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ABSTRACT. We study certain twisted sums of Orlicz spaces with non-trivial
type which can be viewed as Fenchel-Orlicz spaces on R2. We then show that
a large class of Fenchel-Orlicz spaces on R" can be renormed to have property
{M). In particular this gives a new construction of the twisted Hilbert space
Z> and shows it has property (M), after an appropriate renorming.

1. INTRODUCTION

A twisted sum Z of two Banach spaces X and Y is defined (see [11]) through
a short exact sequence: 0 — X — Z — Y — 0. These short exact se-
quences in the category of (quasi-)Banach spaces are considered naturally in the
investigation of three space properties (a property P in the category of quasi-
Banach spaces is called a three space property if for every short exact sequence
as above, Z has property P whenever X and Y have it). The roots of this the-
ory go to Enflo, Lindenstrauss and Pisier’s solution [3] to Palais’ problem: the
property of being isomorphic to a Hilbert space is not a three space property.
The first systematic study of twisted sums of quasi-Banach spaces appears in
[11]. In that paper twisted sums of quasi-Banach spaces X and Y are associ-
ated to quasi- linear maps from Y to X and the Banach spaces Z,,1 < p < oo,
are studied as examples of twisted sums of £,’s. In particular, Z, is a reflexive
Banach space with a basis which has a closed subspace X isometric to £y with
Zs/X also isometric to €. Zy is isomorphic to its dual, yet Z; is not isomorphic
to £y. Furthermore, Z, has no complemented subspace with an unconditional
basis: in particular it has no complemented subspace isomorphic to £;. Za has
an unconditional finite dimensional Schauder decomposition into two dimensional
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106 ANDROULAKIS, CAZACU, KALTON

spaces (2-UFDD), yet Johnson, Lindenstrauss and Schechtman [6] showed that
it fails to have local unconditional structure (lL.u.st.). Twisted sums appear also
in a natural way in complex interpolation {9]. There are several open problems
on twisted sums and in particular on Z, (see [8]), which make the study of these
spaces very interesting.

We will use the class of Fenchel-Orlicz spaces. These spaces were introduced
by Turett [16] and they form a natural generalization of Orlicz spaces. A main
difference between Orlicz spaces and Fenchel-Orlicz spaces is the replacement
of the Orlicz function defined on R, by a Young’s function defined on a given
normed linear space. The elements of a Fenchel-Orlicz sequence space will then
be sequences in the given normed linear space.

Property (M) was introduced in [10] as a tool in the study of M-ideals of
compact operators. In that paper it is proved that for a separable Banach space
X, the compact operators form an M-ideal in the space of bounded operators if
and only if X has property (M) and there is a sequence of compact operators K,
such that K, — I strongly, K — I strongly and lim,_, ||/ — 2K,|| = 1. For a
detailed study of M-ideals we refer to [5].

We now give a brief overview of the paper. In Section 2 we introduce quasi-
convex functions. A function on R" is quasi-convex if and only if it is equivalent
to a convex function (Proposition 2.1). We construct a large class of examples of
quasi-convex maps on R2?(Theorem 2.3). In Section 3 we show how quasi-convex
maps can replace Young’s functions in generating Fenchel-Orlicz spaces on R™.
The main result of the section is that a twisted sum of an Orlicz space with type
p > 1 with itself can be represented as a Fenchel-Orlicz space over R? (Theorem
3.1). This includes the case of the spaces Z,,1 < p < oo. In Section 4 we use
a method of [10] to prove that if ¢ is a Young’s function on R™ which is 0 only
at 0, then the Fenchel-Orlicz space hg can be renormed to have property (M)
(Theorem 4.1). Combining results of the last two sections we see that the spaces
Zp,1 < p < 00, have property (M) after renorming.

2. QUASI-CONVEX MAPS

Let R, ( respectively R,) denote the set of non-negative (respectively ex-
tended) real numbers.

Definition 1. A function ¢ : R® — R is quasi-convexz if there exists L > 0 such
that for every x1,z2 € R” and for every Aq, Az € [0,1] with A\; + A2 = 1 we have

¢()\1$1 + /\21‘2) < L(/\l(b(fl'l) + /\2(}5(1‘2))
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Note that quasi-convex maps can be defined on a vector space and that quasi-
norms are quasi-convex. The reader should also note that the name quasiconvez is
used in the literature with different meanings. In order to give a characterization
of quasi-convex maps on R™ we introduce an equivalence relation, standard in
the study of Orlicz spaces (cf. [12]).

Definition 2. Two functions ¢ and ¥ : R® — R, are equivalent (¢ ~ 1) if there
exists M > 0 such that % ¢(z) < ¢(z) < M¢(z) for all z € R™.

We shall say that two functions are equivalent on a set B if the above in-
equalities hold for all x € B. We recall that the convex envelope of a function
¢ :R™ = R, is defined by:

co ¢(t) é mf{Za o(t) =t = Zaiti, where t; € R”,Zai =1,a; > 0}.

It is easy to see that

o cop(t) < ¢(t) for all t € R™ and
e if ¢p: R" — Ry is a convex function with ¥(t) < ¢(¢) for all £ € R™, then
P(t) <cog(t) for all t € R™.

Proposition 2.1. Let ¢: R® — R. The following are equivalent:

1. ¢ is quasi-convez.
2. g ~cod.
3. There exists ¢ : R* — R convez such that ¢ ~ .

PROOF. 1=2. Suppose ¢ is quasi-convex. It suffices to show that there exists
M > 0 such that ¢ < Mco¢. Note that the quasi-convexity of ¢ gives that for
every N > 2 there exists Ly > 0 such that for every {t;};., in R® and for every
(MY in [0,1] with SN, A = 1 we have:

N N
(1) ¢ (Z /\iti) <Ly Z Aid(ti)
i=1

i=1
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The proof goes by induction upon N. For example, for N = 3:

é(v)\t\ ¢()\1t1+()\2+/\3)( T ~to + — /\.3\ \t3)>

A
l 1 \ (A2 + A3) (A2 + A3)

g (Ald’(tl) T2+ )8 <(/\2/-\:/\3)t2 * (A2A+3A3) t3))
L(M1é(t1) + L(A29(t2) + Asd(t3)))

3
Ls (Z Ai(f)(ti)) , where L3 = L2,
i=1

Note that co(M¢) = Mco¢. We will show ¢ < co(M¢) with M = L,41. Let
tcRrandleta; >0,4=1,...,msuchthat } /- o; =1land Y |~ a;t; =t The
point (£, ai(Lny16(t:))) = Yoiy oi(ti, Lnt19(t:)) is contained inside the
convex hull of {(t;, L, 41¢(t;))|i = 1,...,m}. Therefore, by Caratheodory’s Theo-

IA

IA

IN

rem (see for example [15]), there exist n+1 indices i, .. .,9n+1 80d A1, ..., Angr 2
0 with -7 A\ = 1 such that:
n+1l
t= Z )\jtij and
j=1
n+1l m
(2) Z AjLn19(ti;) < Z ;L 16(t:).
7j=1 =1
By applying (1) for N = n + 1 we see that
n+1l
$(t) < Lnp1 (Y Xi6(t:,))
=1
Hence, by (2) we get
o(t) < Z aiLnt19(t:).
i=1

By taking the infimum over all convex combinations t = 3, ait; we get ¢(t) <

c0 (Ln4+16)(t)-

2=3 is trivial, just let ¢ = co¢.
3=1. Suppose 1 is convex and let M > 0 such that ¢(z) < ¢(z) < My(z) for
all z € R". Then:
d(Aiz1 + Aaz2) < Myp(A1z1 + Aaza) < M(My(z1) + A2t(z2))
< M2(Mig(z1) + Xog(z2)).
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Thus ¢ is quasi-convex. O

The next theorem will give examples of quasi-convex functions on R? (which
are not convex). These examples will play an important role in the next section.
We recall that ¢ is an Orlicz function if it is a convex, non-decreasing function
on [0,00) such that ¢(0) = 0 and lim;,. ¢(t) = co. For more information on
Orlicz spaces see [12]. The functions we shall consider will be finite valued and
non-degenerate, that is 0 only at 0. We say ¢ satisfies the Ag condition at zero if
limsup,_,q %(%2 < oo and, respectively, ¢ satisfies the Ag condition if there exists
C > 0 such that for all z > 0, ¢(2z) < Cé(x). We will extend an Orlicz function
on the whole real line by ¢(z) = ¢(—z) if z < 0 and, abusing the language, we
will still call the extension an Orlicz function. We start with the following simple

Observation 2.2. Let ¢ be an Orlicz function such that

$(Xs)
< .
3) Ip > 1, 3IM > 0 such that VA € (0,1], ¥s > 0, a(s) = M
Then

(4) 3M' > 0such that VX € (0, 1],Vy > 0 we have ?L(A—\;;%—SM <M.
Indeed, suppose (3) holds. Note that for A € [0,1], A|log A| € [0, 1]. Therefore
if A € (0,1] and y > 0 we have:

¢(Mlog Ay) _ #(A|log Aly)

2@ A|log AP(y)

where S = sup )¢y AP~1|log A|P. We are now ready to state the main result of
this section.

XN Hlog AP € MS <

Theorem 2.3. Let ¢ be an Orlicz function satisfying (3) and the Ay condition.
Let 6 : R — R be a Lipschitz map. Then ® : R = R, defined by

_ ) ¢(y)+¢(z—y8(log 7)), ify#0
‘I’(“”y)“{ 9(a) " iy=o

18 qUAsi-CONver.

PROOF. By Observation 2.2 the hypothesis (3) gives (4). Using the A, condition
and the increasingness of ¢ one can easily prove that there exists C > 0 such that
for all z,y € R we have

(5) p(z +y) < C(é(z) + ¢(y))
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and that for all B > 0 there exists Cg > 0 such that for all z > 0
(6) #(Bz) < Cpé(2).

Let t; = (z;,%:) € R? and \; € [0,1], i = 1,2 with A; + Ay = 1. Without loss of
generality we may assume that A1y 7# 0 and Agyz # 0. Then

2(Er) = o(E)ro(Ere Eroe ()
- <Z ,\,yz) +¢ (Z Aiti — Z Aigif (log |>

2 1
PR AN Aiyib |1
+; o (108 ) - 2 <°g|zz_ y|)>
2
¢ <Z )\iyi) +C¢ (Z AiZi — Z)\iyio (log |)\1 |))
im1 . . 1 ’L
2 1
+Co Xiyif (1 ) AiYi ( ))
(Z w0 (o8 i Z IS ]

using (5). For the last term in the sum we apply the inequality

IA

1 1

-|t—l) + s8(log m) ~ (t+ s)0(log
where K is the Lipschitz constant of 4. This inequality shows that the map
t — tf(log ﬁ) is quasi-additive (see [11], Theorem 3.7). Since ¢ is increasing on
the positive axis, we obtain:

[t8(log

1
) <Kl + 1)

2

a(3" A <¢Z)\1y,+0¢<2)‘$1 ZW (l(’g I))

i=1

+C¢(Kzf\i|yi|)
i=1
2

< (14CCk) Z (ys +C¢<ZAz1 z/\lyl (10g |A1 |)>
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by using the convexity of ¢ and (6). Thus,

(Z Ait; ) (1+CCk) > Nig(w:) + Co (Z AiZi—

i=1 =1
_;)\iyie(log >+Z>\yz ( ) Z)"y’ (log l/\zyzl)>

< (1+CCK)§ o(u +02¢k2m ZAy’a(log 1,-|))
v (ZW (‘°g| ,|) ZA"% (k’g ey l>)

< (1+CCK)22: -¢(yi)+02§’\i¢(“_yi0(log Izil))

=1

+C%¢p (Z Ailyil

(log ) —e(log@)i)

IN
p—n
+
S
X
>
&
“S
+
Q
L V]
>
%
-0
/‘\
<}
oq
:_/
~

IA

(1+CCK) i (y:) +sz’\¢< (loglylil)>

i=1 i=1
2
+C*Ck Y ¢yl log ).
i=1
By applying (4) to the last term we obtain

2 2 2 1
i3 Z)\iti < (1+CCk) Zz\id)(y,—) +C? Z)\iqﬁ (ml — yf (log ))
i=1 [yl

i=1 i=1

2
+C3Cr M"Y Xid(|wil)

i=1

[

< max(1+CCk + C*CxkM',C?) > \i®(t;)
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which ends the proof. O

Remark. If £4 is an Orlicz space with type greater than 1 then there exists an
Orlicz function ¢ satisfying (3) and the A; condition such that ¢ coincides with
¢ on [0,1}.

Indeed, it is well-known that the space £; has non-trivial type if and only if

ag > 1 and B, < oo, where ay and 3y are the lower and the upper indices:

ag =sup{g; sup $(A)
o<a <1 (At
P(A

t)

< oo} and

/Btﬁ - lnf{(L

o< t<1 o(M)ta >0}

(cf. [13] p.140 and [12] p.143). Moreover, 3, < oo is equivalent to ¢ satisfying
the Ay condition at zero (see [12]). Note that ay, > 1 means:

(7 Ip > 1, IM > 0 such that VA € (0,1], Vs € (0,1], ;i(;\( )) <M.

Define

= [ #(x) yifr <1
9(e) = { o)zt ifz>1

where q = max{ ¢(1) ,p} and ¢/'(1) denotes the left derivative of ¢ at 1. Clearly é
is Orlicz. Since ¢ satisfies the Ay condition at zero,  satisfies the A, condition
{(note that we don’t use the full assumption of the existence of type for this part
of the argument). Let us check that ¢ satisfies (3). Let A € (0,1) and s € (0, c0).

If s < 1 the inequality in (3) is given by (7). If s > 1 we consider two cases: if
As <1 then

QZ’(:\S) _ _¢Qs) < (As)PM(1) M u
APg(s)  APP(1)s? = APg(1)s? 4P =
and if As > 1 then

B09) _ 9O _ 0y

APg(s)  APP(1)s? -
Clearly if an Orlicz function ¢ satisfies {3) and the Ay condition, then ¢4 has
non-trivial type. Finally, we note that Theorem 2.3 implies that for an Orlicz
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space {4 with non-trivial type, there exists an Orlicz function q~5 generating £g
such that ® : R? — R defined by

,\Zf <J:5(y)+¢~>(w—y9(10g o)) Lify#0
! 1‘?5(1) ,ify=0

Al
L\T,
is quasi-convex.

3. TWISTED SUMS AND FENCHEL-ORLICZ SPACES

Let cgp denote the space of real sequences with finite support. Let §: R - R
be a Lipschitz map. Let ¢ be an Orlicz function satisfying the A, condition such
that £, has non-trivial type. Let || - || denote the norm of the Orlicz space £4:

. Ty
Il =it > 0: 30 (22) <13
Let F : cgo — cgg be defined by:

[ (ym)mll .
(F(gm)m)n =4 ¥ (l"g Tl—i) i g # 0

map, i.e. for all A € R and for all

F(\y) = AF(y) and
|1F(z +y) — F(z) - Fy)ll < c(ll=]l + ly])

where c is a constant independent of £ and y. We define a quasi-norm on cgg X cgo
by

(s Yn)nll = N(yn)nllg + l(Zn)n = F((ym)m)nlle-

The twisted sum £y @ £, is defined as the completion of cyg x cgo with respect to
the quasi-norm || - ||. In other words, £4 @5 £, consists of all sequences (Zr, Yn)n
such that ||(z,,yn)nll < 00. The fact that £, @ £y is a Banach space follows
from Theorem 2.6 in [7] which implies that a twisted sum of two B-convex Banach
spaces is (after renorming) a B-convex Banach space and Pisier’s result [14] that
a Banach space X has type greater than 1 if and only if it is B-convex.
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We set (cf. [12])
1 n 1 1 n
(8) €3 = {(zx,...,T})k;3p > 0 such that Z@ ;(zk,...,a:k) < oo}
k
and for (z},..., 7} )k € Lo we define
(zx,...,z8)k]|e = inf{p > 0: Z@ (p i, .. wZ)) <1}

Then £5 is a vector space and (s, | - llq,) is called a Fenchel-Orlicz space. If
® is finite on R", {p is complete in || - ||¢ (see Corollary 2.23 in [16]). For a
detailed study of (more general) Fenchel-Orlicz spaces and their completeness we
refer to Turett [16]. Note that for n = 1 we retrieve the Orlicz spaces. We also
define hg to be the vector subspace of £¢ consisting of all sequences (z},...,z3)
such that >, & ( Th,...,ZP)) < oo for every p > 0. With a slight abuse of
notation we will use (8) to define £3 for any quasi-convex function ® : R* — R ;
similarly for hg. We will say that a quasi-convex map ® : R® — R, satisfies the
Ay condition if there exists M > 0 such that ®(2z) < M®(z) for all z € R™.

Note that if & : R — Ry is a quasi-convex even function with ®(0) = 0 and
lims o0 @(tz) = oo for all z € R™\ {0} then Proposition 2.1 implies that, as sets,
(9) éq; = Ecocp and hq;. = hcolI)'

The main result of this section is:

Theorem 3.1. If ¢, is an Orlicz space with non-trivial type then the twisted sum
Ly Dy €y is a Fenchel-Orlicz space on R%. More precisely,there ezists a Young’s
function ¥ on R? such that £y @ £y = Ly (as sets) and the identity map is an
isomorphism.

The rest of this section will be devoted to the proof of this result. By Theorem
2.3 and the remarks following it we see that, without loss of generality, we may

assume that ¢ satisfies the A, condition and that the map ® : R? — R defined
by

1 .
O(z,y) = 4 W) T 9@ —yblogry)) ,ify#0
¢(z) ity =0
is quasi-convex. We shall show that the function ¥ = co ® is a Young’s function

on R? with the property mentioned in the theorem.
We first prove the set equality between the two spaces. We start with a

Remark. ® satisfies the A5 condition.
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Indeed, for y # 0 we have:

) el
= oz o0 (om ) 9 (00 ) 00 (357 )

< C%* (z —yb (log m)) + C%p(yK log 2)

< C%* (a; —yo (log I—;I)) + C*Cx 10g20(y)

115

where K is the Lipschitz constant of § while C and Ck 1042 are given by (5) and
(6) respectively. Note that if a quasi-convex function ¢ : R* — R satisfies the

Ay condition then £y = hy (cf.[12] Proposition 4.a.4). Therefore,
(10) £y = hs.

The following notation will simplify further computations. For a given sequence

(z5,y;); let

=2 0w) +Z¢($’ b0 <l°g|:|>)

for £ > 0. It is easy to see that
Ly = {(z;,y;);| there exists p > 0, 5(p) < oo}
and
he = {(z;,y;);| for all p > 0,5(p) < oo}
Indeed, if (x;,y;); € s there exists p > 0 such that

Z¢(yf)+2¢( (log'”'))@o

p

But then, since ¢ satisfies the Ay condition,

e e

P

S(p)

IA

c, <XJ:¢(%> +Xj:¢ (wj—yﬁglogrypﬂ))) ‘o
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Conversely, if (z;,y;); is such that S(p) < oo then

) zj—yje(logl—;—l)
(2) o (22
200) e

p
and thus (z;,y;); € €s. Moreover, note that for ||(y;);lls > 0 we have

<C18(p) < o0

1
o

(11)  [[(z4,9;5);ll < oo if and only if (]|(y;);]ls < oo and) S(||(y;);lls) < oo

We now show that £, @, £y = Ly as sets. Let (z;,y;); € £y @Dp s Then
(x5, ;) < oo, which implies (y;); € £4. If ||(y;)jlls > O then by (11) we get
S(lI(y;)ille) < co. This shows that (z;,y;); € £a. If [|(y;);lls = O then (z;); € &
and again (zj,y;); € £o. Hence, by (9), (z;,¥;); € fw. Conversely if (z;,y;); €
£y, by (9) and (10), (z;,y;); € he, which implies (y;); € £s. If (y;); # O then
S(ll(y;);ll4) < oo. Therefore ||(z;,y;)|| < 00 and (z;,y;); € £y B £s-If (y;); =0
then (z;); € £y and again (z;,y;); € €3 Pp Lo

Note that ¥ is a finite Young’s function and thus £¢ is a Banach space. Indeed,
we only need to show that

Jim &(t(z,)) = oo, for all (z,y) € R\ {(0,0)}

since then Proposition 2.1 will give the same result for ¥. Let (z,y) # (0,0). If
y # 0 then ®(t(z,y)) > P(ty) = oo as t — oo since ¢ is an Orlicz function. If
y = 0 then z # 0 and ®(t(z,y)) = ¢(tr) = oo as t — oo since ¢ is an Orlicz
function.

The next two propositions will show that the identity mapping is an isomor-
phism between {4 @ ¢4 and fy.

Proposition 3.2. Let X be a sequence space, complete in || - ||1 and || - ||2, such
that the coordinate functionals are continuous. Then the identity v: (X, |- |l1) =
(X, |l |l2) is an isomorphism.

PROOF. It is easy to see that (X, |||l +| - [|2) is complete. Therefore the identity
maps

w s (Xl 0 Hl2) = (X0 (1) and e 2 (X (-l + 1L l2) = (X0 [l2)
are continuous and, hence, by the Inverse Mapping Theorem, isomorphisms.

Therefore 1 = 15 0 11”1 is an isomorphism. O

Proposition 3.3. The coordinate functionals on €y @y €y and Ly are continu-
ous.
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PROOF. In both cases we will show that projections P;((z;,y;);) = (zi,y;) are
continuous for all . The result will follow immediately since the coordinate
functionals on 2-dimensional Banach spaces are continuous.

For £y note that if ||(x;,y;);lle = 1 then by the continuity of ¥ we get
>; ¥(zj,9;) <1 and hence ¥(z;,y;) < 1 for all i. Therefore, for all 4, (z;,y;) €
{(z,y) € R% ¥(x,y) < 1} which is a bounded set and thus the projection P; is
continuous since all norm-topologies on a 2-dimensional Banach space are equiv-
alent.

For £4 @ ¢4 we show that there exists M such that if ||[(z;,y;);]] < 1 then
®(z;,yi) < M. The boundedness of the set {(z,y) € R?;®(x,y) < M} finishes
the proof as before. Indeed, note that if ||(z;,y;);|| < 1 then S(||(y;);ll¢) < 1.
Moreover, if C is given by (5) and K is the Lipschitz constant of § then

O(z;,3:) < S(1)= Z #(y;) + Z¢ (xj —y;8 (10g ”(yanI H¢)

o e ) )

oo i)
+CZ¢ [y; K log|(yn)nls])

< L+ OS(Imalle) + O3 6 (0K g [ ()l

< 01+ O (e oslvnle)

<

1+c+M'cz¢(”( Lk )

where M’ is given by (4). Thus, if Ck is given by (6), we have:

O(zs,y;) < 1+C+MCCKZ¢(m> <14+C+MCCk.

The proof of the proposition is complete. O

This concludes the proof of Theorem 3.1. In particular, by choosing ¢(z) = |z|?
for 1 < p < 0o and 6 to be the identity map, we see that the spaces Z,, introduced
in [11] can be viewed as Fenchel-Orlicz spaces.
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We end this section with two questions which arise naturally, in view of The-
orem 3.1: For what Banach spaces X can a twisted sum of X with itself be
represented as a Fenchel-Orlicz space? Note that this can not be done for X = ¢;
as £y @ 1 is not a Banach space. If £ is an Orlicz space with non-trivial type for
which quasi-linear maps G is the twisted sum £4 @ ¢4 a Fenchel-Orlicz space?

4. FENCHEL-ORLICZ SPACES WITH PROPERTY {M)

Recall the definition of property (M) [10] (see also [5]):

Definition 4. A Banach space X has property (M) if whenever u,v € X with

llull = ||v]| and (z,), is a weakly null sequence in X then
limsup |ju + z,,|| = limsup ||v + z,, ||
n—o0 n—o0

A large class of spaces with property (M) can be generated as follows: Let
{nix)x be a sequence of natural numbers. For every k let Ny be a norm on R*xT*
such that

0 <zo <zy= Np(z0,21,-..,Zn,) < Np(Th, T1,- -3 Ty )
and
Ni(1,0,...,0) = 1.
Define inductively a sequence of norms on R® with s = Zle n; by:
Ny # No(21,Z2,. .., Tnytny) = No(N1(0, 21, . .., Tny )y Tng 415 -y Ty tny)
and once Ny * - -+ Ni_q is defined,

Nl*"'*Nk((El,...,xzk )=

i=1 T

Ni(Ny*-- % Ng—q1(z1, ... o m)’ Tk=tp 1 szlm)
It can be easily checked that each Ny *---% Nj is a norm. For a sequence of finite
sequences é = ((51)7:11) (§i)?=2n1+1, Ty (éi)?:k;i-}—l? e ) let

Wiz = sppis e N - bt )

and let A(Ny) be the space of all sequences of finite sequences ¢ such that
€A,y < oo- Then |- |lzy,, is @ norm and A(Ny) is a Banach space. De-
fine A(Ny) to be the closed linear span of the basis vectors (ex)s in A(Ng). A
simple gliding hump argument shows that A(NVi) has property (M) (see [10]). The
above technique is used in [10] to show that the closed linear span of the basis of
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modular spaces can be renormed to have property (M). If N, = N for all k we
write A(N) for A(N;,) and A(N) for A(Ng).

For the rest of the section n € N will be fixed and for Fenchel-Orlicz spaces
£5 on R™ we shall assume that the Young’s function ® is finite and 0 only at 0.
Our main result in this section is the following

Theorem 4.1. Every Fenchel-Orlicz space hg on R™ can be equivalently renormed
to have property (M).

The theorem will be proved once we show that if ® : R® — R, is a Young’s
function there exists a norm N on R™*! such that o = A(N) (and thus he =
A(N) ). Sufficient conditions for this last claim are given in the following

Lemma 4.2. If ® is a Young’s function on R™ and N is a norm on R™*! such
that

0 <z < zh = N(z0,Z1,...,Zn) < N(x(, Z1,...,Tn)
and
N{,z1,...,2,) =14+ ®(z1,...,2,)
then £y = A(N).

PROOF. Let (z},...,z0)x € A(N) with (ks> @Rkllzvy < 1. Let b be the
first index such that (z},...,27) # 0. For £ > h + 1 we have

Nx---xN(zb,...,20,...,%k,...,2})
k
) 7}
= Nx%x---xN ce,Tp 1+9
(1, 7zk—1)( + (]\]*_,.,kN(x%,...,.’L'Z__l)7 ’

"UNx--xN(zl, 27 )
> Nx--xN(zi,...,z}_ )1+ ®(z}, ..., z})).

The inequality holds as @ is increasing on each ray starting from 0 and
I(zks - > 28kl z vy < 1. Thus,

s

(®(zf,...,z7) +1) < oo

k=1

I

and, hence, Y37, ®(z},...,2}) < co. In particular (zf,...,z})k € Ls.
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Conversely, if (z},...,22), & A(N) then there exists h such that

Nx*---x N(z},.. .,Z§) > 1. By a similar argument we see that
h
oo
IT @@k,....e8) +1) = 00
k=h+1

which concludes the proof.

O

The next Proposition 4.3 and Lemmas 4.7 and 4.8 show how the conditions of
Lemma 4.2 can be satisfied. Let B(z,r) denote the ball in R" (with the Euclidean

norm || - ||z ) centered at z with radius r.

Proposition 4.3. If ¢ : R®* —» R, is a Young’s function there exists ® :

B(0,1) = R, convez, even, C' on B(0,1) \ {0} with ® ~ ¢ on B(0,1).

We begin the proof of the proposition with

Observation 4.4. If ¢ : R® - R is a Young’s function there exists ¢ : R* — R,

continuous, equal to ¢ on B(0,1) such that

(12) im 9@ _

lzllz—oo lzllz

Indeed, just let

[ ) i [l < 1
) —{ B + (lalla = 1) i oy > 1

The proof of the proposition will follow from the next two lemmas.

Lemma 4.5. If ¢ : R® — R is continuous and ¢(z}) = 0 & = = 0 then there

ezists ¢ : R® — Ry, which is C* on R\ {0} with 3¢ < ¢ < 2¢.

PROOF. As ¢ is continuous
1

{B(z, )| B(z,r)

Hence Vz € R™ \ {0}, there exists r(z) > 0 such that

o for 0 < r < r(z) we have 3¢ < I_B(%,Tﬂ fB(z,T) ¢ < 2¢, and
o the map z — r(z) is continuous.

¢ — d(z) as r = 0.
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Moreover there exists a function 7, which is C! on R™\ {0}, such that 0 < #(z) <
r(z). Indeed, if

f(z) = min{r(y),y € BO, )\ BO, 557} for © € B0, 52) \ BO, 727)
then f;, the restriction of f to the positive z; axis, is a posmve step function and
we can easily choose a C! function g on the positive z; axis such that 0 < g < f;.
Then the radial extension of g gives such an 7.

Define
1 .
) = 4 B In sy #W)dy 240
0 ifz=0
Clearly ¢ satisfies the properties required in the conclusion of the lemma. O

Note also that if in the previous lemma, ¢ is even, so is $ Moreover q~5 satisfies
the growth condition (12), if ¢ does.

The next lemma follows the idea of Corollary 3.1 in [4] (for a similar result in
the infinite dimensional case see [2]).

Lemma 4.6. Let p € R". Let f : R® = R be differentiable on R™ \ {p},
continuous at p, with limz)j, o0 Wﬁﬂ% = 00. Then cof is C* on R™\ {p} .
PRrOOF. Let z € R*\{p}. By Theorem 2.1 in [4] there exist ¢ < n+1, A1,..., A, >
0 and 1,,...,2, € R® such that:

cof(x Z)\fxl ) with Z/\xl—xand Z)\——l

As z # p we may assume, w1thout loss of generahty, that x1 # p. Let Uy be a
small neighborhood of z;. For .’L‘l € U; consider 2’ = Az + Z"H A;z;. Then
U = {z'|z} € U} is a neighborhood of z. We can choose U; small enough such
that p € U and p € U;. Let h: U = Uy by h(z') = . Clearly h is C.

cof(x') < Mf(x)) + > Mif(x;) = Mf(h(x)) + Z Nif(x;)

i=2
The right hand side is a C! function of 2’ on U, call it s(z'). Note that s(z) =
cof(x). Hence:
(13) s(y) — s(z) > cof(y) — cof(x), forally € U

Recall that for a convex function ¢ on R" the subdifferential of ¥ is a map
Oy : R* = P(R™) given by z* € 0y(z) if ¥(2) > ¢(z) + {z*,z — ) for all 2. As
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z is in the interior of the domain of cof we have that dcof(x) is nonempty (see
[15], Theorem 23.4). Note that if z* € dcof(x) then (13) shows that z* = Vs(z).
Hence dcof(x) is a singleton and therefore cof(x) is differentiable at = (see [15],
Theorem 25.1). Hence cof is differentiable on R® \ {p}. The conclusion of the
lemma follows once we notice that if a finite convex function on R" is differentiable
on a set then its gradient is continuous on that set (see [15}, Theorem 25.5). O

PROOF OF PROPOSITION 4.3. Let ® = (co (5)|B(0,1) be the restriction of co¢ on
B(0,1), with ¢ given by Lemma 4.5 satisfying growth condition (12): smoothness
of ® is provided by Lemma (4.6) and equivalence to ¢ on the unit ball is obvious.

O

Lemma 4.7. Let ¢ : B(0,1) —» R, be convez, even and C* on B(0,1) \ {0}
such that ¢(z) = 0 if and only if £ = 0. Then there ezists a Young’s function
¢ : R™ - Ry, which coincides with ¢ on a neighborhood of 0, such that

e Vzr € R" the map t — }M is decreasing on (0,00) and

. 146 .
e x5 lim;_, ﬂ‘it—zl is a norm on R".

PROOF. For all a > 0 small enough ¢~ !({a}) is an n — 1 dimensional closed
submanifold of B(0,1). Such an a will be chosen later on. Let |- |, be the
Minkowski norm of the set ¢=1([0,«]). Then |- |, is C* on R™\ {0} since ¢ is.
An easy calculation shows that
_t
(Vo(z),z)
where (-, -} denotes the Euclidean inner product on R". Indeed, for z € R" \ {0},
|z]a = ﬁ)- where ¢(A(z)z) = . Thus,

VI la(a) = ~ 33737 V@) = ~IoAVAz).
By differentiating ¢(A(z)z) = a with respect to z; we obtain

0 = ;eI = 50 ) (e + N1 )

(14) V|- lalz) = V¢(z), for all z € R" with |x|, =1
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Thus

O\ oy _ 1 9 (=
8—3:](1")_ 2l (Ve (L),z> Ox; (|z|a)

|Z]a
and therefore

|z|a(V¢_(1|z%) )% ()

V| : |a(z) = —‘.’E'i

walaya ()

(Vo (m) ,T) @
which gives (14) for |z|o = 1. Let M = supy, _1(V¢(z),z). Then for every z
with |z], = 1 and for every u € R" such that (V|- |.(z),u) > 0 we have

(Vo(z),u) < M(V|- |a(z), u)
Thus, for all such z and u we have
(15) Du¢(1") < Du(Ml ’ Ia)(x)

where D, is the directional derivative in the direction of u.
Define ¢ on R™ by:

7 _ ¢(1:) y if |z|a < 1
dle) = { a+ M(|z|o —1) , otherwise

Condition (15) provides the convexity of ¢. Clearly ¢ is a Young’s function and
coincides with ¢ in a neighborhood of 0.
Fix z € R™\ {0}. We want to show that the mapping

, Liglts if0<t< -
—> a
1+a+M§|tzla-l) , ift > 1

|zl

is decreasing. As the map is continuous, it suffices to show it is decreasing on
(0, =) and on (1317 00)- Since ¢ is convex and ¢(0) = 0 there exists T = 7(x)

eI

such that ¢ — %t—zl is decreasing on (0,7(z)) with 0 < 7(z) < = and

ll=ll2

r(pr) = ﬁuﬂ By compactness of F(O, 1) and the continuity of 7 and ¢ we have
infy,,=1 &(r(y)y) > 0. If

2

(16) a< inf ¢(r(y)y)

lyli2=3%
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o (o) 7m) >

hence ¢(7(z)z) > o and thus |7(z)z|, > 1. Therefore 7~ < 7(z) and £ — M
is decreasing on (0, ).

Note that 1+°'+M(tt|z]°—1) = Lta=M 4 M|z|, is decreasing as a function of ¢
exactly when 14+ a — M > 0. Thus it suffices to have M < 1. But

M = sup (Vé(z),z) = sup (Vo(z), ——)lzll

2]a=1 2la=1 iz n

then

IA

< sup DTEU;¢( )) ( sup ||z|l2) 2 0asa—0

|z]a=1 1Z]a=1

since sup|;|, =1 Dn__ﬂ_cj)( z) is an increasing function of a and supy, —; [lzll2 — 0
as @ — 0. In particular o can be chosen such that (16) holds and M < 1. Then
t ﬁ%t—zl is decreasing Vr € R™.

Finally, note that

T+ lim
t—o0

1+ (];(tﬂ,‘) — Mlq]
t (s 3

is a norm on R". O

Lemma 4.8. Let ¢: R® = R, be a Young’s function such that

e Vz € R™ the map t — 1—+%§t—zl is decreasing on (0,00) and
e x> limy l+—¢t(-t$—) is a norm on R™.

Then

mol(1+ ¢ (282 )) if 0 £ 0
N(zg,z1,...,24) = laol( Izol
limy_,o |t|(1+¢(&m&)) if 2o =0
is a norm on R™! such that
0<=zo<zj= N(z0,Z1,...,Zn) < N(x4, 1, .., Tn)

and

N(,z1,...,20) =1+ &{z1,...,Z0).
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PROOF. We only need to check the triangle inequality for N. Let z = (¢, 1,...,Zn)
and y= (yo’yla o ,yn) € Rn+1.
Ifzo>0and yy >0

1+ Y1 Tn +Yn
Nz +y)={(zo+ <1+ ( yeens ))
@+y) = @o+w) (144 (28, i

o T1,-.-,Tn Yo Yi,---3Yn
= zo+ Yy + (xo+ Yo ( + )
Yo+ ( Yo)¢ Zo + Yo Zo To + Yo Yo

< 2o+ o + 206 (z_l__x) +W(M>
Zo Yo
= N(z)+ N(y)
by the convexity of ¢.
Ifzg>0and yo =0
N(.’L‘-I-y) SN(l'O“6,1717---,3371)+N(fay1,---7yn)a for all € € (0,.’130)

by the previous case. Letting € — 0, by the continuity of IV we obtain the desired
inequality.
Finally, if zo > 0 and yo < 0 we may assume 0 < 2o + yp < xp. Then, by the
properties of ¢ and the previous case we have
N(z+y) < N(o,x1i+y1,-. o+ Yn)
N(z)+ N(O,y1,...,Yn)
N(z) + N(lyol,y1,---,yn) = N(z) + N(y)

which concludes the proof. 0

<
<

The proof of theorem 4.1 is now complete. Theorems 3.1 and 4.1 give imme-
diately the following

Corollary 4.9. Let {4 be an Orlicz space with non-trivial type. Then the twisted
sum €y @ Ly can be equivalently renormed to have property (M).

In particular, the spaces Z,,1 < p < oo, have property (M) after renorming.

We end this section with an application of the previous corollary and Theorem
2.4 in [10]. Recall that if X is a Banach space and E is a subspace of X then
E is called an M-ideal in X (see [1]) if X* can be decomposed as an £;-sum
X*=Et P, V for some closed subspace V' of X*. For a Banach space X let
L(X) denote the algebra of all bounded operators on X and K(X) the ideal of
compact operators.
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Corollary 4.10. Let £4 be an Orlicz space with non-trivial type. Then ;@D £y
can be renormed so that K(£y D £y) is an M-ideal in L(£y P p ls).
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