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Abstract For many natural turbulent dynamic systems, observed high di-
mensional dynamic data can be approximated at slow time scales by a process
Xt driven by a systems of stochastic differential equations (SDEs). When one
tries to estimate the parameters of this unobservable SDEs systems, there
is a clear mismatch between the available data and the SDEs dynamics to
be parametrized. Here, we formalize this Indirect Observability framework as
follows.

We consider an unobservable centered stationary Gaussian process Xt

with covariance function K(u, θ) = E[XtXt+u], parametrized by an unknown
vector θ which lies in a compact subset Θ of Rp. We assume that the only
observable data are generated by centered stationary processes Y ε

t , indexed
by a scale separation parameter ε > 0. These approximating processes have
arbitrary probability distributions, exponentially decaying covariances, and
are assumed to converge to Xt in L4 as ε → 0. We show how to construct
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estimators of the underlying parameter vector θ which depend only on the
observable data Y ε

t , and converge to the true parameter values as ε → 0.
We study adaptive subsampling schemes involving [N(ε) + k(ε)] → ∞

observations Vn = Y ε
n∆(ε) extracted from the approximating process Y ε

t by

subsampling at time intervals ∆(ε) → 0. We focus on parameter estimators
which are smooth functions of subsampled empirical covariance estimators
r̂k(N,∆) associated to non vanishing time lags k(ε)∆(ε) tending to fixed
positive limits as ε → 0.

We show that provided limε→0N(ε)∆(ε) = +∞, these subsampled ap-
proximate covariance estimators converge in L2 to the true covariance func-
tion K(u, θ) of Xt for all u, θ. Applying a generic version of the method of
moments suitably boosted up by adequately adjusted multiple subsampling
schemes, we show that this implies, in a very wide range of situations, the

existence of consistent estimators θ̂(ε) of the unknown parameter vector θ,
based only on adequately subsampled approximate data Y ε

t .

1 Introduction

In many practical problems it is desirable to model the dynamical features of
observed datasets by carefully chosen parametric stochastic models. Param-
eters characterizing the stochastic model need to be identified from the set of
observational or experimental data. In particular, estimating the parameters
of a system of stochastic differential equations from a discrete dataset of ob-
servations has been a key step in the modeling of many turbulent dynamical
phenomenons.

This paper focuses on the Indirect Observability context, i.e. when the
data to be fitted by a parametrized stochastic model (S) are not generated
by (S), but by another stochastic model approximating (S). The Indirect
Observability context considered here is motivated primarily by stochastic
modeling of large-scale structures in turbulent geophysical partial differential
equations. Starting with the seminal work of Hasselman [14] limit theorems
combined with the assumption of scale separation have been used to derive
closed-form reduced stochastic models for large-scale slowly evolving struc-
tures. The climate system is assumed to be in statistical equilibrium and the
reduced system is derived using averaging or homogenization with respect
to the equilibrium measure of fast variables. This approach can be formal-
ized by splitting all dynamic variables into two sets - slow and fast variables,
properly introducing an artificial small parameter, ε, into the climate sys-
tem, and deriving the effective reduced stochastic differential equation for
the slow variables in the limit as ε → 0. This technique has been applied to
some prototype models [2,17,18] and more realistic atmospheric models of
various complexity [13,12,9]. The main drawback of this approach is that the
coefficients in the reduced model are recast through the small-scale statistical
data which have to be estimated from a long simulation of the full model. An
alternative approach would be to estimate coefficients in the reduced stochas-
tic model directly from the time-series of the slow variables; thus introducing
the mismatch between the estimated model and data, since slow variables
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are only a subset of full slow-fast dynamics. The data recording the dynam-
ics of the slow variables alone are non-Markovian and multiscale effects from
the fast unresolved variables can lead to inconsistencies in reduced stochastic
modeling of the large scale structures in the atmosphere-ocean applications
[7,10].

In addition, this Indirect Observability context also emerges naturally in
other areas, such as financial mathematics and molecular dynamics. Several
papers have noted that microstructure noise can introduce discrepancies be-
tween the data and the model in volatility estimation from financial timeseries
[1,21] and fast thermal fluctuations can cause problems in direct simulations
and stochastic estimation of large-scale conformational changes in molecu-
lar dynamics [11,16]. Similar contexts have been considered by several other
authors [19,20,8].

In practical situations the full slow-fast system is not particularly close
to the limiting stochastic dynamics. For atmospheric dynamics, the scale
separation ε is generally considered to be in the range of [0.3 . . . 0.5], but
it is impossible to estimate the precise value of ε since it does not enter
the model explicitly. Nevertheless, it is desirable to obtain a closed-form re-
duced model for the time-evolution of the large-scale structures. Therefore,
the main practical goal of stochastic modeling under indirect observability is
to develop efficient and accurate parametric estimation procedure for SDEs
when the data are generated by a multiscale model for which the scale sep-
aration ε has a finite, but unknown value. The asymptotic results proved in
this paper and in [3,4] are crucial for the development of practical recipes for
constructing bias-corrected estimators and accurately reproducing the sta-
tistical properties of observed or simulated dynamic data sets, from coarse
scales down to a finite scale separation ε.

The main outcome of this paper is to outline a large class of non Gaus-
sian stochastic processes rigorously enabling consistent parametric estimation
under indirect observability of an underlying ”unobservable” process. Tech-
nically, we have restricted this study to parameter estimators which are func-
tions of an arbitrary but finite set of process covariances, with lags which are
asymptotically non vanishing as ε → 0. This paper is thus complementary to
our previous work [3,4], which explored (in a Gaussian context) the asymp-
totic consistency of parameter estimators defined in terms of process covari-
ances with asymptotically vanishing lags. As the scale separation ε tends to
zero, good estimators of the fixed underlying process parameters can rely on
many finite sets of empirical covariances. Selecting covariance lags which are
asymptotically vanishing or non vanishing as ε → 0 has strong impacts on
parameter estimators asymptotic behavior and accuracy; we are currently
studying this comparative performance analysis, which will be presented in
a subsequent paper.

Formally, we consider a continuous-time centered stationary random pro-
cess X = {Xt} in L2, with covariance function K(u) = E[XtXu+t] defined
by a parametric model K(u) = K(u, θ) where θ ∈ Θ is an unknown vector
of parameters, and Θ is a bounded open subset of Rp. We focus here on
situations where the stationary process X = {Xt} is not directly observable,
and where the only available observations are generated by centered station-



4

ary processes Y ε = {Y ε
t } indexed by ε > 0 , such that Y ε

t tends to Xt in
some adequate sense as ε → 0 . The concrete target is to efficiently use these
approximate data to generate consistent estimators of the unknown “under-
lying” parameter vector θ. Previous publications [3,4,19,20] have pointed
out that in several such cases, it is essential to first implement an adequate
subsampling {Y ε

n∆, 1 ≤ n} of the approximate process Y ε
t , using a small time

interval ∆ = ∆(ε) → 0, and a number of observations N(ε) → ∞, as ε → 0.
In most practical situations it is reasonable to assume that the unknown

parameters θ ∈ Θ ⊂ Rp can be uniquely estimated from covariancesK(u, θ) =
E[XtXt+u] with a particular suitable choice of lags {u1, u2, . . . , up}. There-
fore, given u > 0, we study the ”subsampled” empirical covariance esti-
mators of K(u, θ). These estimators r̂k(ε)(N,∆(ε)) are computed from k(ε)
observational data points Vn = Y ε

n∆ generated by sub-sampling with time-
step ∆ = ∆(ε) the approximating process Y ε

t . Naturally one seeks to have
k(ε)∆(ε) close to u as ε → 0. Concretely, to estimate p parameters, as ε → 0,
we need to estimate p covariances, and for each j = 1, 2, . . . , p, we select
subsampling time steps ∆j(ε) → 0 , numbers of observations Nj(ε) → +∞,
and discrete lags kj(ε) → +∞. Two distinct limiting regimes must be distin-
guished to identify the adequate choices of ∆j(ε), Nj(ε), and k1(ε), . . . , kp(ε)
which will enforce asymptotic consistency of our p parameter estimators.
The first regime is the non vanishing lags case where for j = 1, 2, . . . , p, one
has kj(ε)∆j(ε) → uj > 0 as ε → 0. The second regime is the vanishing lags
case, where for j = 1, 2, . . . , p, one has kj(ε)∆j(ε) → 0 as ε → 0.
The two situations are drastically different and it is a priori not clear which
strategy yields a more efficient estimation procedure. Analytical results and
numerical simulations for the vanishing lags case are reported in [3,4]. Here
we focus on analytical results for the non-vanishing case.

In a previous paper [3], we have studied this high density subsampling
scheme for purely Gaussian processes Y ε and X , and we have characterized
the associated adaptive vanishing lags subsampling schemes enabling consis-
tent estimation of θ on the basis of indirect observations. We analyze here
a much more general situation in the context of non vanishing lags cover-
ing a wide range of applications: the approximating stationary processes Y ε

t

have arbitrary probability distributions with uniformly bounded fourth order
moments, and the limiting process Xt is Gaussian. We characterize the ef-
ficient pairings of subsampling rates ∆ = ∆(ε) and number of observations
N = N(ε) which generate consistent estimators of the unknown parameters
θ. As seen below, a key technical point is to obtain consistent estimators of

covariances, which in turn generate consistent estimators θ̂ of θ.

2 Indirect Observability Context

Let us describe the precise mathematical framework studied in this paper,
which we will call the Indirect Observability Context for the centered sta-
tionary continuous time processes Y ε

t and Xt. Here, Xt is analogous to the
reduced stochastic model for the large-scale slow varying structures and Y ε

t

emulates the full multiscale slow-fast system.
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2.1 Hypotheses on the non observable process X

We call G the set of all continuous-time centered stationary Gaussian pro-
cessesX = {Xt} with covariance functionK(u, θ) parametrized by the vector
θ ∈ Θ where Θ is an open bounded subset of Rp. The covariance function
K(u, θ) is assumed to be piecewise C1 in the time lag u and C1 in θ, and to
decay exponentially fast for large time lags, i.e.,

|K(u, θ)| < c exp(−|u|/a), ∀u ∈ R, ∀θ ∈ Θ,

where the decay coefficients c and a are arbitrary but fixed positive con-
stants. The underlying process X = {Xt} is not directly observable, and will
always be assumed to belong to the preceding class G of stationary Gaussian
processes.

2.2 Hypotheses on the observable approximating processes Y ε

For each fixed ε > 0, the only observations available are the approximate data
Y ε
t . The observable process Y

ε = {Y ε
t } is assumed to be centered stationary,

but may have arbitrary probability distributions. We assume that for each
t ≥ 0, the random variables Y ε

t converge in L4 to Xt as ε → 0. More precisely
we assume that there is a fixed function ρ(ε) > 0 tending to 0 as ε → 0 and
a fixed positive constant C such that

‖Y ε
t ‖4 < C and ‖Y ε

t −Xt‖4 < ρ(ε) ∀t ∈ R, ∀ε > 0, ∀θ ∈ Θ.

Our goal is to use the approximate data Y ε to compute consistent estima-
tors of the unknown parameter θ. The uniform L4 - speed of convergence
ρ(ε) of Y ε

t to Xt will naturally become below a critical characteristic of the
subsampling rates enabling asymptotic consistency of parameter estimators.

2.3 Vanishing lags vs non vanishing lags

As discussed in the introduction, the vanishing lags and non vanishing lags
regimes refer to the limiting behavior of the lag k(ε)∆(ε) in the empirical
covariance estimators r̂k(ε)(N,∆(ε)). The vanishing lags and non vanishing
lags regimes corresponds to k(ε)∆(ε) → 0 and k(ε)∆(ε) → Constant > 0 as
ε → 0, respectively. Analysis of the two situations is somewhat different and
in this paper we primarily concentrate on the non vanishing lags. Neverthe-
less, we compare and contrast estimation procedure with vanishing lags vs
non vanishing lags in section 9.3.

2.4 Adaptive Subsampling schemes

Under these Indirect Observability hypotheses, we systematically apply to the
observed process Y ε one or several adaptive subsampling schemes defined by
∆ = ∆(ε), and N = N(ε) such that,

∆(ε) → 0 and N(ε)∆(ε) → ∞ as ε → 0. (1)
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Namely each such sampling scheme will focus on the observed subsamples
Y ε
n∆ with n = 1 . . .N(ε) + k(ε), where the discrete time lags k(ε) are integer

valued functions of ε such that k(ε)∆(ε) tend to some finite limit as ε → 0.
The main goal of such subsampling schemes is to enable consistent estimation
of the covariances K(u, θ).

3 Parameter Estimators and Covariance Estimators

Since centered Gaussian processes with the same covariance functions are
probabilistically equivalent, it is quite natural to assume that the covariance
function u → K(u, θ) determines θ uniquely. A slightly stronger hypothesis
is to assume the existence of a finite fixed set of time lags {u1, ..., up} such
that the vector r = (r1, . . . , rp) of covariances rj = K(uj, θ) determines a
unique θ ∈ Θ denoted by θ = F (r). In this case, a few mild hypotheses imply
that consistent estimation for parameters or for covariances are equivalent
tasks, as indicated by the following proposition.

Proposition 1 Let X = {Xt} be a centered stationary random process with
covariance function K(u) = K(u, θ) parametrized by θ ∈ Θ ⊂ Rp. Assume
that the function K(u, θ) is continuously differentiable with respect to θ and
piecewise C1 with respect to u. Select and fix a set of p time lag values
{u1, ..., up}, and consider the system of p equations with p unknowns

K(uj , θ) = rj , j = 1...p. (2)

Assume that the Jacobian determinant J(θ) is non zero for all θ ∈ Θ, where

J(θ) = det

[

(

∂K(uj, θ)

∂θk

)

1≤j,k≤p

]

.

The set D ⊂ Rp of all vectors r = (r1, . . . , rp) of the form (2) for some θ ∈ Θ
is then open. Assume that for all r ∈ D the solution of system (2) is unique
in Θ, and denote this solution by θ = F (r). Consider an arbitrary family
of observed processes Y ε = {Y ε

t } indexed by ε > 0. Then as ε → 0, there

exists a family of asymptotically consistent estimators θ̂(ε) of θ based on Y ε

if and only if there exists a family of asymptotically consistent estimators
r̂(ε) of r based on Y ε. One may for instance link these two families of esti-

mators by θ̂(ε) = F (r̂(ε)) and K(uj , θ̂(ε)) = r̂j(ε). Moreover, the estimators

r̂(ε) are asymptotically Gaussian if and only if the estimators θ̂(ε) are also
asymptotically Gaussian.

Proof By the implicit function theorem, the function F (r) is continuously
differentiable in r, for r ∈ D. Then the proof is quite classical, see for instance
[5].

In our context this proposition will be systematically applied to empirical co-
variance estimators based on processes Y ε approximatingX and subsampled
by adaptive subsampling schemes (1).
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4 Subsampled Empirical Covariances

We now present empirical covariance estimators based on observations sub-
sampled from the approximating process Y ε. The subsampling time interval
∆ = ∆(ε), and number of observations N = N(ε) will be functions of ε ver-
ifying (1). We select integer valued covariance lags k = k(ε) depending on ε,
and we define the associated approximate subsampled empirical covariances
Kε

Y = r̂k(N,∆) computed from N + k subsampled observations Vn = Y ε
n∆(ε)

by the formula

Kε
Y = r̂k(N,∆) =

1

N

N
∑

n=1

VnVn+k =
1

N

N
∑

n=1

Y ε
n∆Y ε

(n+k)∆, (3)

Similarly, we define the true subsampled empirical covariances Kε
X based on

the process X by

Kε
X =

1

N

N
∑

n=1

UnUn+k =
1

N

N
∑

n=1

Xn∆X(n+k)∆, (4)

where Un = Xn∆ is the subsampled unobserved process Xt. Note that for
the true subsampled empirical covariances Kε

X the indexing parameter ε is
only a mute variable. The direct observations from the unobserved process
Xt are considered on the same time grid defined by ε,N,∆ for comparison
with the approximate subsampled empirical covariances Kε

Y . For each fixed
time lag u > 0, we want to estimate the covariance K(u, θ) by the approxi-
mate subsampled empirical covarianceKε

Y . It is then natural to select integer
valued covariance lags k(ε) such that k(ε)∆(ε) → u as ε → 0. It turns out
(see below in section 7) that the optimal adaptive schemes are obtained when
k(ε)∆(ε) = u, for all ε > 0. To be in this optimal situation, we first select the
numbers of observations N(ε) and integer valued covariance lags k(ε) such
that, as ε → 0,

N(ε) → ∞ ; k(ε) → ∞ ; k(ε)/N(ε) → 0, (5)

and we then define the subsampling time interval by

∆(ε) = u/k(ε) for each fixed time lag u > 0. (6)

For the particular time lag u = 0, where we want to estimate the variance
K(0, θ), we of course impose k(ε) = 0 for all ε > 0, but no other restriction
on ∆(ε); the only requirements on N(ε), ∆(ε) are that they must verify (1).
To estimate p parameters we need typically to estimate p distinct covariances
K(uj, θ), including the variance ofXt corresponding to u1 = 0. So we see that
an optimized approach will require the selection of p−1 distinct subsampling
time intervals ∆2, . . . , ∆p. When some of the ratios ui/uj are integers, with
ui > 0, uj > 0, it is clearly possible to select the same time intervals ∆i = ∆j

provided one picks adequate distinct covariance lags k(ε) to estimate K(ui)
and K(uj). We will say that the Kε

Y are empirical covariance estimators with
non vanishing lags, since the integers k(ε) tend to +∞. The vanishing lags
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asymptotics (see section 9) will be studied elsewhere, and correspond to time
lags of the form u = u(ε) = k∆(ε) where the discrete lag k is any fixed
integer, so that u(ε) → 0 as ε → 0.

We show below that for adequate choices of the adaptive subsampling
schemes ∆(ε), N(ε) the approximate subsampled empirical covariances Kε

Y
with non vanishing lags converge in L2 to K(u, θ) as ε → 0. We will often
omit the argument θ in the covariances K(u) = K(u, θ). But we point out
that all bounds and constants derived below are uniform when θ remains in
any fixed compact subset of Θ.

5 Impact of Approximate Data on Empirical Covariances

First we derive an upper bound for the L2 distance between the “approxi-
mate” empirical covariances Kε

Y based on Y ε defined in (3) and the “true”
empirical covariances Kε

X defined in (4). Denote the Lp-norm of a random
variable Z by ‖Z‖p.

Proposition 2 Consider two discrete centered stationary processes U =
{Un}, and V = {Vn} in L4. Assume that for some positive constants M
and d > 0, the following inequalities hold in L4 for all integers n,

‖Vn − Un‖4 ≤ M, ‖Un‖4 ≤ d and ‖Vn‖4 ≤ d. (7)

Consider the usual empirical covariance estimators of processes U and V at
discrete time lags k defined by,

r̂k,U (N) = (1/N)

N
∑

n=1

UnUn+k, r̂k,V (N) = (1/N)

N
∑

n=1

VnVn+k.

We then have the uniform majoration in L2-norm

‖r̂k,V (N)− r̂k,U (N)‖2 ≤ 2dM for all N and k

Proof We first prove a key lemma.

Lemma 1 Consider 4 random variables A,A′, B,B′ in L4. Then, we have

‖AB −A′B′‖2 ≤ ‖A−A′‖4‖B‖4 + ‖A′‖4‖B −B′‖4,

Proof For any pair of random variables Q,R in L4, we have by Cauchy-
Schwarz inequality,

‖QR‖2 =
√

E(Q2R2) ≤
√

[E(Q4)]1/2[E(R4)]1/2 = ‖Q‖4‖R‖4. (8)

The elementary bound,

‖AB−A′B′‖2 = ‖(A−A′)B+A′(B−B′)‖2 ≤ ‖(A−A′)B‖2+‖A′(B−B′)‖2,

combined with inequality (8) proves the lemma.
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We now prove proposition 2. The hypotheses of this proposition and the
preceding lemma imply

‖VnVn+k−UnUn+k‖2 ≤ ‖Vn−Un‖4‖Vn+k‖4+‖Un‖4‖Vn+k−Un+k‖4 ≤ 2dM.

From this inequality we derive for all N and k

‖r̂k,V (N)− r̂k,U (N)‖2 ≤ (1/N)

N
∑

1

‖VnVn+k − UnUn+k‖2 ≤ 2dM.

We now derive a crucial consequence for the Indirect Observability Context.

Theorem 1 Consider processes Y ε and X verifying the Indirect Observabil-
ity hypotheses of section 2. Call C the uniform bound of the ‖Y ε

t ‖4 and ρ(ε)
the uniform L4-speed of convergence of the Y ε

t to Xt. Let σ
2 be a fixed upper

bound for the variance K(0) of Xt.
For arbitrary ε > 0, subsampling rate ∆(ε), number of observations N(ε),

and discrete covariance lags k(ε), consider the approximate covariance esti-
mators Kε

Y based on Y ε and the true covariance estimators Kε
X based on X,

respectively given by (3) and (4).
Then, for all ε we have the following uniform L2 -bound for the difference

between true and approximate covariance estimators

‖Kε
Y −Kε

X‖2 ≤ 2dρ(ε), (9)

where d = max{C, (3σ/2)}.

Proof Since X is Gaussian, the subsampled process Un = Xn∆ satisfies,

‖Un‖4 = ‖Xn∆‖4 = 31/4σ <
3

2
σ.

The Indirect Observability hypotheses on Y ε
t imply that the process Vn =

Y ε
n∆ satisfies

‖Vn‖4 ≤ C and ‖Vn − Un‖4 ≤ ρ(ε).

Then proposition (2) implies the announced inequality (9).

The preceding theorem shows that the asymptotic behavior in L2 of the ap-
proximate empirical covariances Kε

Y as ε → 0 will be determined by the
comparison of the function ρ(ε) with the asymptotic behavior of the true
empirical covariancesKε

X . Hence we now need to focus on the precise asymp-
totics of subsampled empirical covariances Kε

X for Gaussian processes X .

6 Gaussian Processes: Accuracy bounds for covariance estimators

We first consider discrete Gaussian processes with no subsampling, and com-
pute accuracy bounds in L2 for empirical covariance estimators. Recall a
known result ([5] for instance).
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Proposition 3 Let U = {Un} be a centered stationary Gaussian process with
covariances rk = E [UnUn+k]. Denote the empirical covariance estimators
based on N + k observations by

r̂k = r̂k(N) = (1/N)

N
∑

n=1

UnUn+k.

Call Γ = Γ (N) the covariance matrix of these estimators, given by

Γk,q = E [(r̂k − rk)(r̂q − rq)] ∀k ≥ 0, q ≥ 0.

Then, for all pairs k, q of non negative integers one has

Γk,q = (1/N)





N−1
∑

j=−(N−1)

f(j)



− (1/N2)

[

N−1
∑

j=1

j(f(j) + f(−j))

]

,

where the f(j) = fk,q(j) are defined by the covariances of U as follows,

f(j) = rjrj+q−k + rj+qrj−k. (10)

Proof Fix arbitrary non negative integers k, q. The 2nd moments of empirical
covariance estimators are given by,

N2E[r̂k r̂q] =

N
∑

n=1

N
∑

p=1

E[UnUn+kUpUp+q].

Since U is Gaussian, the fourth moments can be expressed in terms of second
moments, and we obtain,

E[UnUn+kUpUp+q] = rkrq + f(p− n),

where we define the numbers f(j) as above in (10). Hence the covariances of
the empirical estimators are given by,

Γk,q(N) = E[r̂k r̂q]− rkrq = (1/N2)

N
∑

n=1

N
∑

p=1

f(p− n).

For any function f defined on the the set of integers, we have the identity

1

N2

N
∑

n=1

N
∑

p=1

f(p− n) =
1

N





N−1
∑

j=−(N−1)

f(j)



− 1

N2

[

N−1
∑

j=1

j(f(j) + f(−j))

]

.

(11)
This identity achieves the proof.

We now evaluate the L2-accuracies ‖r̂k − rk‖2 of empirical covariance oper-
ators.
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Proposition 4 Consider a centered stationary Gaussian process U = {Un},
with covariances rj. Define τ and ζ by

τ =
∑

j≥1

jr2j , ζ =
∑

j∈Z

r2j (12)

and assume that τ is finite, which clearly implies that ζ is finite. Then the
L2 accuracy of the empirical covariances is uniformly bounded by

‖r̂k(N)− rk‖2 ≤
√
2ζ√
N

+

(

2τ1/2 + (4τζk)1/4
)

N
∀N, k ≥ 0. (13)

In particular, for each k ≥ 0, as N → ∞, the empirical covariance estimator
r̂k = r̂k(N), converges in L2 towards the true covariance rk with an L2-speed
of convergence given by,

lim
N→∞

N‖r̂k(N)− rk‖22 =
∑

j∈Z

(

r2j + rj+krj−k

)

. (14)

Proof Since rk = r−k for each k ≥ 0, proposition 3 shows that the variance
of r̂k is given by Γk,k = S/N +R(N), where

S = S(k) =
∑

j∈Z

f(j), (15)

and

R = R(N) = −(2/N)





∑

j≥N

f(j)



− (2/N2)

(

N−1
∑

j=1

jf(j)

)

,

with f(j) = f(−j) = r2j +(rj−krj+k). By Cauchy-Schwarz inequality we then

have |S| ≤ 2ζ. Since N |f(j)| ≤ j|f(j)| when j ≥ N , we see that

|R| ≤
(

2

N2

)

∑

j≥1

j|r2j + rj−krj+k| ≤
(

2

N2

)



τ +
∑

j≥1

j |rj−krj+k|



 .

By Cauchy-Schwarz inequality, we have





∑

j≥1

j|rj+k||rj−k|



 ≤





∑

j≥1

jr2j+k





1/2



∑

j≥1

jr2j−k





1/2

.

To bound the first factor in the last inequality, note that
∑

j≥1

jr2j+k ≤
∑

j≥1

(j + k)r2j+k ≤ τ,

where τ is given by (12). To bound the second factor, we write

∑

j≥1

jr2j−k =
∑

j≥k

(j − k)r2j−k + k
∑

j≥k

r2j−k +

k−1
∑

j=1

jr2j−k ≤ τ + ζk.
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We thus obtain the bound

|R| ≤
2
(

τ +
√

τ2 + τζk
)

N2
≤
(

4τ + 2
√
τζk

)

N2
,

and hence
√

|R| ≤
(

2τ1/2 + (4τζk)1/4
)

N
.

We then have

‖r̂k − rk‖2 = Γ
1/2
k,k = (S/N + |R|)1/2 ≤ (S/N)1/2 + |R|1/2

and hence,

‖r̂k − rk‖2 ≤
√
2ζ√
N

+

(

2τ1/2 + (4τζk)1/4
)

N
.

This proves the announced accuracy bound (13), and, as an obvious conse-
quence, the asymptotic result (14).

We now extend the preceding accuracy bounds to the subsampled empirical
covariances of Gaussian processes X ∈ G.

Theorem 2 Consider a centered stationary Gaussian process X belonging
to G (see (2.1)). To estimate the covariance K(u) by subsampled empirical
covariances Kε

X , we distinguish two cases (a) and (b):
Case (a) : for any fixed strictly positive time lag u, we select the numbers

of observations N(ε) → ∞ and integer valued covariance lags k(ε) → ∞
such that k(ε)/N(ε) → 0, and then we define the associated subsampling time
intervals by ∆(ε) = u/k(ε). One has then ∆(ε) → 0 and N(ε)∆(ε) → ∞,

Case (b) : for the particular time lag u = 0, we select numbers of ob-
servations N(ε) → ∞ and subsampling time intervals ∆(ε) → 0 such that
N(ε)∆(ε) → ∞, but we impose k(ε) = 0 for all ε > 0. In both of these cases
we thus impose k(ε)∆(ε) identically equal to u, and we consider the associated
subsampled empirical covariances Kε

X, given by (4), based on (N(ε) + k(ε))
observations Un = Xn∆(ε).

Then the subsampled empirical covariances Kε
X converge in L2 to the true

covariance K(u) as ε → 0. For u in any fixed interval [0, J ], the L2-speed of
convergence is given by the uniform bound

‖Kε
X −K(u)‖2 ≤ cte/

√

N(ε)∆(ε), ∀ε < 1/cte. (16)

Moreover, the precise L2-speed of convergence is given by,

lim
ε→0

N(ε)∆(ε)‖Kε
X−K(u)‖22 =

∫ +∞

−∞

ds
(

K(s)2 +K(s+ u)K(s− u)
)

. (17)

In this accuracy estimate, “cte” denotes a positive constant depending only on
J and on the exponential decay coefficients c, a associated to the covariance
function K(u) of X. Note also that for u > 0 this speed of convergence is
inversely proportional to u, since ∆ is proportional to u.
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Proof For brevity, we omit the ε argument in N = N(ε), k = k(ε), ∆ = ∆(ε).
Since X is in G, call c and a the coefficients of exponential decay of its
covariances. The discrete Gaussian process Un = Xn∆ has then covariances
rj bounded, namely, rj = K(j∆) ≤ c exp(−j∆/a), ∀j ≥ 0. The coefficients
τ, ζ introduced by (12) have then the following bounds, valid for ∆ < a/4,

τ ≤ c2
∑

j≤1

j exp(−2j∆/a) ≤ 4c2a2/∆2, (18)

ζ ≤ 2c2
∑

j≥0

exp(−2j∆/a) ≤ 2c2a/∆. (19)

We first study the case of a fixed positive time lag u > 0, where ∆ = u/k.
The preceding inequalities then imply, for 4u/a < k = k(ε) and ε small,

τ ≤ 4c2a2k2/u2,

ζ ≤ 2c2ak/u. (20)

Then the covariance estimator Kε
X generated by subsampling X coincides

with the empirical covariance estimator r̂k based on N + k observations of
the discrete Gaussian process U . The corresponding exact covariance of U
is rk = K(k∆) = K(u). Applying inequality (13) for the process U and the
integer valued covariance lag k = k(ε), we have the inequality

‖Kε
X −K(u)‖2 ≤

√
2ζ√
N

+

(

2τ1/2 + (4τζk)1/4
)

N
. (21)

Injecting the bounds just computed for τ and ζ, we obtain

‖Kε
X −K(u)‖2 ≤ 2c

√
a
√

k/uN +
(

4c1/2a+ 25/4(ca)3/4u1/4
)

(k/uN). (22)

This obviously implies the desired bound

‖Kε
X −K(u)‖2 ≤ cte

√

k/uN = cte/
√
N∆,

where the constant “cte” depends only on c, a, and ε is small enough to
force k/N < u and k > 4u/a. In particular this restriction on ε can be
handled uniformly for 0 < α ≤ u ≤ β with fixed α, β. We now study the
particular case u = 0, where one seeks to estimate the variance K(0). We
impose k = k(ε) = 0, and the subsampling scheme N,∆ verifies (1) as stated
in the theorem. Then (21) becomes

‖Kε
X −K(0)‖2 ≤

√
2ζ√
N

+
2
√
τ

N
.

From (18) we obtain for ∆ < a/4,

τ ≤ 4c2a2/∆2, ζ ≤ 2c2a/∆,

and we then conclude

‖Kε
X −K(0)‖2 ≤

2c
√
a√

N∆
+

4ac

N∆
,
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which implies, as soon as ε is small enough to force N∆ > 1 and ∆ < a/4,

‖Kε
X −K(0)‖2 ≤ cte/

√
N∆.

To compute the precise speed (17) of convergence to 0 for ‖Kε
X − K(0)‖2,

one simply needs to implement a variant of the result (14) proved above for
discrete processes.

6.1 Conclusions for directly observable Gaussian processes

It can be shown that, under the Gaussian hypotheses of the preceding result,
the speed of convergence 1/

√
N∆ obtained above is optimal (up to a pro-

portionality constant) for subsampled covariance estimators based on adap-
tive subsampling schemes N(ε), ∆(ε) verifying (1). Hence, when a Gaussian
process X with exponentially decaying covariances is directly observable, ba-
sic adaptive subsampling schemes ∆(ε), N(ε) verifying (1) actually generate
subsampled empirical covariances Kε

X which are L2-consistent estimators of
true covariances K(u), and can actually reach the optimal L2-speed of con-

vergence 1/
√
N∆ up to a proportionality constant, provided one makes sure

to select integer time lags k(ε) and subsampling time intervals ∆(ε) such
that k∆ = u as ε → 0. The N + k subsampled observations used to estimate
K(u) cover a global observation time span Span(ε) = (N + k)∆ for the pro-
cess Xt, and clearly limε→0(Span/N∆) = 1. Hence the L2-accuracy of the
subsampled covariance estimators is proportional to 1/

√
Span, as could be

expected. We note also that for u > 0, one could have proposed a slightly
different strategy to generate subsampled covariance estimators, by first se-
lecting an adaptive subsampling scheme N(ε), ∆(ε) verifying (1), and then
defining a covariance estimator Kε

X based on integers k(ε) = [u/∆(ε)] where
[x] is the integer closest to x. Then a proof similar to the preceding one yields
a slightly less good L2-speed of convergence estimate, involving a local bound
χ(u) = supw∈[0,u]|K ′(w)| on the first derivative of the covariance function,
namely

‖Kε
X −K(u)‖2 ≤ χ(u)∆+ cte/

√
N∆, (23)

where the constant “cte” depends only on c, a, χ(u), u and remains bounded
when u is bounded. This alternative strategy is less favorable than the
strategy outlined in the preceding theorem. Indeed for a given N(ε) the
best reachable L2-speed of convergence is obtained by minimizing the right
hand side of (23); this obviously occurs when ∆3 is proportional to 1/N ,
and the optimal accuracy reachable by this strategy is then proportional
to ∆ = cte/

√
N∆ = cte/N1/3. We now come back to the generic Indirect

Observability Context.

7 Generic non Gaussian approximating processes

7.1 Main generic hypotheses

Consider stationary processes Y ε
t and Xt verifying the Indirect Observability

hypotheses of section 2. Call C the uniform bound of the ‖Y ε
t ‖4 and ρ(ε) the
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uniform L4-speed of convergence of the Y ε
t to Xt. Let σ2 be a fixed upper

bound for the variance K(0) of Xt for all θ in some fixed compact subset Γ
of Θ.

For any fixed lag u, we estimate the covarianceK(u) of Xt by subsampled
empirical covariances Kε

Y based on the observable approximate data Y ε.
Case (a) For u > 0, we select integers k(ε) → ∞ and numbers of observa-

tions N(ε) → ∞ such that k(ε)/N(ε) → 0. We then define subsampling time
intervals by ∆(ε) = u/k(ε). One has then ∆(ε) → 0 and N(ε)∆(ε) → ∞.

Case (b) For u = 0, we naturally impose k(ε) = 0 for all ε > 0; select num-
bers of observations N(ε) → ∞, and subsampling time intervals ∆(ε) → 0
such that N(ε)∆(ε) → ∞. In both of these cases, we thus have k(ε)∆(ε)
identically equal to u, and we consider the corresponding approximate sub-
sampled empirical covariances Kε

Y , given by (3), based on (N(ε) + k(ε))
observations Vn = Yn∆(ε).

Theorem 3 Under the preceding generic hypotheses, as ε → 0, the approx-
imate subsampled empirical covariances Kε

Y converge in L2 to the true co-
variance K(u) of the process X. For 0 ≤ u ≤ J with J fixed, the L2-speed of
convergence is given by the uniform bound

‖Kε
Y −K(u)‖2 ≤ 2dρ(ε) + cte /

√

N(ε)∆(ε), ∀ε < 1/cte, (24)

where the constant d = max{C, (3σ/2)}. Here and below, “cte” denotes a
positive constant depending only on the time interval J and on the expo-
nential decay coefficients c, a associated to the covariance function K of the
process Xt. The optimal L2-speed of convergence to 0 for ‖Kε

Y − K(u)‖2
is of the form (cte ρ(ε)). This optimal speed of convergence is reached if
and only if one selects N(ε)∆(ε) ≥ cte/ρ2(ε). The N + k subsampled ob-
servations Y ε

n∆(ε) used to estimate K(u) cover a global observation time

span Span(ε) = (N + k)∆. For the preceding optimal subsampling schemes,
we have limε→0(Span/N∆) = 1. The minimal observation time span nec-
essary and sufficient to achieve optimal speed of convergence is given by
Span(ε) = cte/ρ2(ε). For each covariance lag u > 0, this optimal subsampling
scheme is realized as follows: first select N(ε) such that N(ε)ρ2(ε) → +∞,
then define covariance lags k(ε) as the closest integers to cte × N(ε)ρ2(ε),
and finally set ∆(ε) = u/k(ε).

Proof By theorem 1, the difference between approximate and true empirical
covariance estimators Kε

Y and Kε
X is bounded in L2-norm by

‖Kε
Y −Kε

X‖2 ≤ 2dρ(ε). (25)

Applying to the Gaussian process X the key result (16), we have

‖Kε
X −K(u)‖2 ≤ cte/

√

N(ε)∆(ε), ∀ε < 1/cte, (26)

where “cte” denotes a positive constant depending only on J and on the
exponential decay coefficients c, a associated to the covariance function K of
X . The two last equations imply clearly

‖Kε
Y −K(u)‖2 ≤ 2dρ(ε) + cte/

√

N(ε)∆(ε), ∀ε < 1/cte. (27)
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Since ρ(ε) is given, the best value achievable for this last upper bound is
clearly proportional to ρ(ε), and this optimal upper bound for the L2-speed
of convergence of Kε

Y to K(u) is reached as soon as N(ε)∆(ε) ≥ (cte/ρ2(ε)).
To show that the L2-speed of convergence cte× ρ(ε), cannot be improved in
the general Indirect Observability Context, it is sufficient to exhibit at least
one specific example of processes Y ε and X verifying the conditions in 2.1,
2.2, and such that ‖Kε

Y −K(u)‖2 is actually equivalent to cte×ρ(ε) as ε → 0.
To build such an example, we consider a 2-dimensional centered stationary
Gaussian process (Xt, Zt) ∈ R2 with exponentially decaying covariances

K(u) = E(XtXt+u); L(u) = E(ZtZt+u); M(u) = E(ZtXt+u).

For each 0 < ε < 1, define the centered stationary Gaussian process Y ε
t =

Xt + εZt. Clearly, the L4-norms of all the Y ε
t , Xt are bounded. Moreover,

ρ(ε) = ‖Y ε
t −Xt‖4 = ε‖Zt‖4 = 31/4L(0)1/2ε.

Hence all the hypotheses 2 are satisfied by the processes Y ε
t and Xt. Select

N = N(ε), k = k(ε) verifying (5), (6), and set ∆ = ∆(ε) = u/k(ε). By
definition of the subsampled covariance estimators Kε

Y (3) we have

Kε
Y =

1

N

N−1
∑

n=0

(Xn∆ + εZn∆)(Xn∆+u + εZn∆+u) = Kε
X + aε+ bε2,

where

a =
1

N

N−1
∑

n=0

[Zn∆Xn∆+u +Xn∆Zn∆+u],

b =
1

N

N−1
∑

n=0

[Zn∆Zn∆+u], and, therefore,

E(b2) =
1

N2

N−1
∑

m=0

N−1
∑

n=0

E[Zm∆Zm∆+uZn∆Zn∆+u].

For Gaussian processes, 4th moments are expressed in terms of 2nd moments,
so that

E[Zm∆Zm∆+uZn∆Zn∆+u] = L2(u) + f(n−m),

where for each integers j the function f(j) is defined by

f(j) = L2(j∆) + L2(j∆+ u).

Applying the algebraic identity (11) we obtain,

E(b2) = L2(u) + (1/N)





N−1
∑

j=−(N−1)

f(j)



− (1/N2)

[

N−1
∑

j=1

j(f(j) + f(−j))

]

.

Due to the exponential decay of covariances K,L,M , and since u ∈ [0, J ], it
is easily seen that |f(j)| < cte exp(−cte|j|∆). Due to the hypotheses (5), (6)
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on N(ε), ∆(ε) we conclude, just as in section 6, that E(b2) remains uniformly
bounded as ε → 0. A completely similar argument shows that E(a2) is also
uniformly bounded as ε → 0. Actually, analogous computations prove that
as ε → 0 the coefficient a converges in L2 to the limit [M(u)+M(−u)]. Thus
we conclude that as ε → 0, we have the precise asymptotic equivalences

‖Kε
Y −Kε

X‖2 = ε× (M(u) +M(−u)) +O(ε2) ≈ cte ρ(ε).

On the other hand, the result (14) shows that, as ε → 0,

‖Kε
X −K(u)‖2 ≈ cte /

√

N(ε)∆(ε).

Hence we see that for this class of examples, the precise L2-speeds of conver-
gence are as follows :

when N(ε)∆(ε) ≈ cte/ρ(ε)2, one has ‖Kε
Y −K(u)‖2 ≈ cte ρ(ε),

when N(ε)∆(ε) � cte/ρ(ε)2, one has ‖Kε
Y −K(u)‖2 ≈ cte ρ(ε),

when N(ε)∆(ε) � cte/ρ(ε)2, one has ‖Kε
Y −K(u)‖2 � cte ρ(ε).

The other concluding statements of the theorem are easily proved.

8 Conclusions on efficient subsampling schemes for indirect

observability

In the Indirect Observability Context described in section 2, we have now
seen that adaptive subsampling schemes N(ε), ∆(ε) for indirect data Y ε

t do
generate subsampled approximate empirical covariances Kε

Y which are L2-
consistent estimators of true covariances K(u), provided the subsampling
scheme verifies (1) and k(ε)∆(ε) is identically equal to u as ε → 0. The
optimal L2-speed of convergence of these covariance estimators is achieved
when N(ε)∆(ε) = (cte/ρ2(ε)), and is then proportional to ρ(ε). The optimal
global observation time span Span(ε) = (N + k)∆ for the process Y ε

t is then
proportional to 1/ρ2(ε). For each u > 0, the optimal speed of convergence
is inversely proportional to u, since ∆(ε) is proportional to u. Moreover, in
this case the subsampled covariance estimators Kε

Y involve non vanishing
integer valued covariance lags k(ε) → ∞. We now derive the main corollary
of these results, concerning the estimation of θ ∈ Rp based on estimations of
p covariances K(uj) of X , where u1 = 0 and the distinct u2, . . . , up are all
positive.

Theorem 4 Consider centered stationary observable processes Y ε
t with ar-

bitrary probability distributions. We assume that as ε → 0, the Y ε
t converge

in L4 to a non observable stationary Gaussian process X = {Xt}, and verify
all the Indirect Observability Context of section 2.

Let K(u) = K(u, θ) be the covariance function of Xt parametrized by
θ ∈ Θ ⊂ Rp. To estimate θ, consider the system (2) associated to the vector
r = (K(u1, θ), . . . ,K(up, θ)), j = 1, . . . , p of p unknown covariances of X,
where the time lags u1 = 0, and u2, . . . , up are distinct positive real numbers.
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As above, this system is assumed to have a unique solution θ = F (r) for all
θ ∈ Θ. Consider positive integers N(ε), k(ε) verifying, as ε → 0,

N(ε) → ∞, k(ε) → ∞, and k(ε)/N(ε) → 0. (28)

Define the time steps,

∆j(ε) = uj/k(ε) , for j = 2, . . . , p.

For j ≥ 2, each covariance K(uj) is then estimated by the approximate
subsampled empirical covariance Kε

Y (uj) based on the N(ε) observable data
Y ε
n∆j(ε)

. For j = 1, the variance K(u1) = K(0) is estimated by the ap-

proximate subsampled empirical variance Kε
Y (0) based on the N = N(ε)

observable data Y ε
n∆(ε), where the time interval ∆ = ∆(ε) is chosen such

that N,∆ satisfy the adaptive subsampling scheme (1). Define the vector
r̂(ε) = (Kε

Y (u1), . . . ,K
ε
Y (up)). Then, as ε → 0, under the conditions (28),

the estimator θ̂ε = F (r̂(ε)) converges in probability to the true value θ.

Proof The result of theorem 3 implies that, for each j = 1, . . . , p, the subsam-
pled empirical covariance Kε

Y (uj) converges in L2 to K(uj). This combined
with proposition 1 proves the required convergence.

9 A benchmark example: parameter estimation for Approximate

Ornstein-Uhlenbeck Processes

9.1 A benchmark example

In a previous paper [3] we had studied in detail a special benchmark case of
the Indirect Observability Context (see section 2), where X is the stationary
Ornstein-Uhlenbeck process (OU-process), and the approximating process
Y ε is the SOU-process obtained by local smoothing of X , namely

Y ε
t =

1

ε

∫ t

t−ε

Xsds. (29)

Hence in this special case, both X and Y ε are centered stationary Gaussian
processes. The dynamics of X is given by

dXt = −γXtdt+ σdWt, (30)

and parametrized by

θ = [γ, σ] ∈ Θ = R
+ × R

+.

All the hypotheses of the Indirect Observability Context (section 2.1, 2.2)
are clearly satisfied for our benchmark case : the Xt have the same Gaussian
distribution with mean 0 and variance (σ2/2γ), and the covariance function
K(u) of X is given by,

K(u) = E[XtXu+t] =
σ2

2γ
exp(−γ|u|), (31)
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which proves the exponential decay of covariances. We then have E(X4
t ) =

3K(0)2, and hence the L4-norms of all the variables Xt and Y ε
t are bounded

as ε → 0. We finally evaluate the L4 speed of convergence ρ(ε). Since in this
benchmark case Xt − Y ε

t is Gaussian, we have

ρ(ε)4 = E[(Xt − Y ε
t )

4] = 3(E[(Xt − Y ε
t )

2])2. (32)

From (29), we derive

E[(Xt − Y ε
t )

2] =
1

ε2
E

[

(∫ t

t−ε

(Xt −Xs)ds

)2
]

=
1

ε2

∫ t

t−ε

∫ t

t−ε

dhdsE[(Xt −Xh)(Xt −Xs)],

=
1

ε2

∫ ε

0

∫ ε

0

dhds[K(0)−K(h)−K(s) +K(h− s)].

Using the explicit expression (31) of covariances, this double integral easily
yields

E[(Xt − Y ε
t )

2] =
σ2

2γ

[

1− 2
1

γε
(1− eγε) +

1

γ2ε2
(1− e−γε)(eγε − 1)

]

≈ σ2

2
ε,

so that in view of (32),

ρ(ε) = ‖Xt − Y ε
t ‖4 ≈ (3/4)1/4σε1/2. (33)

9.2 Non vanishing lags estimation of parameters for approximate OU
process

Fix the two covariance lags u1 = 0, u2 = u > 0. By (31), the OU parameter
vector θ = [γ, σ2] is a function F (r) of r = [K(0),K(u)], explicitly given by

γ = (1/u) ln (K(0)/K(u)) , σ2 = 2γK(0),

Select the numbers of observations N(ε) and integer valued covariance lags
k(ε) such that, as ε → 0,

N(ε) → ∞, k(ε) → ∞, k(ε)/N(ε) → 0. (34)

Note that we are here in a subsampling scheme involving non vanishing
discrete time lags k(ε) → ∞, where we define the subsampling time interval
by

∆(ε) = u/k(ε), foru > 0. (35)

In particular the hypothesis (34), (35) are then equivalent to

ε → 0, ∆(ε) → 0, N(ε)∆(ε) → +∞. (36)
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The observable SOU process Y ε
t generates then subsampled empirical covari-

ance estimators K̂ε
Y (u) and K̂ε

Y (0) both defined by

K̂ε
Y (u) = (1/N)

N−1
∑

n=0

Y ε
n∆Y

ε
(n∆+u), for u > 0, and foru = 0.

The estimator θ̂ = (γ̂ε, σ̂
2
ε) of θ is then defined by θ̂ = F (K̂ε

Y (0), K̂
ε
Y (u)), so

that

γ̂ε = (1/u) ln
(

K̂ε
Y (0)/K̂

ε
Y (u)

)

, and σ̂2
ε = 2γ̂εK̂

ε
Y (0). (37)

We are considering only the subsampling regime defined by conditions (34)
and (35), which taken together are equivalent to (36). In this situation, our
generic theorem 4 applies to this benchmark purely Gaussian case X and Y ε,
and shows that the estimators γ̂ε, σ̂

2
ε converge in probability to the correct

values γ, and σ2 as ε → 0.
Moreover the same generic theorem implies that the approximate sub-

sampled covariance estimators converge in L2 to K(0) and K(u) as ε → 0,

at L2-speeds of convergence bounded by cte × ρ(ε) + 1/
√

N(ε)∆(ε), where

we recall that note ρ(ε) = cte ε1/2.

9.3 Vanishing Lags estimators for a purely Gaussian benchmark case

In our paper [3], in the same Gaussian benchmark case just presented, we had
studied other estimators of θ = (γ, σ2), based on indirect empirical estimators
of covariances K(0) and K(∆(ε)) computed from approximating process Y ε

by

K̂ε
Y (0) = (1/N)

N−1
∑

n=0

(Y ε
n∆)2, and K̂ε

Y (∆) = (1/N)

N−1
∑

n=0

Y ε
n∆Y ε

(n+1)∆,

The associated parameter estimators were defined in [3] by,

γ̂ε = −
(

1

∆

)

ln

(

K̂ε
Y (∆)

K̂ε
Y (0)

)

, σ̂2
ε = −

(

2K̂ε
Y (0)

∆

)

ln

(

K̂ε
Y (∆)

K̂ε
Y (0)

)

. (38)

These formulas would be formally identical to those of (37) if one could legit-
imately set u = ∆(ε) in the preceding non vanishing lags section, and hence
define vanishing lags estimators. The asymptotic consistency requirements
are however quite distinct. Indeed, in [3], we have shown that if the adaptive
subsampling scheme [N(ε), ∆(ε)] verifies,

ε → 0, ∆(ε) → 0, (∆(ε)/ε) → ∞, N(ε)∆(ε) → ∞, (39)

then, the vanishing lags estimators γ̂ε and σ̂2
ε defined in (38) converge in L2

to the underlying parameters γ, σ2.



21

9.4 Comparison between vanishing lags and non vanishing lags estimators

The good subsampling schemes (34), (35) enabling the existence of consistent
indirect parameter estimators of θ based on non vanishing lags are obviously
more general than the subsampling schemes (39) warranting, for our spe-
cific purely Gaussian benchmark, the existence of consistent indirect estima-
tors based on vanishing lags. Considering subsampling schemes verifying the
stronger conditions (39), we can then actually use either the non vanishing
lags estimators or the vanishing lags estimators for the benchmark case of
the OU and SOU processes Xt, Y

ε
t .

For our specific benchmark Gaussian case, a comparison of L2-speeds of
convergence for the two types of subsampled parameter estimators shows that
non vanishing lags estimators converge faster than vanishing lags estimators.
Namely, considering observation time spans N∆ ≈ 1/ε2, the best L2-speeds
of convergence of γ̂ε, σ̂

2
ε , respectively, to γ and σ2 are proportional to ε for

non vanishing lags estimators, and to the much larger values (ε/∆) >> ε for
vanishing lags estimators.

Due to the specificity of our purely Gaussian benchmark case, further
study is still needed to analyze vanishing lags asymptotics in our generic In-
direct Observability Context, and to then complete an asymptotic comparison
between vanishing lags and non vanishing lags covariance estimators.

10 Conclusion

This paper develops a broad mathematical framework to study parametric
estimation for the dynamics of an unobservable Gaussian stationary pro-
cess Xt when observations are generated by processes Y ε

t tending to Xt as
ε → 0. In [3], for a key Gaussian benchmark situation, where Xt is the un-
observed Ornstein-Uhlenbeck (OU) process and Y ε

t is a locally smoothed OU
process, we had characterized the adaptive subsampling schemes enabling
L2-consistent estimation. This benchmark study was centered on maximum
likelihood parameter estimators which were expressed as smooth functions
of subsampled empirical covariance estimators with vanishing lags as ε → 0.
Asymptotic consistency of estimators forced the coarse subsampling require-
ment ∆(ε)/ε → ∞.

In the present paper, we have broadened the class of processes approx-
imating Xt to include arbitrarily distributed stationary processes Y ε

t ∈ L4

having exponentially decaying covariances, and converging to Xt in L4. As-
suming that the unknown covariances K(u) of Xt depend smoothly and in-
jectively on the unknown parameter vector θ, we study here a broad universal
class of estimators for θ, namely estimators which are smooth functions of p
empirical estimators of the covariancesK(u1), . . . ,K(up). For each uj > 0, we
estimate K(uj) by an empirical covariance estimator based on [N(ε) + k(ε)]
subsampled observations Y ε

n∆j(ε)
, where ∆j(ε) = uj/k(ε) and

N(ε) → ∞, k(ε) → ∞, k(ε)/N(ε) → 0.

In this generic Indirect Observability Context, we have shown the asymptotic
consistency of these ”non vanishing lags” parameter estimators as ε → 0. The
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best L2-speed of convergence for our subsampled empirical covariance esti-
mators is proportional to ρ(ε) = ‖Y ε

t −Xt‖4. This optimal speed is achieved
when k(ε)/N(ε) ≈ ρ(ε)2, which corresponds to global observations time spans

Span(ε) = maxj|uj>0[N(ε) + k(ε)]∆j(ε) ≈ Const/ρ(ε)2

There is generally a linear cost attached to the number of observationsN(ε)+
k(ε) → ∞, so it will be advantageous to choose k(ε) tending to∞ as slowly as
possible, and hence subsampling steps ∆j(ε) vanishing as slowly as possible
to zero.

10.1 Ongoing and future research

For this generic non Gaussian indirect observability framework, we intend
to develop adequate asymptotics for parameter estimators based on “van-
ishing lags” covariance estimators. Our results can be formally applied to
a plethora of examples; for instance we are currently studying stochastic
volatility models [15] for financial assets. The unobservable process Xt to be
parametrized is the volatility of a stock price process St, and approximate
volatilities Y ε

t are computable from the St by standard quadratic variation
processes [6]. In practical situations, the actual value of the scale separation ε
is unknown, since the observed data Y ε

t are generated by computer intensive
simulations of high dimensional ODEs. In a companion paper [4],we have
studied this question in two prototype examples (the Triad and the Burgers-
Hopf equation), and we have outlined numerical multiscale procedures to
derive bias-reducing subsampling schemes from one single set of data when
ε is unknown. We intend to extend this pragmatic approach to our generic
Indirect Observability Context.
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