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1.1 Sets 9

It should be evident that the second part of the proof can be obtained from the first

simply by reversing the steps. That is, when each = is replaced by ¢=, a valid implication
results. In fact, then, we could obtain a proof of both parts by replacing = with <,
where & is short for “if and only if.” Thus

xEANBUO ®xEA and x€ (BUC(C)
<>xEA and xEB or xe€C
SrxEA and x€B, or x€A and xE€C
&SxEANB, or x€ANC
SxeANBUAMNC). |

Strategy E In proving an equality of sets S and T, we can often use the technique of showing that
§ € T and then check to see whether the steps are reversible. In many cases, the steps are
indeed reversible, and we obtain the other part of the proof easily. However, this method
should not obscure the fact that there are still two parts to the argiment: S€ Tand T € §.

There are some interesting relations between complements and unions or intersec-

tions. For example, it is true that

(ANB)Y =A'UB.

This statement is one of two that are known as De Morgan’st Laws. De Morgan’s other
law is the statement that

(AUBY =A'NB.

Stated somewhat loosely in words, the first law says that the complement of an intersection
is the union of the individual complements. The second similarly says that the complement
of a union is the intersection of the individual complements.

Exercises 1.1 ESSSyer s EnmmEass

True or False

Label each of the following statements as either true or false.

1.

U R

Two sets are equal if and only if they contain exactly the same elements.
If A is a subset of B and B is a subset of A, then A and B are equal.

The emply set is a subset of every set except itself.

A — A = O forall sets A.

AUA = AN A forall sets A.

fAugustus De Morgan (1806-1871) coined the term mathematical induction and is responsible for rigorously
defining the concept. Not only does he have laws of logic bearing his name but also the headquarters of the
London Mathematical Society and a crater on the moon.
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6. A C A for all sets A.
7. {a, b} = {b,a)
8. (a. b} = {b,a, b)
9. A— B=C — BimpliesA = C, forall sets A, B, and C.
10. A — B=A — Cimplies B = C, forall sets A, B, and C.
Exercises
1. For each set A, describe A by indicating a property that is a qualification for membership
in A.
a. A =1{0,2,4,0,8, 10} b. A= {I,—1}
c. A={—-1,-2-3...} d. A=1{1,491625,...}
2. Decide whether or not each statement is true forA = {2,7, 11} and B = {1,2,9,10, 11}.
a.2CA b. {11,2,7} <A
¢.2=ANBA8 d. {7,111} €4
e. ASHB A £ {7,11,2} =4
3. Decide whether or not each statement is true, where A and B are arbitrary sets.
a. BUACA b. BNACAUB
. JGA doeg
e. JE (T} f. @< (D}
g (D) h. (P} =0
i Jgeyd i 9R=%
4. Decide whether or not each of the following is true for all sets A, B, and C.
a ANA' =0 b.ANT=AUJ
. ANBUCO)=AUBNO) d AUBNC)=AUBUCY
e. AUBNCO)=(AUBNC L. ANBHUC=ANBUO
g AUBNC)=(ANCYUBNIO) h. ANBUCY=(AUBNMAUC)
5. Evaluate each of the following sets, where

U=1{0.1,23....,10}
A=1{0,1,234,5)
B =1{0,2.4,6,8. 10}

C=1{2,3,5T1}
a. AUB b. ANC c. AUB
d. ANBNC e. ANBNC f.AUBNO)
g. AN (BUC) h. (AUBY i.A—B
joB—A k. A—(B—C) L C—(B—-A)
m. (A — B)N(C — B) n{(A-BN@A-0C)

Sl Ay, I

Sec. 3.1, #37-39

Sec. 2.2, #33-36
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Write each of the following as either A, A", U, or &, where A is an arbitrary subset of
the universal set U.

a. ANA b. AUA
. ANA d AUA
e. AUJ f. ANJ
g ANU h. AUU
i yUA jJA-O
k. &' LU
m. (A" nJ—A
Write out the power set, P(A), for each set A.
a. A = {a} b. A = {0, 1}
c. A={a. b, c} d. A={1,2,3,4)
e. A= {1, {1}} f. A= {{1}}
g A= {J) h. A = {J. {D}}
Describe two partitions of each of the following sets.
a. {x|x is an integer} b. {a, b, c, d)}
c. {1,5,9,11, 15} d. {x|xis a complex number}

Write out all the different partitions of the given set A.

a. A= {123} b. A= {1,2,3,4)

Suppose the set A has n elements where n € Z*.

a. How many elements does the power set P(A) have?

b. If 0 = k = n, how many elements of the power set %(A) contain exactly k elements?

State the most general conditions on the subsets A and B of U under which the given
equality holds.

a.ANB=A b.AUB =A
. AUB=A d.ANB =A
e. ANB=1U f.ANB =0
g AUD =U hANU=Q

Let Z denote the set of all integers, and let
= {x|x = 3p — 2 for some p € Z}
B = {x|x = 3¢ + | forsome ¢ € Z}.
Prove that A = B.
Let Z denote the set of all integers. and let
C = {x|x = 3r — | for some r € Z}
D = {x|x = 3y + 2 for some s € Z}.

Prove that C = D.
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In Exercises 14-33, prove each statement.

14. ANBCAUB 15. A’y = A

16. fACBand BS C,then AC C. 17. ACBifandonly it B CA". :

18. AUBUC) = AUB)UC 19. AUBY = A'N B

20. ANBY =A'UB 2LAUBNC) =(AUBNMAUC)

2. ANA'UB) = ANB 23. AUMANB =AUB

24. AUANB) =ANAUB) 25. FACB, then AU CSBU C.

26. fACB.thenANC=BNC. 27.B—A=BNA’

28. ANB-A) =0 29. AU(B—A)=AUB

30. AUB)—C=(A—C)U(B- () 3.A-BUANB =A Definition 1.8
32, AcBifandonlyifAUB = B. 33. Ac Bifandonly ifANB = A.

34. Prove ordisprove that A U B = A U C implies B = C.
35. Prove or disprove that AM B = A N Cimplies B = C.
36. Prove or disprove that (A U B) = P(A) U P(B).

37. Prove or disprove that P(A M B) = P(A) N P(B).
38. Prove or disprove that P(A — B) = P(A) — P(B).

39. Express (A U B) — (A M B) in terms of unions and intersections that involve A, A', B,
and B'.

40. Let the operation of addition be defined on subsets A and B of U by A + B =
(AUB) — (AN B). Use a Venn diagram with labeled regions to illustrate each of the
following statements.

a.A+B=(A-BU(B-A)
b.A+B+C)=(A+B)+C :
CANB+CO)=ANB) +UANC).

A —— T

Definition 1.9

41. Let the operation of addition be as defined in Exercise 40. Prove each of the following
statements.

aA+A=0O b.A+ T =A4A

D P —

1.2 | Mappings

The concept of a function is fundamental to nearly all areas of mathematics. The term
function is the one most widely used for the concept that we have in mind, but it has be-
come traditional to use the terms mapping and transformation in algebra. It is likely that
these words are used because they express an intuitive feel for the association between the
elements involved. The basic idea is that correspondences of a certain type exist between
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the-domain of BEEERRT  Exercises 1.2 By s ooumrurmoomanmmes

True or False
Label each of the following statements as either true or false.

1. A X A = A, forevery set A.

2. A X @ = I, for every set A.

3. Letf: A — B where A and B are nonempty. Then f7!( f(5)) = S for every subset S of A.

4. Letf: A—> B where A and B are nonempty. Then f(f~/(T)) = T for every subset T of B.
5. Letf: A— B. Then f(A) = B for all nonempty sets A and B.
6
7
8
9

. Every bijection is both one-to-one and onto.

s, and B the . A mapping is onto if and only if its codomain and range are equal.
. Letg:A—Aandf: A— A Then (feg)a) = (g o f)a)foreveryainA.
. Composition of mappings is an associative operation.
Exercises
1. For the given sets, form the indicated Cartesian product.
a. AX B;A = {a, b}, B={0, 1}
b. B X A;A = {a, b}, B={0,1}
c. AXB;A=1{2,4,6,8}, B={2}
d. BXAA={1,59},B={-11}
e. BXA;A=B={1,23}
2. For each of the following mappings, state the domain, the codomain, and the range,
where f1 E - Z.
- a. f(x) = x/2,x EE b. fx) =x.x EE
notation is ¢ flx)=|x[.x€E d. fy=x+ LL.x€E
-~ ‘?“der J 3. For each of the following mappings. write out f(S) and f~(7) for the given § and 7,
onis uged, where f: Z — Z
ned by the ‘ '
but the x/ a. f(x) = |x;:S=Z - E, T={1,3.4}
x+ 1 ifxiseven
b. f(x) = S={0,1,5.9}, T=7Z - E
1ed that is J& {,\' if x is odd: 10,1..5.94
e [y =x18={-2-1,0.1.2},T={2.7, 11}
d. fx)y = |x| - ;85 =T={-7,-1.0.2,4}
4. For each of the following mappings f: Z — Z. determine whether the mapping is onto
and whether it is one-to-one. Justify all negative answers.
a. f(v) =2 b. f(x) = 3x
sing from . fxy=x+3 d. f(x)y = X

e. flv) = |xl f. f(x) = x — |x|
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) X if x1s even b f() X if x is even
. flx) = . fly =
g fl) 2 — 1 itxisodd x— 1 ifxisodd
X if xis even -
LA : i 0 x—1 ifxiseven
Sl = 3x — Sy = e
L/E LT_ if vis odd J 2x if x is odd
5. For each of the following mappings f: R — R, determine whether the mapping is onto
and whether it is one-to-one. Justify all negative answers. (Compare these results with
the corresponding parts of Exercise 4.)
a. flyx) = 2x b. f(x) = 3x
c. flxy=x+3 d. flx) = IS
e. fx) = |x] £ f() = x — |x|
6. For the given subsets A and B of Z, let f(x) = 2x and determine whether f: A — B is
onto and whether it is one-to-one. Justify all negative answers.
a. A=72Z B=E b. A=E, B=E ,
7. For the given subsets A and B of Z. let f(x) = |x| and determine whether f: A —Bis
onto and whether it is one-to-one. Justify all negative answers.
a. A=17Z,B=17"U{0} b.A=2".B=1
c.A=12".B=127" d. A=7Z- {0}, B=17"
8. For the given subsets A and B of Z, let f(x) = |x + 4| and determine whether f: A — B ;
is onto and whether it is one-to-one. Justify all negative answers. ;
a. A=Z,B=1 b.A=27",B=1" ‘
9. For the given subsets A and B of Z, let f(x) = 2" and determine whether f: A —> B »
is onto and whether it is one-to-one. Justify all negative answers.
a.A=2"B=1 b.A=2Z".B=Z7Z"NE ;
10. For each of the following parts, give an example of a mapping from E to E that é
satisfies the given conditions.
a. one-to-one and onto b. one-to-one and not onto z
¢. onto and not one-to-one d. not one-to-one and not onto
11. Forthe given f: Z — Z, determine whether f is onto and whether it is one-to-one. Prove

that your conclusions are correct.

X
— ifxiseven 0 ifxi
a f(x) =42 b, f(x) = {7 1\‘?3 even
0 ifxisodd 2¢ it xis odd
X o
2¢+ 1 ifxiseven 5 if x is even
c. f(-\)) =41+ 1 d. f(_\‘) =<~
if v is od : =3
2 s odd Y,) if x is odd

I

3x ifxiseven 2x — 1 ifxiseven
2x if x is odd

£ £
2 ifxisodd fo
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LetA = R — {0} and B = R. For the givenf: A — B, determine whether f is onto and
whether it is one-to-one. Prove that your decisions are correct.

. x— 1 ) 2x — 1
a. f(n) == b. fi) = =
e fix) = X dﬂ)_Zx‘—l
IR SR AL

For the given f: A — B, determine whether f is onto and whether it is one-to-one. Prove
that your conclusions are correct.

A A=Z XZ,B=7Z XZ,f(x.v) = (y,x)

b A=ZXZB=Z7Zflx,y)=x+y

¢ A=ZXZB=Zf(xy)=x

d. A=Z,B=7Z XZ,fx)=(x, 1)

e A=Z"XZ" B=0Q,f(xv)=x/y

f. A=RXR,B=R, f(x,y) =2

1 ifxiseven

Letf: —1,1} be gi x) =
etf:Z— {—1, 1} be given by f(x) {—l i xis odd.

. Prove or disprove that f is onto.

. Prove or disprove that f is one-to-one.

. Prove or disprove that f(x;, + x,) = f(x)f(x5).
. Prove or disprove that f(x,x,) = f(x,)f(x;).

e TFop

&

. Show that the mapping f given in Example 2 is neither onto nor one-to-one.
. For this mapping £, show that if § = {1, 2}, then f~'(f(S)) # S.
¢. For this same fand T = {4, 9}, show that f(f~/(T)) # T.

Y if x is even
Letg: Z — Zbe given by g(x) = 4x + |
2

=

if x is odd.

a. For S = {3, 4}, find g(S) and g~ '(g(S)).
b. For T = {5, 6}. find g_’(T) and g(g_'(T)),

2y — 1 ifxiseven

Let f: Z— Z be given by f(x) = {7“ i is odd

a. For S = {0, 1,2}, find f($) and f ' (f(5)).
b. For T = {—1, 1,4}, find f~'(T) and f( f~\(T)).

Letf: Z — Z and g: Z — Z be defined as follows. In each case, compute (f © g)(x) for
arbitrary x € Z.

2 plx) = x if x is even
%8 = Yoy 1 ifxisodd

2x. gly) = 1

a. f(x)

b. f(v)

Il
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X
3 if v is even
e flv)y =x+ |x] glx) =42
—x ifxisodd
X iy
- i xiseven x— 1 ifriseven
d. o) =<2 x) = e
f0 8 {2.\‘ if xis odd

x+ 1 ifrisodd

e. flx) = x.gx) = x — |x] : [

19. Let f and g be defined in the various parts of Exercise 18. In each part, compute
(g o f)(x) for arbitrary x € Z.

In Exercises 20~22, suppose m and n are positive integers, A is a set with exactly m elements,
and B is a set with exactly n elements.

20. How many mappings are there from A to B?
21. If m = n, how many one-to-one correspondences are there from A to B?
22. If m = n, how many one-to-one mappings are there from A to B?

23. Let a and b be constant integers with ¢ # 0, and let the mapping f: Z — Z be defined
by f(x) = ax + b.
a. Prove that f is one-to-one.
b. Prove that fis onto if and only ifa = 1 ora = —1.
24. Letf: A — B, where A and B are nonempty.
a. Prove that £(S, U §;3) = £(S1) U f(S>) for all subsets S} and S» of A.
b. Prove that f(S; M S7) € f(S)) N f(S>») for all subsets §; and 5> of A.

¢. Give an example where there are subsets Sy and S, of A such that

(S 0V 8:) # f(S) N (S

=

. Prove that f(§)) — f(5»2) S f(S, — S>) for all subsets S; and S, of A.
e. Give an example where there are subsets S; and §> of A such that

f(Sl) ‘f(Sz) ?&f(Sl - Sz)-

25. Letf: A — B. where A and B are nonempty, and let 7 and T5 be subsets of B.
a. Prove that f~ (T, U T5) = £~ 1(T)) U £~ N(T).
b. Prove that f~(Ty N T2) = (T N f~1(T5).
¢. Prove that f~1(T)) — (o) = T, — T).
d. Prove that if T} € T», then f~(T)) € £~ (T).

26. Let g: A—Bandf: B— C. Prove that (fo g)"'(T) = g~ '(f~'(T)) for any subset T
of C.

R e O B R AR A 0, 85 4 503 et
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Strategy ‘3 Exercise 13 of this section requests a proof that the inverse of an element with respect to

an associative binary operation is unique. A standard way to prove the uniqueness of an
entity is to assume that two such entities exist and then prove the two to be equal.

Example 11 Each element x € Z has a two-sided inverse (—x + 2) € Z with respect
to the binary operation * given by

xky=x+y—1, (v,y)€ZX1Z,
since

x*x(—x+2)=(—x+D*xx=-x+2+x—1=1=e¢. |

Exercises 1.4

True or False
Label each of the following statements as either true or false.

1. If a binary operation on a nonempty set A is commutative, then an identity element will
existin A.

2. If * is a binary operation on a nonempty set A, then A is closed with respect to *.

3. LetA = {a, b, c}. The power set P(A) is closed with respect to the binary operation M
of forming intersections.

4. LetA = {a, b, c}. The empty set J is the identity element in P(A) with respect to the
binary operation M.

5. LetA = {a, b, c}. The power set P(A) is closed with respect to the binary operation U
ot forming unions.

6. LetA = {a, b, c}. The empty set 7 is the identity element in P(A) with respect to the
binary operation U.

7. Any binary operation defined on a set containing a single element is commutative and
associative.

8. Anidentity and inverses exist in a set containing a single element upon which a binary
operation is defined.

9. The set of all bijections from A to A is closed with respect to the binary operation of
composition defined on the set of all mappings from A to A.

Exercises

1. Decide whether the given set B is closed with respect to the binary operation defined
on the set of integers Z. If B is not closed, exhibit elements x € Band y € B, such that
x* ve&B.

ax*xy=xy, B={-1,-2,-3...}
b. x*y=x—y, B=1Z"

- ' b 7 7 s s T Tk

Sec. 1.6, #8 <
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C.ox*xy

d._x*y:

L xRy =
X *y =

€
f.
g x*y=
h

i

Xk y
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¥+y, B=1"
1 ifx>0

sgnx +sgny, B={-2,-1,0,1,2} where sgnx = 0 ifx=0

-1 ifx <O
x| = Iyl B=2"
x+xy, B= A
xy —x — v, Bis the set of all odd integers.
x',  Bis the set of positive odd integers.

2. In each part following, a rule is given that determines a binary operation * on the set
Z of all integers. Determine in each case whether the operation is commutative or

associative and whether there is an identity

invertible element.

a xxy=

C. xHy=

e . xxy=

g,x*)r:

ioxxy=

k. x*y=

m._x:[:)v:

X+ oy b.
x+ 2y d.
3xy f.
x+tayty h.
x—y+1 J-
x| = Iyl L
xforx,y€Z" n.

Xk y
X Ey
X &y
X *®y
X#®y
Xy

X ®vy

Il

element. Also find the inverse of each

X
3(x + )

X—=y
x+y+3
xt+tayty—2
le =

2 forx,y €7~

3. Let S be a set of three elements given by § = {A, B, C}. In the following table, all of
the elements of § are listed in a row at the top and in a column at the left. The result
x * yis found in the row that starts with x at the left and in the column that has y at the
top. For example, B * C = Cand C * B = A.

a = o>
= o> 0>

> W =W

O 0O =N

a. Is the binary operation * commutative? Why?

b. Determine whether there is an identity element in § for *.

¢. If there is an identity element, which elements have inverses?

4. Let S be the set of three elements given by § = {A, B, C} with the following table.

* | A B C
ALlA B C
B | B A
c|C A B




