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1. Introduction. Let X be a topological space. Then by the covering dimension
of X, denoted by dim X, we mean, as in our previous paper [5], the least integer n
such that every finite normal open cover of X is refined by a finite normal open cover
of X of order < n+1;in case there is no such an integer n, we define dim X = oo,

Let A be a subset of X. For each integer n = 0, let H%(X,A) be the n-th Cech
cohomology group of (X,A) with coefficients in the additive group of integers which is
defined by using locally finite normal open covers of X.

Let I be the closed unit interval [0,1] in the real line and I the boundary of M.
A continuous map f: (X,A)~>(I", in) is called essential if any continuous map
g (X,A)~>(I", in) with glA =f|lA satisfies g(X)=1"; otherwise f is said to be
inessential. Hence f is inessential iff there is a continuous map g: X~ which is an
extension of f|A.

Thus, the following theorem may be viewed as a generalization of the Hopf
extension theorem.

THEOREM 1. Let (X,A) be a pair of topological spaces such rhat dim X/A <n.
Then a continuous map - ( X,A)— (1", ") is inessential iff f*: HY( I, ") - HY(X,A) is
zero, where n 2= 2.

Now, let us consider the case where A is C-embedded in X. Then, by Shapiro [8],
for every locally finite, countable, normal open cover U of A there is a locally finite,
countable, normal open cover V of X such that V N A refines U. On the other hand,
the Cech cohomology groups with coefficients in the additive group of integers are
naturally isomorphic to the corresponding Cech cohomology groups defined by using
locally finite, countable, normal open covers (cf. [5, Theorem 6.8]). Hence we can
define the coboundary operator 6: Hn'l(A) - H™(X,A), and the cohomology

sequence of (X,A).
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oo > HL ) BT (A) & g (X, A) > -e-
is exact, where i: A = X is the inclusion map.

In the commutative diagram

A1 () ———— url(A) ——2—— H(XA)
(1 A)* *
6

0o———— ¥l ——— ua?, I ——0

the upper and lower sequences are exact.

Therefore from Theorem 1 we obtain the following theorem which has the same
form as the usual Hopf extension theorem.

THEOREM 2. Let X be a topological space and A a subset of X which is
C-embedded in X. Let dim X/A <n and n = 2. Then a continuous map g: A - " can
be extended to a continuous map from X to I" iffg*H”'](i”) ci*a"1(x),

The Hopf extension theorem has been proved hitherto for the following cases.

I. (X,A)is arelative CW complex and dim(X-A) < n (Spanier [9]).

II. X is a paracompact normal space with A closed and dim X <n (Dowker [11]).

In case I the condition “dim(X-A) <n” is equivalent to “dim X/A <n”, and, as
was proved in [5], dim X < n implies dim X/A <n for any pair (X,A) of spaces.

In both cases A is C-embedded in X.

In case I the singular cohomology groups are used. But, if (X,A) is a relative CW
complex, then the Cech cohomology group H™(X,A) is naturally isomorphic to the
corresponding singular cohomology group of (X,A) by virtue of [5, Theorem 6.1] and
[9, P. 428], and the cohomology sequence of (X,A) is exact for both cohomology
groups, and hence the condition “g*Hn'l(in) C i*Hn'l(X)” remains to be equivalent
if Hn'l(A) and Hn'l(X) are replaced by the corresponding singular cohomology
groups.

Thus, our Theorem 2 contains the Hopf extension theorem for the cases I and II
above.

In §4, Theorem 1 and the arguments in its proof will be applied to covering
dimension.

Throughout the paper, N denotes the set of positive integers.

2. Proof of Theorem 1. Since the “only if” part is obvious, we have only to
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prove the “if” part.

Since dim X/A < n, for any normal open cover G of X there exists a locally finite
normal open cover H of X such that H is a refinement of G and the order of
{H, St(AHJHEH, HN A =@} does not exceed n+1.

To prove this, let G= { Gy 1 X €A} be alocally fikite cozero-set cover of X and
let Ag= {NEAIGyNA# @} Let {F) INE A} be a locally finite zero-set cover of
X such that Fy C G, for each A € A. Let us put

Fo=U{F\IN€Ay}, G =U{Gy\INEA,].
Then by [6, Lemma 2.3] F0 is a zero-set and G0 is a cozero-set. Hence there is a
o h11)=X-G,. Let us put
L= {xeX|h(x)<%}. Then ACF,ClIntL. Hence {Gy-L,GyINEA-A,}is

continuous map h: X—1 such that h'1(0)=F

the inverse image of a locally finite cozero-set cover of X/A under the quotient map of

X onto X/A. Hence there is a locally finite cozero-set cover { Hy,HyINEA- AO} of

X such that its order does not exceed n+1 and
HXCGR-Lforeach?\EA-AO;ACHOCGO.

Then H = { H,, Hy N Gll INEA-Ay pE Ao} is a locally finite cozero-set cover of

X and H, = St(A,H). Thus H is a desired cover of X.

Let {Wi |i €N } be a normal sequence of open covers of I such that each set
belonging to W; has diameter < 1/i. Then there is a normal sequence ® ={ U; [i€N }
of open covers of X satisfying the following conditions:

(1) U, is a refinement of Fl(Wi) fori €N,

(2) order {U,St(A,U) [UEU;, UNA=@} <n+l.

Let (X,®) be a topological space obtained from X by taking { St(x,Up [iEN }
as a local base at each point x of X, and X/® the quotient space obtained from (X,®)
by identifying two points x and y such thaty € St(x,Ui) for each i € N. Let us denote
by ® the composite of the identity map from X to (X,®) and the quotient map from
(X,®) to X/®. Then ¢: X = X/P is a continuous map and the space X/® is metrizable.
This fact is proved in [4].

For any subset K of X let us put

Int(K;®) = {x€X| 3i€N: St(x,U;) CK} .
Then Int(K;®) is an open set of (X,®) and ¢'1¢(Int(K;¢>)) =Int(K;®). Let us put

further
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(3) B; = Int(St(A,U;);®),

@ V;={InUD) I UE;}.

Then V; is an open cover of X such that V;, | > U1 > V; where “>" means “is a
refinement of”’. Moreover, { ¢(V;) |i €N} is a normal sequence of open covers of
X/® such that { St(y, (V) i EN } is a local base at any point y of X/®. This fact is
proved in[4].

Since

(5) St(A,U;;1) C B; C St(AUp
we have

C1 $(A) C StP(A), §(Viq ) C 6(B;) C StB(A), $(Vy.)
and hence

(6) Cl o(A)=N{¢(B) [i€EN}.

On the other hand, for j = i+1 we have by (5)
(7) (¢(X) - ¢(By) N ¢(U) = gforUue U; with UN A+(.
Since Vj is a cover of X, we have

(8) ¢(X)-¢(B) CU {¢(Int(U; ) | UE Uj, UNnA=¢}.
From (2), (7) and (8) it follows that the order of ¢o(Vj) on ¢(X) '¢(Bi) does not
exceed nt+l forj > i. Hence by Nagata (7]

(9) dim(¢(X) - $(B;)) <nfori€N.
Therefore, by (6) and by the sum theorem on dimension we have

(10) dim(X/® - Cl1 ¢(A)) <n.

By (1) there is a continuous map g: (X/®, ¢(A)) > (I",IM) such that f = geg.

Let {<1>a | €} be the set of all normal sequences of open covers of X
satisfying (1), (2) and (3). If each cover of @, is refined by some cover of fbﬁ we write
< <I>B; in this case there is a canonical map ¢>g: X/<I>6 -> X/tba. Ifo, < tIDB < tl),y,
then ¢£° ¢'§ = ¢07 and if ¢, denotes the map from X to X/<I>a defined above then
b = ¢£°¢B when @a<<1>ﬁ (cf. [41). As is proved in [5], {¢% | € Q) defines an
isomorphism

lim {HY(X/@g, 9o(A)), (6£)*} = HUX.A).

Let g, X/® (A)) = J1, i) be a continuous map defined above such that

w %o
f=gy° 0q Then,if &, < CIJﬁ we have g6 = By °¢g.

Therefore, if £*: H(IM,I") - HY(X,A) is zero, then there is some & € § such that
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g HO(IM, [ > HY(X/®@,, ¢o(A)) is zero.

Since g, (Cl ¢,(A)) C in’ 8y is viewed as a continuous map hg: (X/<I>a,
Cl ¢,(A) = (Ii") and we have g, =hy U, Where Y (X/ @y, do(A)) > (X/®,,
Cl ¢,(A)) is the inclusion map. Since ¢%: HN(X/®,, Cl ¢,(A)) > HY(X/®,0,(A)) is
an isomorphism, h¥: H(I", iny - H(X/®,, C1 ¢,(A)) is also zero. Moreover, by (10)
dim(X/®)/C1 ¢, (A) <n.

Therefore, if the “if” part of Theorem 1 is proved for the case where X is
metrizable and A is closed in X, then the map hy, and hence g, is inessential and
consequently f is inessential.

Thus, as for the “if”” part of Theorem 1 we have only to prove it for the case
where X is metrizable and A is closed in X.

3. Proof of Theorem 1 for the case of metric spaces. Let X be a metric space
and A a closed subset of X such that dim X/A<n. Let G={Gy INEA} be any
locally finite normal open cover of X. The following argument is given in [2, the proof
of Theorem 2.2].

There exist two collections { Py INEA,} and {Hy A E Ay} of open subsets
of X such that A; C A and

(11) C1 Py CHy C Gy, ANPy# @ for \EAy; A C UPy.

(12) {A NPy INE AL} issimilarto {Hy INEAS}.

Since dim X/A <n, we have dim(X - UPR) < n and hence by [3, Theorem 1.2] there
is a locally finite collection V of open subsets of X such that

(13) V is a refinement of { Hy, X-C1Py } for each A & Ag and also a
refinement of G,

(14) X-UPy CU{V|VEV},

(15) order V< n+l.

Let us well-order Agsuch that Ag= {A A< ao_} for some ordinal Qg and let Q) be
the union of all V€V such that VN P7\¢¢ and VN Pa = ¢ for each o with a <A.
The sets VEV for which VN Py = g for all A< Qg shall be denoted by
{ V! u<Byl}. Let us put
Wy =Py U Q, for A <a,.
Then by (13) we have Wy C Hy for A <o,
If)\l <--°<)\r<ao, vy <'--<VS<60 and
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(AW N(A
W N v #g,

and if this intersection does not meet A, then r+s < n+l. Indeed, we have thens > 1

by (12) and hence
(AW NA V,)=(A QNN Y,)
=N =1 Y i=l N i=1 Y

and hence r+s < n+1 by (15). Let us put
U= {WR,VM IN<ag, u<By}.

Then by (14) U is a cover of X and is a refinement of G.

Let N(U) (resp. N(U N A)) be the nerve of U (resp. UN A) with the weak
topology. Then by the above consideration each simplex of N(U) which is not
contained in N(U N A) has dimension < n (that is, dim(N(U) - N(U N A)) <n).

Let f: (X,A)— (I, I") be a continuous map such that £*: H(ID, M) > H(X,A)
is zero. Then there are a locally finite normal open cover U of X and a continuous map
g: (N(U), N(U N A))—~ (a1, in) satisfying the following conditions, where ¢: (X,A) =
(N(U), N(U N A)) is a canonical map (cf. [5, §4]).

(15) f=ge¢: (X,A) > (0, M),

(16) g*=0: H'(I", I) - HY(N(U), N(U N A)),

(17) dim(N(U) - N(U N A)) <n.

Hence, by Theorem 2 for the case of complexes, which is equivalent to Theorem
1 in this case as was shown in the introduction and has been proved already (cf. [9]),
g is inessential. Hence g°¢ is inessential. Therefore, by the homotopy extension
theorem of Borsuk f is also inessential. Thus, the proof of the “if”” part of Theorem 1
for the special case of X being a metric space with A closed is completed. Hence our
Theorem 1 is completely proved.

4. Some theorems on covering dimension. A combination of the arguments in
§2 with those in §3 yields the “only if” part of the following theorem.

THEOREM 3. Let (X,A) be a pair of topological spaces. Then dim X/A <n iff
for any finite normal open cover G of X there is a locally finite normal open cover U
of X such that U is a refinement of G and dim N(U)/N(U N A4) <n.

To prove the “if” part, let G= { Gy, Gy,"**, Gg} be any finite cozero-set cover

of X such that it is the inverse image of a finite cozero-set cover of X/A under the
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quotient map of X onto X/A. Without loss of generality we may assume that A C G,
and ANG; = ¢ for i = 1. Then by assumption there is a locally finite cozero-set cover
U of X such that it refines G and dim N(U)/ N(U N A) <n. Then from U we can
construct a finite cozero-set cover V = {Vo, Vi, VS} of X such that Vi C G;j for
i=0,1,-*+,s and that dim N(V) <n, by forming the unions of suitable members of U.
This proves the “if”’ part of Theorem 3.

COROLLARY 4. Let A be C*-embedded in a topological space X. Then dim
X =Max(dim A, dim X/A).

PROOF. If dim X <n, then dim A <n and dim X/A <n by [5, Lemmas 5.8 and
5.14]. Conversely, suppose that dim A <n and dim X/A <n. Let G be any finite
normal open cover of X. Then there is a finite normal open cover H of X which is a
refinement of G with dim N(HN A) <n. Let {Hj1i=1,-*+,p} be the totality of
H€EH with HN A# @. By Theorem 3 we can find a finite cozero-set cover V of X
such that V is a refinement of H and dim N(V)/N(V N A) <n. Let us put

U =U{VEV|VNA#§ VCH;},
Ui=U{VEV |VNA#§ V{EHforj<i VCH}
for 2 <i<p;let
Vi,V
be the totality of VE V with VN A =§.

q

Assume that

r S
L=nU._n( NV )+
0 iy (u=1 Ju) g
for l<ip<-+--<i.<p and 1<j1<“'<js<q. If LNA#@ then s=0 and
ﬂH NA+#*@ and hence r+s=r<n+l. IfLN A=(, then there are Vi')\ of V for

1\
1 < A <r such that

r S
Vi, € Uj, for each X and M = M Vi N (“Q1 Vj#) +f

Since M N A =@ and dim N(V)/N(V N A) < n, we have r+s < n+1. Thus, if we put

U= {Ul"“’ Up’ Vl’. “’Vq } ,
then U is a finite cozero-set cover of X and a refinement of H and hence of G.
Moreover dim N(U) < n. This completes the proof of Corollary 4.

The following theorem is obtained as another application of the arguments in §2.
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In case A= ¢, by X/A we mean the disjoint union of X and one point. Hence, if G is
open in X, then X/(X-G) = C1 G/Bd G.

THEOREM 5. Let G be a normal open cover of a topological space X. If dim
Cl G/Bd G <n for each G €G, then dim X <n.

Roughly speaking, Theorem 5 asserts that if X is uniformly locally at most
n-dimensional then X is at most n-dimensional.

Before proceeding to the proof of Theorem 5, we shall prove

LEMMA 6. If {G)\ INE A} is adiscrete collection of open subsets of X and if
dim ClI G>\/Bd Gy<n for eah NEA, then dim ClI G/BdG<n for
G=U{Gy\INEA}.

PROOF. The space Cl1 G/Bd G is homeomorphic to the quotient space obtained
from the disjoint union of Ci G}\/Bd Gy by identifying all the base points of
Cl1 Gy/Bd Gy, to a single point, where the base point of X/A is either the point to
which all the points of A are identified or the point which is added by definition in
case A = . Hence Lemma 6 is proved easily.

PROOF OF THEOREM 5.If G and G’ are open in X and G CG/, then
dim X/(X-G) <dim X/(X-G"). Since any normal open cover of X is refined by a
o-discrete cozero-set cover of X, by Lemma 6 we have only to prove the theorem for
the case where G is a countable normal open cover of X;let G= {G; |i €N} .

Let V be any countable normal open cover of X.

Then there is a normal sequence ®= { U;lie N} of open covers of X satisfying
the following conditions.

(1) Uy is a refinement of G and of V,

(2)' order {U, St(X-Gj, Upluey;,uc Gj} < n+l foreachi=2 and j <i.
Here X/® and ¢: X = X/® have the same meaning as in §2.

Hence by the arguments in §2 we have

(10)" dim(X/® - C1 ¢(X-Gj)) <nforjEN.

If we put Hj = lnt(Gj; ®) (for the notation, cf.§2), then H= { Hj |j €N} is an open
cover of X and ¢'1¢(Hj) = Hj. Since ¢(X-Gj) C ¢(X) - ¢(Hj), we have

N {C1 $(X-G)) li €N }=4.
By the sum theorem on dimension, we conclude from (10)' that dim X/® < n. The

theorem follows readily from the last inequality.
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Combining the arguments in the proof of [5, Theorem 5.2] with Theorem 1, we
have the following theorem, which is an extension of [5, Theorem 5.2].

THEOREM 7. Let (X,A) be a pair of topological spaces such that dim X/A=n,
and let - (X,A) - (1", ") be a continuous map. If fis essential, so is the product map
FXLAXA) XALD) (1 7)) \where £ X 1 is defined by (f X 1) (x,t) =(fix),t) for
xE€X, tE€land "1 =" X I

THEOREM 8. Ifdim X/A =n, then

dim(X X DI(A X 1U X X I) = n+1

PROOF. Since (X/A) X I=(X X I)/(A X 1), by [5, Theorem 5.7 and Lemma

5.14] we have
dim(X X D/(A XTU X X i) <dim(X X I)/(A X I)
=dimX/A+1=n+1.

On the other hand, by [5, Theorem 5.1] and the remark at the beginning of the proof
of [5, Lemma 5.13] there are a closed subset B of X containing A and an essential
map f: (X,B) = (I, i"). Hence by Theorem 7, f X 1: (X,B) X (L) > (In+1 jntly i
essential and consequently Hn+1(X XL BXDUXX i)) # @ by Theorem 1. Since
(B X I) U (X X 1) D (A X1)uU (X X i), this shows that
dim (X X I)/(A XTU X XI)>n+ 1. Thus, Theorem 8 is proved.

COROLLARY 9 ([5, Lemma 5.13]). Let (X,xo) be a pointed space of finite

dimension. Then dim SX = dim X+1, where SX is the reduced suspension of X.
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