2 dx+
∫
Ω

μ · (∇v− q) dx (127)

(with r > 0) and observe that if {{u,p},λ} is a saddle-point of Lr over (H1
0 (Ω) × Q) × Q, i.e., verifies

{{u,p},λ} ∈ (H1
0 (Ω) × Q) × Q, Lr({u,p},μ) ≤ Lr({u,p},λ) ≤ Lr({v,q},λ),

∀ {{v,q},μ} ∈ (H1
0 (Ω) × Q) × Q, (128)
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then, the pair {u,p} is the solution of problem (126), which implies in turn that u is the solution of problem (123) and that
p = ∇u (augmented Lagrangians, other than the one given by (127), can be used); we can in particular replace μ|∇v|2 in (125)
by μ|q|2, but it does not seem to make a significant difference from an algorithmic point of view.

(4) In order to solve the saddle-point problem (128), we advocate (following, e.g., Refs. [5,10,11,25,26]) the following Uzawa-type
algorithm (called ALG2 in the above references):

u−1 and λ0 are given inH1
0 (Ω) and Q; (129)

for n ≥ 0, un−1 and λn being known, solve

pn ∈ Q, Lr({un−1,pn},λn) ≤ Lr({un−1,q},λn), ∀ q ∈ Q, (130)

then

un ∈ H1
0 (Ω), Lr({un,pn},λn) ≤ Lr({vn,pn},λn), ∀ v ∈ H1

0 (Ω), (131)

and update λn by

λn+1 = λn + r(∇un − pn). (132)

It follows from, e.g., [5,10,11,25,26], that the following convergence result holds:

∀ {u−1,λ0} ∈ H1
0 (Ω) × Q, one has lim

n→∞{un,pn} = {u,∇u} in H1
0(Ω) × Q, (133)

where, in (133), u is the solution of problems (58) and (123). Concerning the implementation of algorithm (129)–(132), a close
inspection shows that problem (130) reduces to:

pn = Arg min
q∈Q

[
r

2

∫
Ω

|q|2 dx+ g

∫
Ω

|q| dx−
∫
Ω

(r∇un−1 + λn) · q dx

]
. (134)

The minimization problem in (134) can be solved point-wise, leading to the following closed form solution for pn:

a.e. onΩ,pn(x) =
⎧⎨
⎩

1

r

(
1 − g

|Xn(x)|
)

Xn(x) if |Xn(x)| > g,

0 if |Xn(x)| ≤ g,
(135)

with Xn = r∇un−1 + λn. On the other hand, (131) reduces to the following linear Dirichlet problem (written here in variational
form):

un ∈ H1
0 (Ω), α

∫
Ω

unv dx+ (μ+ r)
∫
Ω

∇un · ∇v dx =
∫
Ω

fv dx+
∫
Ω

(rpn − λn) · ∇v dx, ∀ v ∈ H1
0 (Ω); (136)

the numerical solution of problems such as (136) is routine nowadays.

Remark 12. By updating λn after step (130) we obtain the following variant of algorithm (129)–(132):

u−1 and λ0 are given inH1
0 (Ω) and Q; (137)

for n ≥ 0, un−1 and λn being known, solve

pn ∈ Q, Lr({un−1,pn},λn) ≤ Lr({un−1,q},λn), ∀ q ∈ Q, (138)

update λn by

λn+1/2 = λn + r(∇un−1 − pn), (139)

solve

un ∈ H1
0 (Ω), Lr({un,pn},λn+1/2) ≤ Lr({vn,pn},λn+1/2), ∀ v ∈ H1

0 (Ω), (140)

update λn+1/2 by

λn+1 = λn+1/2 + r(∇un − pn), (141)

The above algorithm (called ALG3 in Refs. [5,10,11,25,26]) verifies also the convergence properties given in (133). The choice
of r is for both algorithms a critical issue for which we refer to, e.g., Refs. [5,25]. Actually, both algorithms have very close
relation with operator-splitting schemes such as Peaceman–Rachfords and Douglas–Rachfords (see the two above references for
details). Concerning the relative merits of ALG2 and ALG3, let us say that it seems (see e.g. Refs. [5,25,26]) that ALG3 is faster
for smooth problems while ALG2 is more robust; since the problem under consideration involves the non-differentiable function
v → ∫

Ω
|∇v|dx, we favored ALG2.
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9. Bingham flow in cylinders. (VII) Finite element approximation

In Section 6, Remark 6, we have been advocating the use of low order space-time approximations for Bingham flow in cylin-
ders, the main reason being the relative low regularity of the solutions. From these considerations, the backward Euler scheme
(discussed in Section 6) will be our method of choice for the time-discretization. Similarly, we will rely on globally contin-
uous, piecewise affine finite approximations for the space discretization. This combination leads us to the schemes (43) and
(44) described in Section 6, Remark 6. We have thus to solve at each time step a finite dimensional problem of the following
type:

uh ∈ V0h, α

∫
Ωh

uh(v− uh) dx+ μ

∫
Ωh

∇uh · ∇(v− uh) dx+ g[jh(v) − jh(uh)] ≥
∫
Ωh

fh(v− uh) dx, ∀ v ∈ V0h,

(142)

with

jh(v) =
∫
Ωh

|∇v| dx =
∑
K∈Th

∫
K

|∇v| dx. (143)

The finite dimensional problem (142) has a unique solution characterized by the existence of λh such that

{uh,λh} ∈ V0h × �h, α

∫
Ωh

uhv dx+ μ

∫
Ωh

∇uh · ∇v dx+ g

∫
Ωh

λh · ∇v dx =
∫
Ωh

fhv dx, ∀ v ∈ V0h,

λh · ∇uh = |∇uh|, (144)

with

�h = {μ | μ ∈ L2(Ωh) × L2(Ωh), ∀K ∈ Th, μ|K = μK ∈ R
2, |μK| ≤ 1}. (145)

System (144) takes various equivalent forms, among them

uh ∈ V0h, α

∫
Ωh

uhv dx+ μ

∫
Ωh

∇uh · ∇v dx+ g

∫
Ωh

λh · ∇v dx =
∫
Ωh

fhv dx, ∀ v ∈ V0h,

λh = P�h
(λh + rg∇uh), ∀ r ≥ 0, (146)

and

{uh,λh} ∈ V0h × �h, α

∫
Ωh

uhv dx+ μ

∫
Ωh

∇uh · ∇v dx+ g

∫
Ωh

λh · ∇v dx =
∫
Ωh

fhv dx, ∀ v ∈ V0h,

−
∫
Ωh

∇uh · (μ − λh) dx ≥ 0, ∀ μ ∈ �h; (147)

above, P�h
is the orthogonal projection operator from Lh(= {μ|μ ∈ L2(Ωh) × L2(Ωh), ∀ K ∈ Th,μ|K = μK ∈ R

2}) onto �h; it
verifies

P�h
(μ)|K = μK

max(1, |μK|) , ∀K ∈ TK, ∀ μ ∈ Lh. (148)

From these formulations, deriving the fully discrete analogues of the various iterative methods discussed in the preceding sections
is straightforward.

10. Bingham flow in cylinders. (VIII) Numerical experiments

In this section, we will focus on the solution of the steady flow problem (52) in the particular case whereΩ is the disk defined by

Ω = {x | x = {x1, x2}, x2
1 + x2

2 < R2}. (149)

Assume that C ≥ 0, then for the above cross-section, the solution of (52) is given by

u∞(x) =

⎧⎪⎪⎨
⎪⎪⎩

(
R− r

2μ

) [
C

2
(R+ r) − 2g

]
ifR′ ≤ r ≤ R ,(

R− R′

2μ

) [
C

2
(R+ R′) − 2g

]
if 0 ≤ r ≤ R′ ,

(150)

with r =
√
x2

1 + x2
2 and R′ = 2g/C.
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Fig. 1. A triangulation Th of the disk Ω.

For the numerical experiments described below, we took R = 1/4, C = 16, and μ = 1/4, implying that u∞ = 0 if g ≥ 2. To
approximate the related problem (52) we have used the finite element spaces described in Section 9, defined from triangulations of
Ω like the one shown in Fig. 1, below (with h the length of the largest edge(s) of the triangulation).

In Table 1, we have reported, for various values of g and h, some of the numerical results obtained by applying, to the solution
of problem (52), the discrete variant of algorithm (61)–(63) (with α = 0 and f = C), associated to the triangulation Th. The above
algorithm has been initialized with λ0

h = 0 and we stopped iterating as soon as ‖λn+1
h − λnh‖L2 ≤ 10−4, nit being the corresponding

number of iterations; for r we tookμ/g2. Forh = 1/64 (resp., 1/128 and 1/256),Th consists of 1976 (resp., 7,945 and 31, 690) triangles
and has 1,039 (resp., 4074 and 16,047) vertices. The results shown in Table 1 (and Fig. 2) suggest that ‖uh − u‖L2(Ω) ≈ O(h2),
while ‖∇(uh − u)‖(L2(Ω))2 ≈ O(h); these results are consistent with error estimates proved in, e.g., [10].

The results shown in Table 2 concern the same test problem and have been obtained using the same triangulations than above.
On the other hand for these computations we have used the nested iterative method obtained by combining the (pseudo-) time
discretization schemes (87) and (88) (initialized with λ0

h = 0) with algorithm (90)–(92) (initialized with λnh,0 = λn−1
h ). We took


τ = 2μ/g2, r = 
τ/2, and stop iterating as soon as ‖λnh − λn+1
h ‖L2 ≤ 10−4 (outer iterations) and ‖λnh,k+1 − λnh,k‖L2 ≤ 10−5

(inner iterations) (other stopping strategies are possible). The numbers in the nit column correspond to outer iterations. We observe
that the approximation errors given in Table 2 are of the same order as those in Table 1.

Table 1
Numerical results obtained by the discrete variant of algorithm (61)–(63)

g h nit ‖uh − u‖L2 ‖∇(uh − u)‖L2

0.2 1/64 4 1.2206E − 004 1.0964E − 002
1/128 4 3.0895E − 005 4.9999E − 003
1/256 3 7.6938E − 006 2.7501E − 003

1.0 1/64 15 1.0071E − 004 2.1055E − 002
1/128 8 2.4395E − 005 1.0090E − 002
1/256 5 6.1040E − 006 5.1368E − 003

1.7 1/64 20 1.3162E − 004 1.8784E − 002
1/128 7 2.8520E − 005 8.0858E − 003
1/256 2 5.3213E − 006 4.0120E − 003

1.9 1/64 2 6.3682E − 005 1.1223E − 002
1/128 2 1.5250E − 005 4.8720E − 003
1/256 2 4.5102E − 006 2.4759E − 003

2.1 1/64 2 5.1227E − 015 5.2260E − 014
1/128 2 3.2679E − 014 3.1831E − 013
1/256 2 2.0857E − 013 2.0147E − 012
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Fig. 2. Variation of ‖u− uh‖L2(Ω) vs. h for g = 1 (log scales).

Table 2
Numerical results obtained by the discrete variant of algorithm (87), (88), (90)–(92)

g h nit ‖uh − u‖L2 ‖∇(uh − u)‖L2

0.2 1/64 3 1.2213E − 004 1.0959E − 002
1/128 3 3.0872E − 005 4.9971E − 003
1/256 3 7.6864E − 006 2.7502E − 003

1.0 1/64 14 1.0055E − 004 2.1043E − 002
1/128 7 2.3587E − 005 1.0061E − 002
1/256 5 5.8432E − 006 5.1390E − 003

1.7 1/64 20 1.2672E − 004 1.8807E − 002
1/128 7 1.9826E − 005 8.1015E − 003
1/256 6 4.8495E − 006 4.1762E − 003

1.9 1/64 7 1.0990E − 004 1.1936E − 002
1/128 7 1.7497E − 005 5.3066E − 003
1/256 7 4.6899E − 006 2.6584E − 003

2.1 1/64 7 3.3682E − 017 3.8609E − 016
1/128 7 2.1175E − 016 2.0748E − 015
1/256 7 2.3071E − 015 2.2257E − 014

Finally, we have shown in Table 3 (and Figs. 3 and 4) the results obtained using a discrete variant of the
Penalty/Newton/Uzawa/conjugate gradient method discussed in Section 7.5. The computations have been done taking h = 1/128
and varying g and the penalty parameter ε. The Newton’s (resp., Uzawa/conjugate gradient) iterations have been initialized with
λ0
h = 0 (resp., p0

h = 0) and (using Section 7.5 notation) we took tol1 = 10−6 and tol2 = 10−4 in the stopping criteria. In Table 3, nit
is the number of Newton’s iterations necessary to achieve convergence. We observe that the number of Newton’s iterations decreases
with g; this property was expected since the size of the fluid region (where |λ(x)| = 1) is a decreasing function of g, everything
else being the same; on the other hand, the number of Uzawa/conjugate gradient iterations stays around 5, for the values of g and ε
considered here. Fig. 3, which corresponds to g = 1, suggest that for ε moderately small ‖uh,ε − u∗

h‖L2(Ω) varies like
√
ε (which is

what was expected), while it stays constant for smaller values of ε. We suspect that to recover the
√
ε behavior, for the very small

values of ε, we should use smaller tolerances in the stopping criteria of the various iterative methods used to compute uh,ε and u∗
h

(u∗
h is the approximate solution computed via algorithm (61)–(63)). In Fig. 4, we compare, for g = 1, the exact solution with the

approximated ones, obtained with h = 1/128 and various values of ε; we observe that the condition ∇u = 0 is well approximated
in the rigidity region.

We will conclude this discussion, concerning the numerical simulation of Bingham flow in cylinders by mentioning that,
if one is interested by the steady state solution only, it may be advantageous to consider the following (non-physical) initial
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Table 3
Numerical results obtained by the penalty/Newton/ Uzawa/conjugate gradient method of Section 7.5 for h = 128 (u∗

h
is the corresponding solution obtained by the

related discrete variant of algorithm (61)–(63))

g ε nit ‖uh,ε − u∗
h
‖L2 ‖uh,ε − u‖L2 ‖∇(uh,ε − u)‖L2

0.2 1E-003 19 5.4330E − 004 5.4523E − 004 7.2570E − 003
1E-005 19 6.7749E − 005 7.5271E − 005 5.0353E − 003
1E-007 19 4.5020E − 005 5.5144E − 005 5.0137E − 003

1.0 1E-003 11 3.2531E − 003 3.2621E − 003 3.6440E − 002
1E-005 11 3.9400E − 004 4.0331E − 004 1.0732E − 002
1E-007 11 2.4255E − 004 2.5211E − 004 1.0257E − 002

1.7 1E-003 9 1.3728E − 003 1.3978E − 003 2.6178E − 002
1E-005 6 3.8398E − 004 4.0890E − 004 1.0300E − 002
1E-007 6 3.6026E − 004 3.8519E − 004 1.0092E − 002

1.9 1E-003 11 3.8816E − 004 4.0174E − 004 1.4630E − 002
1E-005 4 1.4912E − 004 1.6300E − 004 6.4455E − 003
1E-007 4 1.4636E − 004 1.6024E − 004 6.4008E − 003

2.1 1E-003 2 3.2679E − 014 2.6906E − 028 2.7906E − 027
1E-005 2 3.2679E − 014 2.6728E − 028 2.7729E − 027
1E-007 2 3.2679E − 014 2.6958E − 028 2.7919E − 027

Fig. 3. Variation of ‖uh,ε − u∗
h
‖L2(Ω) vs. ε for h = 1/128 and g = 1.

value problem:

u(0) = u0(∈ H1
0 (Ω)),

∫
Ω

∇(∂tu) · ∇(v− u) dx+ μ

∫
Ω

∇u · ∇(v− u) dx+ g

[∫
Ω

|∇v| dx−
∫
Ω

|∇u| dx

]

≥ C

∫
Ω

(v− u) dx, ∀ v ∈ H1
0 (Ω), (151)

where dC/dt = 0. Indeed, suppose that u∞ is the solution of the corresponding steady state problem (52); it is then fairly easy to
prove that

‖u(t) − u∞‖H1
0 (Ω) ≤ ‖u(t) − u∞‖H1

0 (Ω) exp−μt, ∀ t ≥ 0, (152)

a stronger convergence result than the one given by (23) in Section 5. We refer to [12] concerning the practical implementation of
the above approach (which is no more complicated to implement than the one based on (17)).
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Fig. 4. Graphs of the exact solution (−) and of the approximated solutions restricted to a diameter of Ω for ε = 3 × 10−2 (– – –), 10−3 (–·–·–) and 10−5 (· · ·)
(h = 1/128 and g = 1).

11. Bingham flow in cavities

11.1. Generalities

The modeling of multidimensional Bingham flow can be found in Section 2. From now on, we will assume that Ω is a bounded
region of R

d (with d = 2 or 3). The numerical simulation of such flow has been addressed in, e.g., ([7], Chapter 10), [27,28] (see
also the references therein). In this article, we will briefly review the operator-splitting based methodology discussed in the three
above references and present some numerical results obtained with it. Before describing the above methodology, let us mention

that a popular approach to overcome the difficulties associated with the non-differentiability of the functional v →
∫
Ω

|D(v)| dx is

to approximate the problems (1)–(5) and (6)–(9) by regularization; among the various possible regularization procedures, the one
below is classical

�[∂tuε + (uε · ∇)uε] = ∇ · σε + f inΩ× (0, T ), (153)

∇ · uε = 0 inΩ× (0, T ), (154)

σε = −pεI +
√

2gD(uε)
(ε2 + |D(uε)|2)1/2 + 2μD(uε), (155)

uε(0) = u0, (156)

uε = uB onΓ × (0, T ). (157)

The main drawback of the above regularization procedure is that it does not have the property that u(t) reaches the value 0 in finite time
if f = 0 (unlike the solutions of (1)–(5) and (6)–(9)). We will not investigate furthermore the regularization approach associated with
(153)–(157). Instead, in the following sections, we will discuss the solution of problem (6)–(9) via a time-discretization by operator-
splitting; with this approach (already investigated in Refs. ([7], Chapter 10), [27,28]) we will be able to solve problem (6)–(9) via
a methodology closely related to various methods used for the solution of the Navier–Stokes equations modeling incompressible
Newtonian viscous flow (i.e., those equations obtained by taking g = 0 in (1)–(5) and (6)–(9)).

11.2. Time-discretization of problem (6)–(9) by operator splitting

There are many ways to discretize problem (6)–(9) by operator splitting. Among the many possible schemes, we will discuss only
one, of the Marchuk–Yanenko type (see ([7], Chapter 6) and the references therein); this scheme reads as follows (with, as usual,
tn+α = (n+ α)
t):

u0 = u0; (158)

then, for n ≥ 0, un being known, we compute {un+1/3, pn+1}, un+2/3 and un+1 as follows:
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Solve the generalized Stokes problem

�


t
(un+1/3 − un) − μ

2
∇2un+1/3 + ∇pn+1 = fn+1(= f(tn+1)) inΩ, ∇ · un+1/3 = 0 inΩ,

un+1/3 = un+1
B (= uB(tn+1)) onΓ, (159)

then the transport problem

∂tu + (un+1/3 · ∇)u = 0 inΩ× (tn, tn+1), u(tn) = un+1/3, u = un+1
B onΓ n+1

− × (tn, tn+1), (160)

and set

un+2/3 = u(tn+1); (161)

finally, solve the elliptic variational inequality problem

un+1 ∈ (H1(Ω))d, un+1 = un+1
B onΓ, �

∫
Ω

(un+1 − un+2/3) · (v − un+1) dx+ μ
t

2

∫
Ω

∇un+1 : ∇(v − un+1) dx

+ g
√

2
t[j(v) − j(un+1)] ≥ 0, ∀ v ∈ (H1(Ω))d, v = un+1
B onΓ ; (162)

in (160) we have Γ n+1
− = {x|x ∈ Γ, (un+1

B · n)(x) < 0}, n being the outward unit normal vector at Γ . Closely related operator
splitting techniques have been used in [27] for the simulation of Bingham flow in two dimensional square cavities.

Remark 13. It follows from, e.g., ([10], Chapters 1 and 2) that the variational inequality problem (162) has a unique solution
characterized by the existence of a d × d tensor-valued function λn+1 such that

�


t
(un+1 − un+2/3) − μ

2
∇2un+1 − g

√
2∇ · λn+1 = 0 inΩ, un+1 = un+1

B onΓ, λn+1 ∈ (L∞(Ω))d×d, λn+1 = (λn+1)t ,

|λn+1(x)| ≤ 1 a.e. onΩ, λn+1(x) : D(un+1)(x) = |D(un+1)(x)| a.e. onΩ. (163)

The multiplier λn+1 is not necessarily unique.

11.3. On the computer implementation of scheme (158)–(162)

There is no room in this review article to give a detailed discussion of the computer implementation of scheme (158)–(162) (if
one takes g = 0 in step (162) one recovers a solution method for the Navier–Stokes equations modeling incompressible Newtonian
viscous flow); such a discussion can be found in ([7], Chapter 10) and [28]. In the present article, our discussion will be limited to
the following comments:

(1) After an appropriate space discretization, the generalized Stokes problem (159) can be solved efficiently by an Uzawa-conjugate
gradient algorithm, preconditioned by discrete Poisson–Neumann solvers. A detailed discussion of these Stokes solvers (includ-
ing an historical account) can be found in, e.g., ([7], Chapter 5).

(2) To solve the transport problem (160), we have advocated in ([7], Chapter 10) and [28] its equivalence with the following
wave-like equation problem (written directly in variational form):

Find u such that∫
Ω

∂2
t u · v dx+

∫
Ω

(un+1/3 · ∇)u · (un+1/3 · ∇)v dx+
∫
Γ \Γ n+1

−
(un+1/3 · n)(∂tu · v) dΓ = 0,

∀ v ∈ Vn+1
0,− , a.e. on (tn, tn+1), u = un+1

B onΓ n+1
− × (tn, tn+1), u(tn) = un+1/3, ∂tu(tn) = −(un+1/3 · ∇)un+1/3,

(164)

with the test function space Vn+1
0,− defined by

Vn+1
0,− = {v | v ∈ (H1(Ω))d, v = 0 onΓ n+1

− }.
The solution of problem (160), via its equivalent formulation (164), has been discussed at length in [7], where it has been
validated by the results of numerical experiments for a large variety of two and three dimensional test problems. In particular,
the space-time discretization of problem (164) by a combination of finite element space approximations and well-chosen finite
difference time discretization schemes is relatively easy to implement and leads to non-dissipative and accurate methods (see,
e.g., [7], and the references therein, for details).
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Fig. 5. Dividing K belonging to Th to define Th/2.

(3) Problem (162) is a trivial vector-valued variant of problem (58) in Section 7.3, implying that the various methods we have
considered for the solution of (58) are easy to modify in order to solve (162). Some of the methods resulting of these modifications
are described in, e.g., ([7], Chapter 10) and [28].

(4) Concerning the space discretization of problem (500)–(504), we have relied, in Refs. [7,28], on a variant of the well-known
Bercovier–Pironneau finite element approximation. Assuming, for simplicity, thatΩ is a polygonal domain of R

2, one uses the
following finite element spaces to approximate pressure and velocity, respectively:

Ph = {q | q ∈ C0(Ω̄), q|K ∈ P1, ∀K ∈ Th}, Vh = {v | v ∈ (C0(Ω̄))2, v|K ∈ (P1)2, ∀K ∈ Th/2},
where-as usual- P1 is the space of the polynomials of two variables of degree ≤ 1, and where Th/2 is the triangulation of Ω,
obtained from the pressure triangulation Th by joining the mid-points of the edges of its elements (as shown in Fig. 5, below).

We observe that it is easy to compute j(v), ∀ v ∈ Vh, since (from the definition of Vh) we have D(v|K) ∈ (P0)2×2, ∀K ∈ Th/2,
and therefore |D(v|K)| ∈ P0 (with P0 the space of the constant functions of two variables), which implies in turn that

j(v) =
∫
Ω

|D(v)| dx =
∑
K∈Th/2

meas.(K)|D(v|K)|, ∀ v ∈ Vh.

There is no need thus for numerical integration to compute j(v). The finite element approximation of the sub-problems (159) (160)
and (162), and the solution of the resulting fully discrete problems is discussed in Refs. [7,28].

11.4. Numerical experiments and further comments

The computational methodology (briefly) discussed in Section 11.3 has been applied to the solution of problem (6)–(9), assuming
that:

Fig. 6. A uniform triangulation of Ω.
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Fig. 7. Variation of the kinetic energy.

Fig. 8. Streamlines of the computed velocity field at steady state.

(1) Ω = (0, 1) × (0, 1), Γ = ∂Ω.
(2) � = 1, μ = 1, g = 1.
(3) ΓN = {x | x = {x1, x2}, x2 = 1, 0 < x1 < 1} and (sliding upper boundary)

uB(x) =
{

0 if x ∈ Γ \ ΓN,
16{x2

1(1 − x1)2, 0} if x ∈ ΓN
(165)

(4) u0 = 0.

Remark 14. The methodology discussed in Sections 11.2 and 11.3 is robust enough to handle without additional difficulties the
case where uB given by (165) would be replaced by

uB(x) =
{

0 if x ∈ Γ \ ΓN,
{1, 0} if x ∈ ΓN.

(166)



60 E.J. Dean et al. / J. Non-Newtonian Fluid Mech. 142 (2007) 36–62

Fig. 9. Visualization of the computed plastic (white) and rigid (black) regions at steady state.

Fig. 10. Graph of |λh| (λh is the computed approximation of λ ).

The regularization associated to (165) is a classical one in the context of wall driven cavity flow, which is the main reason why we
used it here.

The results shown below have been obtained using for Th a uniform triangulation like the one shown in Fig. 6, below, but with a
smaller space discretization step, namely 
x1 = 
x2 = 1/64; for the time discretization, we took 
t = 10−3.

On Fig. 7, we have visualized the time variation of the computed kinetic energy; it is clear from this figure that we have fast
convergence to a steady flow. On Fig. 8 we have shown the streamlines of the (quasi) steady-state solution. The rigidity (black) and
plastic (white) regions have been visualized on Fig. 9. The rigidity region is the one where D(u) = 0; it reconnects tangentially with
the boundary ofΩ in the two lower corners, as shown in the above figure, and in Fig. 10 where the graph of the function x → |λ(x)|
has been visualized (we recall that |λ(x)| = 1 in the plastic region). The above results are in good agreement with those reported in
[27].

To conclude the presentation of the results associated to the test problem under consideration, we will report on the following
numerical experiment: with u0, μ, g and uB as above, we solved – approximately – problems (6)–(9) up to t = 0.05; let us denote
by uh(0.05) the approximate velocity at t = 0.05. At t = 0.05, we froze the motion of the upper wall implying that for t > 0.05 the
Bingham flow is still modeled by (6)–(9) completed by the boundary condition

u(t) = 0 onΓ, if t ≥ 0.05,
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Fig. 11. Variation of the kinetic energy vs. time after the sliding of the upper wall has been stopped at t = 0.05.

with uh(0.05) as initial condition at t = 0.05. Fig. 11 suggests that the flow behaves as expected, namely, the fluid returns to rest in
finite time. The kinetic energy behavior observed in the above figure is consistent with the one reported in [5,11,30], concerning the
solution of a closely related test problem (in the three above references the solution was computed using an equivalent stream-function
formulation of problem(6)–(9), coupled to a variant of the augmented Lagrangian algorithm (128)–(131)).

12. Conclusions

Various computational methods for the numerical simulation of Bingham visco-plastic flow have been discussed in the preceding
sections of this article. Since some of them still have to be tested for multi-dimensional flow in general geometry, the authors
do not think they have enough practical experience to give strong advices on which method has to be used. Actually picking a
method among others largely depends on the existing software the potential user has access to. At that stage let us say that the
Penalty/Newton/Conjugate Gradient method discussed in Section 7.5 looks promising to us and we intend to apply it in the near
future to the solution of problems more complicated than flow in cylinders.
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