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ABSTRACT. Matsusaka’s Big Theorem gives the very ampleness of mL for
an ample line bundle L over an n-dimensional compact complex manifold X
when m is no less than a number mg depending on L™ and L™ ' K x. The de-
pendence of mg on L™ and L™ 1K x is not effective. An earlier result of the
author gives an effective mo containing the factor (L"~! ((n +2)L + Kx))*
with ¢ of order 4™. Demailly improved the order of ¢ to 3" by reducing the
twisting required for the existence of nontrivial global holomorphic sections
for anticanonical sheaves of subvarieties which occur in the verification of the
numerical effectiveness of pL. — Kx for some effective p. Twisted sections
of anticanonical sheaves are needed to offset the addition of the canonical
sheaf in vanishing theorems. We introduce here a technique to get a new
bound with ¢ of order 2™. The technique avoids the use of sections of twisted
anticanonical sheaves of subvarieties by transferring the use of vanishing the-
orems on subvarieties to X and is more in line with techniques for Fujita
conjecture type results.

0. INTRODUCTION

Let L be an ample line bundle over a compact complex manifold X of com-
plex dimension n. Ampleness means that the holomorphic line bundle admits a
smooth Hermitian metric whose curvature form is positive definite everywhere.
Matsusaka’s Big Theorem deals with the problem of finding conditions on the
integers m so that mL is very ample. A holomorphic line bundle F over X is said
to be very ample if global holomorphic sections of E over X separate any pair of
distinct points of X and can give local homogeneous coordinates at any point of
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X. In other words, F is very ample over X if any basis sg, -+ ,sy of T' (X, E)
defines an embedding of X into P .

Let P(m) be a polynomial whose coefficients are rational numbers and whose
values are integers at integral values of m. Matsusaka’s Big Theorem [14][15]
states that there is a positive integer mgy depending on P(m) such that, for every
compact projective algebraic manifold X of complex dimension n and every ample
line bundle L over X with

n
> (=1)"dimg H*(X, mL) = P(m)
v=0
for every m, the line bundle mL is very ample for m > mg. The result of Kollar
and Matsusaka on Riemann-Roch type inequalities [13] improves Matsusaka’s Big
Theorem and shows that the positive integer my can be made to depend only on
the coefficients of m™ and m"~! in the polynomial P(m) of degree n, which means

dependence only on L" 'K x and L™, where K x denotes the canonical line bundle
of X.

The proofs of Matsusaka’s Big Theorem in [14][15][13] depend on the bound-
edness of numbers calculated for some varieties and divisors in a bounded family

and thus the positive integer mg from such proofs cannot be effectively computed
from P(m).

In [20] the following effective version of Matsusaka’s Big Theorem was proved.

Theorem 0.1. Let X be a compact complex manifold of complex dimension n.
Let L be an ample line bundle over X. Then mL is very ample for m no less than

n—1

3n—1 4 nrn n—1 4"~ 13n
(25 7'5n) (3(Bn—2)" L7+ LK)

(6(3n —2)" —2n — 2)"" 7T (L)t

Moreover, if B is a numerically effective line bundle, then mL — B is very ample
for m no less than

n—1

(n (") (1B + 3H))

2
3

(6(3n —2)n —2n —2)*" "
where H =2 (Kx +3(3n —2)"L).

The numerical effectiveness of a line bundle means that the Chern class of its
restriction to any irreducible compact complex curve is nonnegative. The proof
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of Theorem 0.1 hinges on the following three components (for meanings of terms
see §1 below).

(1) Use the techniques of effective global generation and effective very am-
pleness to produce, for the adjoint line bundle of an effective multiple of
an ample line bundle, a strictly positively curved singular Hermitian met-
ric whose non-integrability set contains a prescribed point as an isolated
point and whose multiplier ideal sheaf is contained in the square of the
maximum ideal at the prescribed point. Then use the vanishing theorem
of Nadel [17] or Kawamata-Viehweg [11][24] to produce from the metric a
global holomorphic section with a prescribed 1-jet at the prescribed point.

(2) Use the Theorem of Riemann-Roch to produce a non identically zero
global multi-valued holomorphic section of the difference F' — G of two
numerically effective holomorphic line bundles F, G on a compact com-
plex projective algebraic manifold X of complex dimension n when F™ >
nF" 1G.

(3) For any d-dimensional irreducible subvariety Y of X and any very ample
line bundle H over X, use an analytic cover Y — P, defined by elements
of I' (X, H) and Cramer’s rule to produce a non identically zero section
over Y of the homomorphism sheaf from the sheaf of holomorphic d-forms
of Y to BA(A\—1)/2—d—1)H|Y for A\ > H?.Y.

Demailly [2] used a generic one-one holomorphic map from Y onto a complex-
analytic hypersurface of P4y and the extension theorem of Ohsawa-Takegoshi
[18] and Manivel [16] to improve the number in Component (3) to produce, for
any d-dimensional irreducible subvariety Y of X and any very ample line bundle
H over X, a non identically zero section over Y of the homomorphism sheaf from
the sheaf of holomorphic d-forms of Y to (A —d —2) H|Y for A > H%-Y. His
improvement in the number in Component (3) enabled him to get the following
sharper bound for the effective Matsusaka Big Theorem.

Theorem 0.2. Let L be an ample line bundle and B be a numerically effective
line bundle over a compact complex manifold X of complex dimension n. Let
H =M (Kx+(n+2)L) with A\a =1 and A\, = (3”;1) —2n forn > 3. Then
mL — B is very ample for m no less than

3n—l4g

L T e gy E )
gnlon (L (B+H)) (L H) .
(Lny?" 2 (5-3)+s

(2n)



392 YUM-TONG SIU

In particular, mL is very ample for m no less than

NG

gn—1_1

(2n) = (A,)%" CEHDHE (o (n+2+

Ln—lKX 3n72(%+%)+
)

For the special case n = 2 where X is a surface, Ferndndez del Busto [5]
obtained the sharper result of the very ampleness of mL for

>>1CL4Kx+4m+1f+3>.

2 L2

The idea of the argument of [20] for the case of a trivial B is as follows. We
sketch it in a way that facilitates the comparison with the argument in this paper.
Let m,, be a positive integer such that m,L + F + 2K x is very ample for any
numerically effective holomorphic line bundle F over X. Let K x =m,L+2Kx.
It suffices to verify that pL — K x is numerical effective for some effective positive
integers p. To do the verification, we construct by descending induction on k
sequences of nested irreducible subvarieties

Vi CYes1 C--CYp 1 CY,=X

with Y, of complex dimension v. To get to the next induction step, we get
inductively an effective bound of (Lk’lf( X) Y, and construct by Component

(2) a non identically zero multi-valued holomorphic section &, of pp L — Kx onY,
for some effective positive integer pi. From a power of the metric defined by &
and by Component (1) we construct, for any prescribed effective positive number
£, a non identically zero holomorphic section ¢ of pj L — (K x + K}, on Yy, for some
effective positive integer p},, where K}, is an appropriately defined canonical sheaf
of Y;. By using Component (3) we get from ¢ a non identically zero holomorphic
section sy of pjL — Kx over Y, for some effective positive integer pj. For each
branch Y;_ of the zero-set of s; we have one new sequence of nested irreducible
subvarieties
Yi 1 CYy CYyp1 C---CY,,1CY, =X

When the first subvariety of each nested sequence of subvarieties so constructed
by induction is of dimension zero, we get the numerical effectiveness of pL —
Kx for some effective positive integer p. From the definition of Kx we get
the very ampleness of pL. In this argument Component (3) is needed, because
when Component (1) is applied to go from a non identically zero multi-valued
holomorphic section to a non identically zero holomorphic section, one has to add
the canonical sheaf and we need some non identically zero holomorphic section of
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the homomorphism sheaf from the canonical sheaf of Yy to an effective multiple
of Kx to offset the added canonical sheaf.

For the effective bound the most essential part is the power needed for the
term L" "' ((n+2)L + Kx). We use L" ! ((n+2)L + Kx) instead of L" 'K x
for the term, because Kx in general is not ample, but (n + 2)L + Kx is always
ample according to [6]. In [20] the order of the power of L™t ((n + 2)L + Kx) is
4", In [2] the order of the power of L"~1 ((n 4+ 2)L + K) is reduced to 3". The
reason for the difference is the reduction, in Component (3), of the multiple of
order A\? for H|Y in [20] to the the multiple of order A for H|Y in [2].

In this paper, to give a new bound for the effective Matsusaka Big Theorem,
we introduce a new technique to replace Component (3) so that in our bound
the order of the power for L™~ ((n + 2)L + Kx) is further reduced to 2". The
technique is to apply the theorem of Nadel [17] or Kawamata-Viehweg [11]][24]
only to X instead to the subvariety Y} so that the canonical sheaf for Y} is not
used.

Here, to explain this technique, we use the same notations as in the sketch for
the argument of [20] given above unless specified to the contrary. Now when we
construct & by Component (2), we construct & as a non identically zero multi-
valued holomorphic section of piL — 2K x (instead of pxL — K x) on Yj, for some
effective positive integer pi. Choose a holomorphic section oy of 2Ky over X
which does not vanish identically on certain subvarieties of Y} so that its germs
are not zero-divisors of the quotient of the sheaf of weakly holomorphic function
germs by the structure sheaf of Y;. Extend the multi-valued holomorphic section
o€k of pi L of Yy to a multi-valued holomorphic section 7y of px L over X.

Let h, be the trivial metric of the trivial line bundle over X. Inductively
we define a strictly positively curved singular metric h; of (Z;:j+1 9A—j _1pj) L
over X whose non-integrability set contains Y; as a branch. By using the in-
ductively defined singular metric hi of (3\_, .1 2* 7 !py) L over X from the
preceding induction step and using 7, we construct a singular metric 6y of
(pk + ZZ:,CH 2)‘_’“_11),\) L over X so that the intersection with Y} of the non-
integrability set of €, is a proper subvariety of Y containing the zero-set of o. We
apply the theorem of Nadel [17] or Kawamata-Viehweg [24][24] to get a holomor-
phic section (j, of (pk + EK:I@«H QA_k_lp,\) L+ Ky over X whose quotient s by
o is a non identically zero holomorphic section of (pk + Z;L:kﬂ 2’\_k_lp)\) L—
K x over Yy. Each branch of the zero-set of sy, is a new Y, _1. From s; and h; we
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construct hi_1, finishing the induction process. When we get to Yy in our con-
struction, we get the numerical effectiveness of (p1 + > 22 2p ,\) L — Kx over
X, from which we get the very ampleness of (p1 + > % 2/\_2p,\) L. The tech-
nique given here is more in line with the techniques developed for the the effective
freeness problem in the Fujita conjecture [1][3]4][6][7][8][9][10][12][21][22][23].

The statement of our new bound for the effective Matsusaka Big Theorem is
given in Main Theorem 0.3 below. The rest of the paper is devoted to its proof. In
the proof, in order to simplify the final expression of the bound, the estimate used
in each step has not been optimized. There is still room to make improvements of
an arithmetic nature in our argument at the expense of a bound given in a more
unwieldy form.

Main Theorem 0.3. Let X be a compact complex manifold of complex dimension
n. Let L be an ample line bundle over X and B be a numerically effective line
bundle over X. Then mL — B is very ample for m no less than

gmax(n—2,0)

e (g
c, (LnflKX> <1 + Lnx> )

where

n s o) 2max(k=2,0)
. - 2n_1+2n71 H <k2(n7 —L(n= ))
=

k=1
and Ky = (2n(3"n_1) 4+ 2n + 1) L+ B+2Kx.

1. NOTATIONS AND TERMINOLOGY

Hermitian metrics e~ % of a holomorphic line bundle E over a complex manifold
X are allowed to be singular, but we deal only with singular Hermitian metrics
e~ ¥ where the singularity of ¢ is locally at worst the sum of a plurisubharmonic
function and a smooth function. Smoothness means C*°. The curvature current
Ea&p.
27
We say that the singular metric e~% is strictly positively curved (or the curvature

of e % is

current of the singular metric e~ % is strictly positive on X) if, for some smooth
strictly positive (1,1)-form w on X,
=1 -
—— 00y > w
2w
on X in the sense of currents.
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The non-integrability set of the singular metric e~ is the set of points of X
where e~ % as a local function is not locally integrable. When ¢ is plurisubhar-
monic, the non-integrability set of e~ is a complex-analytic subvariety.

The sheaf of germs of holomorphic functions F with |F|?e~% locally integrable
is called the multiplier ideal sheaf of the singular metric e~¥ and is denoted
by Z,. If a point P of X is an isolated point of the non-integrability set of a
strictly positively curved singular metric e~% of a holomorphic line bundle F on a
complex manifold X, then from the vanishing of H' (X,Z, (E + Kx)) due to the
theorem of Nadel [17] or Kawamata-Viehweg [11][24] and the cohomology long
exact sequence of the short exact sequence

0—-Z,(F+Kx)— Ox (E+Kx) — (OX/Zcp) (E+Kx)—0

it follows that there exists an element of I' (X, F' + Kx) which is nonzero at P. If
for any pair of distinct points P, Q) of X there exists a strictly positively curved
singular metric of F over X whose non-integrability set contains P and @ as
isolated points and whose multiplier ideal sheaf is contained in the square of the
maximum ideal at P, then the same argument using the theorem of Nadel [17] or
Kawamata-Viehweg [11][24] shows that E is very ample over X.

A multi-valued holomorphic section s of a holomorphic line bundle E over a
complex manifold X means that s? € T' (X, ¢F) for some positive integer q. A Her-
mitian metric e~ ¥ of E is said to be defined by multi-valued holomorphic sections
of E if there exist finitely many multi-valued holomorphic sections sy, -- , sy of
E over X such that

= N1 2
Zj:1|8j|

Let ¢y > 2 be an integer. We will eventually set {; = 2. Let m,, be a positive
integer with the property that, for any ample line bundle L and any numerically
effective line bundle E over a compact complex manifold X of complex dimension
n and any pairs of distinct points P, @ of X and for m > m,,, the line bundle
mL+ E+ Kx admits a singular metric whose non-integrability set contains P and
@ as isolated points and whose multiplier ideal sheaf is contained in the square
of the maximum ideal at P. For example one can set m, = 2n (3"7:1) +2n+1
[21, Corollary(0.2)]. Let Kx = m,L + B + 2K x which agrees with the notation

given in Main Theorem 0.3 when m,, is chosen to be 2n (3"n_1) + 2n + 1. Define
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by descending induction

n—1 7
pu =ty (14 |55 )

(n—k—1)(n—k)

P = loh2" = pyaprsa o (LT Ry) for 1<k <.
Here |u| means the largest integer not exceeding u. From the definition of py it is
clear that py > pry1 for 1 < k < n. Let X™) = X and h(™ be the trivial metric
for the trivial line bundle over X (™).
2. INDUCTION STATEMENT

We are going to construct, by descending induction on 1 < k < n,

(1) a non identically zero holomorphic section

k k —k— g
s ermrwn €T (X”++ (pk + Y ok 1p>\> L— (b — 1)KX>

A=k+1
for
1< V1 < I g s
1 <ypya < L(/]:jf)ukﬂ s

L< v <10,
whose zero-set on Xy,flh,,k 42, vy, has branches
k—1 k
X’Sk1Vk)+1-,“' Wn (1 <y < Il(’k3»11l’k+21'“ -,Vn)7

and

(ii) a strictly positively curved singular metric hi’i;ﬂl wn Of (X822 Fpy) L
defined by multi-valued holomorphic sections whose set of non-integrability has
XD as a branch.

Vi V41, yVn
Let hy be a strictly positively curved smooth metric of L. By replacing the metric
pkE=1)

Vi Vk+15"" sVn by

(hL)é(Z;:k 2)\—kpk) (h(kfl) ) )1—5

Vi Vk+1,"""
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for some suitable 0 < § < 1, we can assume without loss of generality that the

e _
non-integrability set of (h,(fz_,,al ’l,n) does not contain X,SI;VBA v, for any
O<e<l1.

For the construction by descending induction on 1 < k < n we are going to
do at the same time the initial step k¥ = n and the process of going from the
(k + 1)-th to the k-th step. For the initial step k = n we need to use the trivial
metric h("™) of the trivial line bundle.

3. DEGREE BOUND
Lemma 3.1. Let 1 < k < n. Suppose inductively we have a sequence of nested
subvarieties
YiCYy 1 C---CY,1CY, =X,
where Yy, is an irreducible subvariety of compler dimension k. For k < A < n,
let ty be a non identically zero global holomorphic section of (qAL — éof(X) ’YA
over Yy for some positive integer gy so that Yx_1 is an irreducible branch of the

zero-set of ty. Then the intersection number (Lk’lffx> - Y. is no more than
n —17
(Il =41 @) L K.

PROOF. We use descending induction on 1 < k& < n. The case k = n is clear
when we use the fact that by the usual convention the product [[5_,, 419 of an
empty set is 1. Suppose the statement holds when k is replaced by k 4+ 1. Then

n
(kax> .Yk+1 S ( H Q)\> Ln_lf(x.

A=k+2
We write the divisor of tx11 on Yy as

J
div tk+1 = Z ajVj,

j=1

where V; is an irreducible complex-analytic hypersurface in Y341 (1 < j < J)
with Vi =Y}, and a; > 1. Then

(L’Hf(X) Y, = (Lk_lf(x) W

< Zaj (Lk*lf(x) Vi = (Lk*lf(x> (%HL —eof(x) “Yiq1

j=1
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n

< (Lk_lffx) qrr1L - Y1 < ( H q,\> L" 'Kx.
A=k+1

4. CONSTRUCTION OF MULTI-VALUED HOLOMORPHIC SECTIONS

Lemma 4.1. IfY is an irreducible subvariety of complex dimension k in X and
if
p> Lok (L’f*lf(x) Y,

then there exists a non identically zero multi-valued holomorphic section of pL —
loK x overY.

PROOF. Since LF-Y > 1, it follows from the assumption that
(D)"Y >k ((pL)k_l f(X) Y.

Let Y be a desingularization of Y. Let E be the pullback of pL — lKx to Y.
Since both L|y and K x|y are numerically effective holomorphic line bundles over
Y, by the arguments in [20] following [20, Corollary(1.2)], the complex dimension

of (Y’,qE) is at least cg® for some positive number ¢ when ¢ is sufficiently
large. Let Z be the subset of points where Y is not locally biholomorphic to

Y under the desingularization map. There exists some positive number ¢ such
that any holomorphic section of ¢F over Y vanishing to order at least ¢ at points

of Z comes from some holomorphic section of ¢ (pL — oK X) over Y. Since the
complex dimension of the space of all holomorphic sections of ¢F over Y vanishing
to order at least £ at points of Z is no more than Ci¢*~! for some positive number

C when ¢ is sufficiently large, it follows that there exists some non identically
zero holomorphic section of gE over Y which comes from a holomorphic section

of g (pL — K X) over Y. Thus there exists a non identically zero multi-valued

holomorphic section of pL — oK x over Y. O

From the definition of p,, we have

pr L™ > nly (L”_lffx) .
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We now apply Lemma 3.1 to

Y, = Xl(,th,,HQ v, for k< j <mn,
t; = sl(,jj)Jrh,,jH,... v, for k< XA <n,

G =P+ 2o 2 Ipafor k<A <,

and use the strict decreasing property of the sequence p; (1 < j <n) to conclude
that

n

1~ k o 1=
(Lk 1KX> Xl(/kzrther *yUn S H pj+ Z 2)\ J 1p>\ (Ln 1KX>

j=k+1 A=j+1
(n—k—1)(n—k) 1 Pk
<2 2 Dk+1DPk+2 " Pn (L" 1KX) =,
kfo
because
1+ Z A—I—1 — gn—i
A=j+1
and

1

2 m—k—-1(n-k
-y - Yin=)

n—

> (=)

Jj=k+1
By Lemma 4.1 there exists a non identically zero multi-valued holomorphic section
k = k
gkll,l/lwrz,“' Wn of prL — loKx over X£k117Vk+27“' Wn
5. USE OF PRIMARY DECOMPOSITION OF SHEAVES
Let O ) be the sheaf of germs of weakly holomorphic functions
”k+1”’k+2>‘“ sVn
on X ,Efil’yk o, vn- Here a weakly holomorphic function on an open subset {2 of
X 5’;)“,% 42, v, Means a function which is holomorphic at the regular points of

and locally bounded on 2. We use the usual notation O () to denote
Vi41:Vk42""" Vn

the sheaf of germs of holomorphic functions on X (k) There exist a

Vi4+1,VE+2,""" sVn "
finite number of irreducible subvarieties
z{" (1<A< NP

A Vk41,Vk425 sVUn Vk+1,Vk+2)" "7Vn)

(k)

in the singular set of X, | .0,

v, With the property that at any singular point

P of Xl(,kll,,,kﬁ ., the collection of local branch germs of
k
§\Izk+1,ljk+2, “Un (1 < )\ < Nl’kllvl’k#»?v 7”n)
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at P is precisely the collection of all subvariety germs of the associated prime
ideals in the primary decomposition of the module

O Oy
X,,,CH,VM,...,,,,L/ XS g om

over O . See, for example, [19] where primary decompositions are

(k)
XVk+1,Vk 2" Vn

referred to as Noether-Lasker decompositions.

We have the following conclusion from the definition of primary decomposi-

tions. If f is a weakly holomorphic function germ on X l(,’,fll,l,k 42, v, At sOme point
k k

P Of XlskllekJrzy" £k)+1,vk+2,'“ sUn
at P which is not identically zero on any of the local branch germs of

.., and if o is a holomorphic function germ on X

AVk+1,Vk42," s Vn Vk+17"k+2""7”")

at P such that fo is a holomorphic function germ on X (k) at P, then

Vi41,Vk+2,""" yVn
f is a holomorphic function germ on Xl(’lc-)¢—17l’k+27"' v, at P.

Since K is very ample over X, there exists an element
(k) I (X, 6K
O.Vk+1,Vk+2,-“,I/n e b) 0 X
with the following three properties.

(i) The section 0512117,,k+27... v, does not vanish identically on any

k)
k+1:,Vk+2,"" 7Vn)'

z®) (1< A< N

AVk41,Vk+2,""" sVn

(ii) The section oy,:lh
e

Vk+1,Vk+2,""" yVUn "

Vipa, v, dOes not vanish identically on the singular set of

(iii) The divisor of aﬁ’,jlhmz,u,yn in the regular part of Xﬁflhuk“,m,yn

nonempty irreducible complex-analytic hypersurface of multiplicity 1.

is a

Since pgL is ample over X, the multi-valued holomorphic section

(k)

o o
Vk4+1,Vk4+2,"" sVnSVE+1,VEk+2,"" ,Vn

k
of pkL over X£k11,uk+2,"',V1L
T]l(/]le,qu,-“ v, of pr.L over all of X.

extends to some multi-valued holomorphic section
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6. NON-INTEGRABILITY SETS OF MULTIPLIER IDEAL SHEAVES

Lemma 6.1. Let (z,w) be the coordinates of C*> and 0 < a < 1 and b,c are
positive numbers. Then

/ (V=1dz A dz) A (V—1dw A dw)
0<|2|<1,0<|w|<1

|22 (|22 + |w]?)

is infinite if and only if a + b (1 — %) > 1.

PROOF. By the substitution x = |z|? and y = |w|?, the integral is infinite if and
only if

/ dxdy
0<z<1,0<y<1 (2 + y°©)

is infinite, which is the case if and only if

/ dxdy
0<z<1,0<y<1 pa <$% + y)c
is infinite. The Lemma follows by integration first with respect to y. O

Lemma 6.2. Let (z,w1, -+ ,wy) be the coordinates of C x C™. Let D (respec-
tively 1) be an open neighborhood of the origin in C (respectively C™). Let D’
(respectively ') be a relatively compact open neighborhood of the origin in D (re-
spectively ). Let f(z,w) be a holomorphic function on 0xQ = {z=0}N(D x Q)
and g;(z,w) (1 <j<J < o0) be a multi-valued holomorphic function on D x Q
in the sense that for some positive integer N the function ng 1s a well-defined
single-valued holomorphic function on D x § for 1 < j < J. Assume that the
common zero-set of the restrictions of g1,--- , gy to 0x € is equal to the zero-set of
f and that %|0><Q
Then there exist a positive number dy and a positive-valued function ey(0) for
0 < < g such that for 0 < 0 < g and 0 < € < €g(d) the non-integrability set Z

of

s a multi-valued holomorphic function on 0 x Q for 1 < j < J.

1
146
J 2 2(1—e¢
(S lgs e w)?) P

in D' x Q is equal to the zero-set of f in0x Q' ={z=0}N (D" x ).

PROOF. Since € > 0 and since the common zero-set of the restrictions of g1, -+ , g
to 0 x 2 is equal to the zero-set of f, it follows that Z is contained in the zero-set
of fin 0 x €. For the other inclusion it suffices to show that Z contains the
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regular points P of the zero-set of f in 0 x . In some open neighborhood U of
P in D' x Q' we have

zJ: lg;(z,w)|* < C (|h(z,w)|2 + |z|’7>

for some positive numbers C, 7 and for some holomorphic function h(z,w) on U
such that dz, dh are C-linearly independent at every point of U and the zero-set
of hin (0 x ') N U agrees with the zero-set of f in (0 x Q') NU. The Lemma
now follows from Lemma 6.1. O

Lemma 6.3. Let X be a compact complex manifold and F and G be ample
holomorphic line bundles over X and H be a holomorphic line bundle over X. Let
hr (respectively he ) be a strictly positively curved smooth metric of F' (respectively
G). LetY be an irreducible subvariety of X and hy be a strictly positively curved
singular metric of F' over X defined by multi-valued holomorphic sections of F
over X such that the non-integrability set of hy hasY as a branch. Assume that
for any € > 0 the set of non-integrability of h%/_e does not contain Y. Let o be a
non identically zero holomorphic section of H over X. Let 7; (1< j < J < 0) be
a multi-valued holomorphic section of G over X such that %’ |Y is a non identically
zero multi-valued holomorphic section of G—H overY for1 < j < J. Then there
exist a positive number 6o and a positive-valued function ey(0) for 0 < § < §y such
that for 0 < 6 < g and 0 < € < €y(0) the metric

hy “hf
P 1496
(Zj:l |Tj|2> héG

is a strictly positively curved singular metric h of F + G over X such that

(a) the intersection with Y of the non-integrability set of h contains the zero-set
of o and is a proper subvariety of Y and

(b) the non-integrability set of h is contained in the union of the non-integrability
set of hy and the common zero-set of T1,+-- ,Ty.

PROOF. Since the metric hy is strictly positively curved, there exists a smooth
strictly positive (1,1)-form w on X such that both the curvature current of hy
and the curvature form of hrp dominate w. There exists a positive number &
such that the curvature form of i is dominated by ﬁw on X. Since the metric
hy is defined by multi-valued holomorphic sections of F' over X, there exist a
holomorphic map 7 : X — X composed of successive monoidal transformations
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with regular centers and a finite collection of nonsingular hypersurfaces E,. (r € R)
of X in normal crossing such that

(1) Kg = Kx +)_,cpbr By with b, being nonnegative integers, and

(2) f*hy locally on X is equal to a nowhere zero smooth function times

1
—_—,
HTGR |SE7-| o

where a, is a nonnegative rational number and sg, is the canonical section of the
line bundle defined by the divisor FE,.

Let Ry be the subset of all » € R such that = (F) contains Y. Since for any € > 0
the non-integrability set of h%fé does not contain Y, it follows that

(i) there exist a nonempty subset Ry of Ry such that a, — b, =1 for r € Ry and
(ii) ar — b < 1 for any r € Ry — R;.

For every r € R; and every point P € E, we choose an open coordinate neigh-
borhood Up of P in X such that sg,.|Up can be used as one of the coordinate
functions of Up. We now apply Lemma 6.2 to the coordinate function sg, and
the multi-valued holomorphic functions 7*7; (1 <j<J)on Up. Since the set
UreR1 E,. can be covered by a finite number of such open sets Up, we can get
from Lemma 6.2 a positive number dy and a positive-valued function €y(d) for
0 < ¢ < do such that the metric h satisfies (a) and (b) in the statement of the
Lemma. To make sure that the metric A has a strict positive curvature current,
we impose the additional condition that §y < d7. O

7. KEY STEP OF QUOTIENTS OF SECTIONS

(k)

Vi1 Wiz, o Of the line bun-

By applying Lemma 6.3 to the singular metric h
dle (Z;L:kﬂ 2’\_k_1p)\) L over X, to the holomorphic section al(,i)ﬂﬁ,k“’.“ W

loK x over X, and to the multi-valued holomorphic section n,(,ﬁzrhl,k 2 U

over X, we obtain a strictly positively curved singular metric Gl(,lzzrhl,k 4o, wn OF

the line bundle (pk + EK:,CH 2A_k_1p)\) L over X such that the intersection with
x (k) (k)

Vi+1,Vk+2,"" Vk4+1,Vk425""" »Vn

.., of the non-integrability set of § is a proper subvari-

ety of X,Eflhuk”,... v, containing the zero-set of the restriction of 01(,21,
to X}

k)

Vk4+1,Vk+2,""" sVn*

Vk+2,""yVn

Pick a point P in X l(,],:il,l,k 40, ,vn OUtside the non-integrability set of the singu-

lar metric Gl(,lzll’l,kﬁ,... - Let hp be a strictly positively curved singular metric
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of m,L+ B+ Kx over X whose non-integrability set has P as an isolated point.
Applying the theorem of Nadel [17] or Kawamata-Viehweg [11][24] to the met-
ric hpex)ﬂ?%”,..‘ wn OF (Mn +pe+ 201122 7%71pa) L + B+ Kx, we obtain
a holomorphic section C,Elzzrh,,k+27... v, of (pk + Z;zkﬂ 2>‘*’“’1p>\) L + Kx over

. k . . k
X whose zero-set in Xl(,kll,l,k“,“.y,,n is a proper subvariety of Xéklla”k+2»"‘vl’n

o (k) (k)
containing the zero-set of 0u,% vy o, v O0 Xpytt visn, o v
Let
(k)
(k) o Vk41,Vk4+2,""" sVn
SUk 41 Vht2, W0 (k)
Ovpia,Wiga, s vn | x(F)

VE+1:Vk42:"""¥Vn

From the conditions imposed on the choice of U,Slzlh in §5 we conclude

Vi, n
that sf,lfell,l,k 42, wvn 18 @ non identically zero holomorphic section of
n
(pk + Z 2A_k_1pA> L—(th—1)Kx
A=k+1
over Xl(,l:lhl,k“’m vn- We then have the branches
k—1 k
Xl(’k,”kll-,'“ sUn (1 S Vi S Il(’kll,”k+2,'“ -,Vn)

(k)

Vi41,Vk+2,""
P1s° "5 Pq GF(X,(K()—].)K)()

without any common zero in X.

k
of the zero-set of s,(,k)+1 v, on X v,,- Choose

Vig2,

For 1 < j < ¢ the multi-valued holomorphic section pjsl(,ilh v, of

ez
(pk + D81 275 1pa) L over Xl(,’,:ll,l,k“,...,,,n can be extended to a multi-
(k)

. . n A—k—1
valued holomorphic section T Vst s s of (p;c + Z)\:kﬂ 2 p)\) L over

X. By Lemma 6.3, for appropriate 0 < § < 1 and 0 < € < 1 the metric

_ n A—k—
h(k) 1=e h(ZA=k+1 2 'px)e
Vk4+1,Vk425" sVn L

146 )
Z.] (k) 2 h(Pk+Z;\L:k+1 2>\7kilpk)5
3=1|Ti, vk i1 Vb2,

L
of (Z’;Zk 2’\*kpk) L has strictly positive curvature current and satisfies the fol-
lowing two conditions.

h =

(i) The non-integrability set of h is contained in the non-integrability set of
B )

Vk+1,VE+2," sVUn*
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of the non-integrability set of h contains
(k)

Vk+1,VEk+2,""" sVn "

(ii) The intersection with X, (k)

Vk+1,Vk+2,""" yVn

the zero-set of s(y’fc)+17yk+27... v, and is a proper subvariety of X

(k—1)

Vi, V415" sVn
(k—1)

Vi Vk+15""" sVn

Define the metric hg,ji,t{rl wn Of (328_,, 227 Fpy) L over X by h =
h. Then X,E]:;i)ﬂ v, is a branch of the non-integrability set of A

and the curvature current of h,(,lf;ual v, is strictly positive. Note that in this
construction the metric h,(fzy_l,al,...’,,n is at this point independent of vi. How-
ex(lgi,l)in the iIll)duction argument when for some suitable 0 < o < 1 we replace
h y

VisVk+15""" »Vn

Vi sVk+1,°

(hL)a(Z;:k 2>\—kp>\) (h(k—l) L >l—a

- 1-p
so that the non-integrability set of the singular metric (hl(,l,z,,ﬂrl ,,) does

. k—1
not contain Xl(,k ,yk)ﬂ e

. for any 0 < 8 < 1, the number o depends on vy,
resulting in the dependence of h(yii,ill v, on vi. This finishes the induction

process.

8. COUNTING OF FACTORS IN THE BOUND

We introduce the following lemma to track the number of occurrence of a factor
in the inductive definition of p;. The lemma deals only with counting the number
of symbols in a symbolic manipulation involving an inductive definition. It is in
the context of symbolic manipulation and not in the context of number theory and
commutative algebra. In the counting we regard each symbol as an element in a
unique factorization domain which contains the symbols in question as elements.

Lemma 8.1. Let D, Ay, Cy (0 < k < N) be elements in a unique factorization
domain. Assume that D is prime. Let D be a factor in Ay occurring only with
exponent 1. Assume that inductively

A =Ck-Ag- A1+ Ap1

for 1 <k < N and that Cy, does not contain D as a factor. Then the factor D
occurs with exponent 27ax(k=1.0) in A, for 0 < k < N.

PROOF. Let a be the exponent of D in A;. Then ag =1 and a; =1 and

ag =ap +ay+ -+ ag_1.
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Inductively, if a; = 27=1 for 1 < j < k — 1,then

k—1 k—1 2]@71 1
ar=ao+ Y a;=1+» P =14"—" =21
=1 j=1

We now apply Lemma 8.1 to count the number of times the factor

1 RX
1 - -

occurs in p;. For our counting we let

{D =1+ LL";R"J ,

A =pp_pfor0<k<n-—1

By applying Lemma 8.1 to the case

C() = Tlgo,
Cr = lo(n — /4:)2@ (L"’lf{}() for1<k<n-1,

we conclude that the factor

n—1 kX
1 -

n—2,0)

occurs 2max( times in p;.

We now apply Lemma 8.1 to count the number of times the factor L' 1Ky
occurs in p;. For our counting we let
D=L"1Ky,
A = Ln_le,
Ap=pp_pfor1<k<n-1

(k—1)k

By applying Lemma 8.1 to the case Cyp = 1 and Cy = {y(n — k)27 = p, for
1 <k <n-—1, we conclude that the factor L™ 1K occurs gmax(n—2,0) timeg in

P1-

We now apply Lemma 8.1 to count the number of times the factor ¢y occurs
in p1. For our counting we let

D= £O7
Ag = Lo,
A =pppp1for 1<k <n
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By applying Lemma 8.1 to the case
Cyo=1,

1= (1 1228 )

k(k+1)

Cp = (n—k—1)2"5 (L”*lf(x) for 2 < k <n,

we conclude that the factor £y occurs 27! times in p;.

. . (n—kg—1)(n—kq)
Fix 1 < kg < n. We now count the number of times the factor kg2 0= ¢

occurs in p;. For our counting we let

D= k02("hk0*;)(n*ko>’
Ak:pko—k fOI‘OS]fSk‘o—l

By applying Lemma 8.1 to the case
Co = bo (14 | EpEx |) for ko =,
Co =¥y (Hi\l:ko—i-l p)\) (Lnilf(x for kg < n,
Cie = oo — R)2 =55 (I yoa) (£ 1Kk ) for 1<k < ko,

(n—kg—1)(n—kg)
2

we conclude that the factor kg2 occurs 2max(k0=2.0) times in p.

We thus conclude that p; is equal to the product of

1 n (k1) (n—k) \ 27 (F=2:0)
27’,7 —RKR— — K
g TI (=)

k=1

gmax(n—2,0) In1j gmex(n=2.0
n—1 1 ’ " X
(L KX) (1 n {Ln J)

9. VERIFICATION OF NUMERICAL EFFECTIVENESS

and

Let

Jj=2

We now verify that the line bundle L is numerically effective. Suppose the con-
trary. Then there exists an irreducible subvariety Y of positive dimension in X
such that there does not exist any non identically zero holomorphic section of
gL on Y for any positive integer q. Let k be the smallest positive integer such
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k . . .
that Xﬁklhyk”,‘.. ., contains Y for some choices of vj41,Vk42, -+ ,vn. The ir-
. . . k
reducible branches of the zero-set of the holomorphic section s,(,kll,l,kﬁ,“.’,,n of

(pk + 3k 2j_k_1pj) L—(fp—1)Kx on Xl(,],:ll,l,ﬂ%... v, are the subvarieties

X(k_l) . (1 S Vj S I(k)

Vi sVk+1,,V Vkal’k+1g"'gl’n)'

By the choice of k the subvariety Y is not contained in any of Xﬁ’,j;ﬂl v, and

hence 5,(,],2)

' Lwiyz, vy 15 DOt identically zero on Y.

Since L is ample on X, there exists some holomorphic section t of gL for some
positive integer ¢ which is not identically zero on Y. Then

n j—2 n j—k—1 q
P12 % pi—(Pe+ ok ¥ »;) (S(Vllilrl Vg2, Vn)

is a holomorphic section of gL over X. (k) which is not identically zero

Vk+1:Vk+2,""" sVn
on Y. This contradicts the choice of Y with the property that there does not
exist any non identically zero holomorphic section of gL on Y for any positive

integer g. Thus we conclude that L is numerically effective on X

We have the case £y = 2. The choice of m gives m > 2" !p;. For any pair of
distinct points P, Q of X there exists a Hermitian metric of m, L + Kx whose
non-integrability set contains P and @) as isolated points and whose multiplier
ideal sheaf is contained in the square of the maximum ideal at P. It follows from
the numerically effectiveness of (p1 + 2?22 27 _zp]) L— Kx and L that mL — B,

which is equal to L + (mnL + Kx)+ Kx, is very ample on X. This finishes the
proof of Main Theorem 0.3.
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