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Abstract

Free surface flows are pervasive in engineering and biomedical applications. In many
interesting cases—particularly when small length scales are involved—surface forces
(capillarity) dominate the flow dynamics. In these cases, computing the flow together
with the shape of the surfaces requires specialized solution techniques. This arti-
cle investigates the capabilities of an operator splitting/finite elements method at
handling accurately incompressible viscous flow with free surfaces at low capillary
numbers. The test case of flow in the downstream section of a slot coater is used
for three reasons: (1) it is an established benchmark; (2) it represents an idealized,
yet industrially relevant flow; (3) high-fidelity results obtained with monolithic al-
gorithms are available in literature. The flow and free surface shape attained with
the new operator splitting scheme agree very satisfactorily with the results obtained
with monolithic solvers. Because of its inherent computational simplicity, the new
operator splitting scheme is attractive for large-scale simulations, three-dimensional
flows, and flows of complex fluids.
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PACS:

1 Introduction

The numerical simulation of free surface flows has many applications in science
and engineering. Examples include coating flows, ink-jet printing and polymer
processing. In these applications, the dynamics of the free surface flow is domi-
nated by the competition of surface tension and viscous forces. Strong capillary
pressure changes occur at curved free surfaces; these shape-dependent terms
occur in the momentum balance equation through the boundary conditions
and couple the equations of the flow and domain shape very tightly, making
their numerical solution difficult [8,9,15].

To date, only fully-coupled algorithms have been shown to be stable and/or
accurate when capillary forces dominate—see, e.g., [8,15]. However, these
approaches require the solution of a large system of coupled nonlinear al-
gebraic equations, which can become cost-ineffective, particularly for three-
dimensional flows.

In this paper, we describe a partitioned algorithm based on an operator split-
ting technique which can be used to solve free surface flows at low capillary
numbers, which imply strong capillary effects. The operator splitting tech-
nique [2,10] allows us to decouple the nonlinearities of the problem and then
treat them independently using suitable numerical solvers, convenient space
approximations and different time steps.

A careful choice of the methods used to solve each substep is crucial in order
to achieve the desired accuracy. The main features of our approach are the
following.

(1) The advection steps are solved using a wave-like equation method. This
approach has proved to handle successfully both structured and unstruc-
tured meshes, and it appears to be less dissipative than the usual method
of characteristics or than those based on upwinding [2,4,5,11].

(2) Generalized Stokes problems precede and follow the advection steps, in
order to ensure that the velocity field is divergence-free and smooth out
the solution. These substeps can be solved via conjugate gradient meth-
ods, see e.g. [2].

(3) The time step for each subproblem can be chosen independently, and, in
particular, a smaller time step is chosen for the advection steps.

This methodology was used in [4] to study Hopf bifurcation for a flow down
an inclined plane. In the present article we show that our splitting algorithm



-
0 u=(1,0)

Fig. 1. Sketch of the flow domain in the downstream section of a slot coater

succeeds in computing with very good accuracy the steady flow of a Newtonian
fluid in a slot coater at capillary number C'a = 0.1 (conventional partitioned
algorithms fail at Ca < 1 in this problem [15]). The steady profile of the free
surface is virtually identical to that computed in Ref. [12] with a monolithic
method (and tested against the pioneering work of [14] that introduced fully-
coupled ALE-FEM methods).

The paper is organized as follows. In Section 2 we present the mathemati-
cal formulation of the problem, while the time and space discretizations are
described in Section 3. Numerical experiments are discussed in Section 4.

2 Mathematical formulation

In the downstream section of a slot coater an incompressible viscous fluid occu-
pies the two-dimensional time-dependent region of space €2(t) whose boundary
is given by 0Q(t) = 'y UT'1(¢) UT'(¢), as shown in Figure 1. The portion Iy
of the boundary is fixed, while I'(¢) and I';(¢) are free surfaces, meaning that
they depend on time and their location is not given a priori.

Let us consider a Cartesian frame of reference (O, x1, x2), as shown in Figure
1. We assume that the free surface I'(t) admits a Cartesian representation at
each instant of time so that it can be described by the time-dependent function
n(z1,t). This allows us to write

[(t) ={x=(21,20) €R?* : 21 € (0,L), 20 = n(x1,1)}, (1)
[1(t) = {x=(21,13) €R® : 21 =L, 25 € (0,n(L,1))}. (2)

We remark that I'y(¢) is a vertical segment of variable length.



The fluid flow is modeled by the Navier-Stokes equations

V-u=0 inQ(t) x (0,7) )
oldju+ (u-V)ul =V.-o+f inQt) x(0,7),

where u = (uq,us) is the velocity of the fluid, g is the fluid density, o is the
stress tensor defined as & = —plI + 2uD(u), where p is the pressure, p is the
viscosity and D(u) = (Vu + (Vu))/2 is the rate-of-strain tensor, where the
superscript ¢ means transpose, and f is the external force density. Here 0,
denotes the partial derivative with respect to time, while V = (0y, 0s) is the
gradient with respect to the spatial variables.

At I’y we prescribe the velocity of the fluid, while on I';(¢) we prescribe zero
stress, leading to the conditions

u=gy on 1% (0,7), en=0 on I'1(t)x (0,7), (4)

where g is a given function of x and t.

Remark 1. Several choices are available for the boundary condition at the out-
let section T'1(t). A common choice is to assume fully developed flow, namely
n-Vu=0, as in [12]. In this paper, we use the zero stress condition because
it 1is easier to implement and it leads to similar results as the fully developed
flow condition if, at the discrete level, one considers that capillary forces do
not act on the corner point at the intersection between I'(t) and I'y(t).

The free boundary T'(t) represents the interface between the fluid and the
external ambient and it is made of fluid particles. In order to ensure that
the fluid particles do not cross the surface we need the following kinematic
condition

om+u0m—us =0 on I'(t) x (0,7), with n(0,t) = H. (5)
An additional condition is needed to establish the balance of stress
on = sH(n(xy,t))n on I'(t) x (0,T), (6)

where n = (=011, 1)/1/1+ |01n|? is the outward unit normal vector, s is the
surface tension (which is assumed to be positive and constant), and H(n(x1,t)) =
9?1/ (1 +101m|*)3/? is the curvature.

To complete the formulation of the problem, initial conditions should be pre-
scribed for the velocity of the fluid and the shape of the domain:

u(x,0) =up(x) with V-uy=0, n(x1,0)=mno(x1). (7)



In order to write the variational formulation of the problem (3)-(7) we intro-
duce the following functional spaces:

Vo () ={v | v € (H(Q1)))*,v = go on T}, (8)
Vo(Q(t)) = {v|v e (H'(Q(t)))*,v="0o0nTo}, (9)
Su= A{olo€H'(0,L), ¢(0)=H}, (10)
So={oloeH'(0,L), ¢(0)=0}. (11)

Now, we multiply equations (3),, (3), and (5) by the test functions ¢ €
L2(Q(t)), v € V() and ¢ € Sy, respectively (we use the notation ()
to denote the function = — @(x,t)). The resulting equations are integrated
over €(t) to obtain the variational formulation of (3)-(7):

For a.e.t >0, findu(t) € Vg, (1)), p(t) € L*(Q(¢)), n(t) € Sy such that

Q/ da-vdx+ o (u-V)u-vdx+2u D(u) : D(v) dx
Q(t) Q) Q)

[ pV.ovdx= f-vdx+s/ H(n(xr, ) - v dT(1), Wv € Vo(Q(1)),
Q(t) Q(t) I'(t)

/ gV -udx =0, Yg € L2(Q(1)),
Q(t)
L L
| om e day+ [ (uiledn — uslr) 6 day = 0, V6 € S,

u(x,0) = uy(x), with V-ug =0, and n(x1,0) =no(z1).
(12)

Remark 2. Rather than imposing a contact angle between I'y and T'(t), we
choose to pin the free surface to mimick the effect of a sharp corner on a
surface. At a sharp corner (radius of ~ 25um), a liquid can move by a small
amount and adjust within a broad range of angles to assume its equilibrium
value. This is how contact lines are pinned in practice. Indeed, the velocity field
has a discontinuity at the contact line, which induces infinite velocity gradients
(and hence stress), see e.g. fig. 16 in [12]. However, this phenomenon occurs in
several well-known problems in computational fluid-dynamics, such as the wall-
driven flow in a square cavity. In the cavity flow, the solution loses reqularity
at the corners and, stricly speaking, the solution is not in H'. Nevertheless,
numerical experiments show that the H'—theory can be successfully applied for
the numerical solution of the flow problem [2,7].

Remark 3. The choice of Sy and Sy given by (10) and (11) is justified by



the following integrations by parts:

L
s [ Hmon dD(t) = —s (14 0mf) 0wy day, (13)
I'(t) 0

L
s [ HOnvana dU () = =5 [~ o1+ o) 20 ey (14)
I(t) 0

Here the x:- diﬁerentiation on n is transferred on the two components of the
test function v. Both (13) and (14) assume that v -7 = 0 at ['y(t) N ['(¢),

where T = (1,01m)/1/1 + \817]|2

Problem (12) is defined on the domain (¢) which changes in time and is not
known a priori. Therefore we are going to reformulate problem (12) into a
fixed reference domain.

Let (A¢)te(o,r) be a family of mappings which at each time ¢ € (0,7") map the
current domain §(¢) onto the reference domain © = (0, L) x (0, H) defined by

A Q) cR? — QcCR?

§1 =1 (15)
x = (1,22) — &= (&,&) = A(x) = H
§o = T2,
77(931>t)
as sketched in Figure 2. We observe that I'(¢) is mapped into
F={¢=(6.&) R & € (0,L), &= H}, (16)
while T';(t) becomes
I ={¢=(4.&) eR[& =L, &€ (0,H)) (17)

The Jacobian matrix J of this transformation and its determinant J are given

J=Jn) = & g | J:J(n):n(&,t)' (18)
(&, ) (1) n(&,t)

It is clear that this transformation is well defined as long as 7(&;,t) > 0 or,
in other words, as long as the free surface does not touch the bottom. Let
f = f(x,t) be a function defined on Q(t) and f = f(&,t) = f(A;7'(€),t) the
corresponding function defined on €. Due to the change of variables, we have

/Q(t) F(x,t) dx = /@f(é,t) Jde. (19)
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Fig. 2. A; maps the the current domain €(t) into the reference domain Q.
Moreover, it follows from the chain rule that
Of =0f —w-VF, (20)

where V = J7'V and the domain velocity w is given by

e &
W(Eat) - at&g_ n(£1,t)am(€l’t)e2 (21)
= (€ (& 1)) — w (€ (&, 1), )m(E, 1) e

n(&1,1)

The last step is a consequence of the kinematic condition (5) and we used the
notation ey = (0,1).

Using (19) and (20) , problem (12) becomes:

For a.e.t >0, find a(t) € Vg, (), p(t) € L*(Q), n(t) € Sy, such that
o [0t v I(n)dg o [ (w-V)a-v I+ o [ (- V)a-vJ(n)dg
+2p [ D(w) : D) J)dé ~ [pV ¥ Jn)dg = |3 I(n)dg

L ~
s 1) (ial6r, H) = 51(6, )0 ) déa, W9 € Vo(Q),
0
/ﬁﬁ aJ(n)dé =0, ¥g € L2(Q),
/OL O & de, + /OL(al(gl, H, )0 — is(61, H, 1)) 6 déy = 0, Y € S,
W(€,0) = (&), with V -ty =0, and 1(&,0) = no(&1) .

N N N (22)
Here we used the notation D(i) = (Vu + (Vu)!)/2.



3 Time and space discretizations

The numerical solution of problem (22) contains three main difficulties: (a) the
incompressibility condition and the related unknown pressure, (b) an advec-
tion term associated to the velocity of the fluid, (¢) an advection term associ-
ated to the velocity of the domain. The difficulty associated with the unknown
location of the free boundary has been removed through the transformation
defined by (15). A time discretization by operator splitting allows to decouple
the difficulties of the problem and to treat each of them with an appropriate
method. Moreover it makes possible to update the location of the free bound-
ary as a sub-step, avoiding costly sub-iterations between the location of the
free surface and the solution of the Navier-Stokes equations. Among the many
possible versions, we advocate a very simple operator splitting method which
is first-order accurate [10]. The low order accuracy is compensated, actually,
by easy implementation and less cost in computational time.

Let At be the time discretization step and t" = nAt, 0" = a(t"), p" = p(t"),
n™ =n(t"). For n > 0, @™ and n" being known, the scheme consists of solving
the following problems.

(1) Find a"+'/5 € Vg, (Q) and p"*/5 € L*(Q) such that

ﬁn—l—l ﬁn

/5 _ — -~
o [ VIO dg + pu [ D@ ) - D(¥)J (")

O ; 0 (23)
+s/0 H(nn) <ﬁ2(€17 H) - @1 (517 H)alnn> d€1> Vv e ‘/O(Q) )

/ﬁcﬁ S J(gde =0, Vg e LA(9).

(2) Find a"™° ¢ V() via the solution of the following pure advection
problem in Q x (", ¢"!)

/aétﬁ v J(n")d§ + /ﬁ(fl"+1/5 N)a-v J(")dE =0, Vv e Vs

ﬁ(tn) — An+1/57

at) = a5 on 9QntL/5— x (t",t"+1),
(24)
and then set 4"2/°> = @ (¢"!). The functional spaces introduced here are

defined as follows



V(Q) = {v|ve(H (),
Vrtss — {vve (H'(Q)% v=0 on aQ*+/51,

OOMH5— = (€] & € 90, a"t5(€) - a(g) < 0},
3) Find a"*3/5 € V,, (Q) and pt3/5 € L2(Q) such that
g0

ﬁn+3/5 _ ﬁn+2/5 - g
0 /ﬁ < N TV dE + /§D<ﬁ"+3/5> D) J(")de

—/ﬁp"”/ﬁ NV I()dE =0, W9 e Vo(Q),

/ﬁcﬁ S J()de =0, Vg e LAQ).
(25)

(4) Find a"/ € V(Q) via the solution of the following pure advection
problem in Q x (¢7,¢t"+1)

/Aatﬁ Y J (M) dE — //\(Wn+3/5 ’v\)ﬁ v I()dE =0, Vv e ns/ot
Q 9)

() = antsss |

ﬁ(t) — {yn+3/5 on a@n+3/5,+ % (tn’tn—i-l)’
(26)
and then set 0"*4/5 = a(t"*!) and pntY/° = pntl/® 4 pnt3/5 Here

Wn+3/5(€) _ % [ag+3/5(£1’ H) . ﬂ?+3/5(£1’ H)&ln"(&)} €9, (27)

and
WnHs/5+ = {v|v e (H(Q)% v=0 on 0Q+35+}
oot = (€] € € 00, wr(€) - n(€) > 0},

(5) Find the new position of the free surface n"™' € Sy by solving the fol-
lowing problem in (0, L) x (", t"*1)

L L
| omedes+ [ @ 6 Hom — i (6, 1) odga = 0, Vo € S,

n(&1,t") =n"(&).
(28)



The new physical domain 2"*! is obtained from the reference domain Q
through the mapping .At_nil defined as:

bt ! QCcR2 — Q" cR?
1 =& (29)

€= (61,8) = x=(11,12) = 77”“(51)
To = H 52 .

The velocity u"*! and the pressure p"*! defined on the new domain Q"+!
are obtained as follows

u”+1(:131,:L'2) — A”+4/5(1'1,H:L'2/77n+1(1'1)), ( )
30

Py, 20) = PP (g, Hag /" (7)),

where (1, x,) € Q"

We remark that in (23)-(26) V = J~*(5")V and that indeed it is much easier to
solve the sub-problems (23)-(25) in their equivalent formulation in the physical
domain Q™ (which is fixed from the way the problem was splitted). Moreover,
problems (23) and (25) can be significantly simplified by noticing that

I H ¢
D(u) : D(v)d :—/ . Vvdx+ L Vv d 1
“ /Q DD dx=5 [ Vu:Vvix+§ [ (Vu)': Vvdx, (31)

and then evaluating the last integral in (31) at the previous fractional step.
Problems (23)-(25) are then modified as follows.

(1) Find u™/% € Vg, (") and p"t/° € L2(Q") such that
un+1/5 —u”
¢ Jan At

= s/ Hn")n-vdl™ + [ 7. vdx
n on

-vdx + g Vu't  Vvdx — | pttYOV - vdx
an an

—g QH(Vu")t :Vvdx, Vv e Vy(Q"),

LAV u"Pax =0, Vge L*(Q").

(32)
(2) Find u"*?5 € V(Q") via the solution of the following pure advection
problem in Q" x (¢, t"+1)

10



Ou-vdx+ [ (@ Vyuevdx =0, Vv eV,
Qn on

u(t") = w, (33)

u(t) =u"t5 on OOHY5T x (17 )

and then set u"2/®> = u(¢"*!). The functional spaces introduced here are
defined as follows

V() ={v|veH(Q)},
yrtl/e = {v|ve(H Q)% v=0 on 0Q"+1/5’_},
QAT = Ix | x € 9Q", "7 (x) - n(x) < 0}.

(3) Find u™3/% € Vi, (") and p"*3/5 € L2(Q") such that

n+3/5 _ 1 nt+2/5
/ v u vdx + E [ vurtds . vax — PPV L vdx
n At 2 Jon on
L

= =5 [ (Va2 Uvdx, v € 15(27),

mqV u"dx =0, Vqe LA(QM).
(34)

Then we define a"™/° by a"+3/5(¢;, &) = w"3/5(&, n™(&)&/H); amt3/P s
needed to solve problem (26).

At each time step, the subproblems (32)-(34) are solved in the domain Q"
which is clearly non-polygonal because of the curved portion I'” of the bound-
ary. To approximate velocity and pressure we use here an isoparametric version
(discussed in, e.g., [2], Chapter 5) of the Bercovier-Pironneau finite elements
method also known as the P, — iso — P, and P, finite elements approxima-

tion. This approximation was introduced in [1] and further discussed in, e.g.,
3,4,6,13].

The backward Euler’s method has been used to derive the time discretization
in (32) and (34). These problem can be seen as a “generalized” discrete Stokes
problem for which efficient solution methods already exist as shown in, e.g.,

2].

In order to solve the advection step (33) we use a wave-like equation method
[2,5,11]: this approach preserves the hyperbolic nature of advection, it intro-
duces low numerical dissipation and it is easy to implement. In particular, we

11



use here a second order accurate time discretization scheme which is discussed
in, e.g., [2], Chapter 6, and [11].

We use again the wave-like equation approach to solve the transport problem
(26). We observe that (26) does not contain z; differentiation of & and there-
fore the problem reduces to the solution of a family (infinite for the continuous
problem, finite for the discrete ones) of transport problems in one space di-
mension along the vertical direction. Then for & € (0, L), each component of
U is solution of a transport problem of the following form:

8S0 84,0 . n ygn+1

g a§28£2—0 on (0, H) x (t",t"),

(1) = o, (35)
o(H,t)=0b ifa>0,te(t" "),

with a and b constant with respect to & and t. The solution of this problem
is discussed in [4].

4 Numerical Experiments

We apply the method discussed in Sections 2 and 3 to the numerical simulation
of the flow in the downstream section of a slot coater. The basic action of
coating is to replace the gas at the surface of a solid substrate by a layer of
liquid. Here the substrate is represented by a rigid plane which is translating
along the horizontal direction at a fixed velocity u = (1,0), as sketched in
Figure 1. The flow of the fluid, initially at rest in the region above this plane,
is driven by a constant inlet flow rate and it is subject to capillary forces due
to the surface tension at the free boundary I'(¢).

The initial configuration of the fluid domain is the rectangle (Lg, L) x (0, H),
with Ly = —2, L =8 and H = 1 and an example of the triangulation of the
reference domain is reported in Figure 3. The location of the inlet and outlet
sections—which are synthetic boundaries—has been chosen far enough from
the interesting region of the flow that moving such boundaries further outward
does not affect the flow solution [12]. The inlet velocity profile is given by

(Lo, 72,t) = U2, t)ey = (3(1 — 2Q)a3 — 2(2 = 3Q)aa + 1)es,  (36)

where () is the flow rate per unit of width. The inlet velocity profile for @) = 0.3
is shown in Figure 4.

We solve the nonstationary problem and we follow the evolution of the system

12
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Fig. 3. Pressure mesh in the initial configuration of the flow domain.
to a stationary state, which is determined by the following condition

n

[u” —u™ ! L2y

<1077, (37)
[u™ | L2 (am)

In our numerical experiments, the boundary condition in (4) has the following
form

0 for Lo <21 <0, 29 =H
g0 =19 (U(x,t),0) for 1 =Ly, 0 <9 < H (38)
(1,0) for Lo<x1 <L, 25=0.

The values used for density, viscosity, surface tension and flow rate are p = 1,
u=1,s=10 and @ = 0.3, respectively. An indicator of the relative effect of
viscous forces versus surface tension acting at the free surface is the capillary
number, defined as Ca = uV /o, where V' is a characteristic velocity. Choosing
V =1 as the velocity of the translating plane, the capillary number for the
case considered here is Ca = 0.1, which indicates that the interfacial forces
due to the surface tension are stronger than the viscous forces in the flow.

The time evolution of the free surface profile is sketched in Figure 5, while the
streamlines of the flow at various instants of time, more precisely t = 0.25,
0.75, 1.5, 2, 3.5, 10.25, are portrayed in Figure 6. The system reaches a steady
state and the steady profile of the free surface is represented by the solid
line in Figure 7. In the same picture, we compare our steady profile with the
steady profile computed with a monolithic algorithm [12] (and tested against
earlier results, e.g., [14]) for the same values of the parameters. The agreement
between the results is very satisfactory.

The results presented here have been obtained for h, = 1/80, h, = 1/160,
At =5x107* and 7 = At/5, where h, and h, are the size of the meshes used
for pressure and velocity, At is the time step and 7 is the time sub-step used
for the advection sub-problems. The results of these simulations have been
tested with h, = 1/120, h, = 1/240, At = 2.5 x 107* and 7 = At/5, and we
obtained essentially the same steady free surface profile.

Acknowledgements.
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Fig. 6. Streamlines computed for t = 0.25, 0.75, 1.5, 2, 3.5, 10.25.
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Fig. 7. Comparison between the steady profile of the free surface computed with
a monolithic algorithm [12] (crosses) and the profile obtained with the splitting
algorithm described in this paper (solid line) for @ = 0.3 and Ca = 0.1—i.e., p = 1,
pn=1, s=10.
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