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Area and Definite Integral

Area of Ω =

∫ b

a
f (x) dx
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Definite Integral and Lower/Upper Sums

Area of Ω = Area of Ω1 + Area of Ω2 + · · ·+ Area of Ωn,

Lf (P) = m1∆x1 + m2∆x2 + · · ·+ mn∆xn

Uf (P) = M1∆x1 + M2∆x2 + · · ·+ Mn∆xn

Lf (P) ≤
∫ b

a
f (x) dx ≤ Uf (P), for all partitions P of [a, b]
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Example:
∫ 3

1 x2 dx

Lf (P) = 1
(1

2

)
+

9

4

(1

2

)
+ 4

(
1
)

=
45

8
≈ 5.625

Uf (P) =
9

4

(1

2

)
+ 4

(1

2

)
+ 9

(
1
)

=
97

8
≈ 12.125

Lf (P) ≤
∫ 3

1
x2 dx =

1

3

(
33 − 13

)
=

26

3
≈ 8.667 ≤ Uf (P).
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Lower/Upper Sums and Riemann Sums

S∗(P) = f (x∗1 )∆x1 + f (x∗2 )∆x2 + · · ·+ f (x∗n )∆xn

Lf (P) ≤ S∗(P) ≤ Uf (P), for all partitions P of [a, b]
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Example:
∫ 3

1 x2 dx

S∗(P) = f
(5

4

)(1

2

)
+ f

(7

4

)(1

2

)
+ f

(5

2

)(
1
)

=
137

16
≈ 8.563

Lf (P) ≈ 5.625, Uf (P) ≈ 12.125,∫ 3

1
x2 dx =

1

3

(
33 − 13

)
=

26

3
≈ 8.667.

Lf (P) ≤ S∗(P) ≈
∫ b

a
f (x) dx ≤ Uf (P).

Jiwen He, University of Houston Math 1431 – Section 24076, Lecture 17 November 4, 2008 6 / 14



Sections 5.1 & 5.2 Sections 5.3 & 5.4

Definite Integral as the Limit of Riemann Sums

Theorem

∫ b

a
f (x) dx = lim

‖P‖→0

[
f (x∗1 )∆x1 + f (x∗2 )∆x2 + · · ·+ f (x∗n )∆xn

]
.
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Definite Integral and Antiderivative

Theorem

Let

F (x) =

∫ x

a
f (t) dt.

Then
F ′(x) = f (x) for all x in (a, b).
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Example: F (x) =
∫ x

0
1

1+t2 dt

Sketch the graph of F (x) =

∫ x

0

1

1 + t2
dt.

F ′(x) =
1

1 + x2
> 0, F ′′(x) =

−2x

(1 + x2)2
.

Note that F (x) =

∫ x

0

1

1 + t2
dt = tan−1 x .
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Fundamental Theorem of Integral Calculus

Theorem

In general, ∫ b

a
f (x) dx = F (b)− F (a).

where F (x) is an antiderivative of f (x).

Jiwen He, University of Houston Math 1431 – Section 24076, Lecture 17 November 4, 2008 10 / 14



Sections 5.1 & 5.2 Sections 5.3 & 5.4

Example:
∫ 3

1 x2 dx

Evaluate

∫ 3

1
x2 dx .

Step 1. Get an antiderivative for f (x) = x2:

F (x) =
1

3
x3

Step 2.∫ 3

1
x2 dx = F (3)− F (1)

=
1

3
(3)3 − 1

3
(1)3 =

26

3
.

f (x) = x2 > 0 =⇒
∫ 3

1
x2 dx = area of the shaded region.
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Example:
∫ π/2

−π/2 sin x dx

Evaluate

∫ π/2

−π/2
sin x dx .

Step 1. Get an antiderivative for
f (x) = sin x :

F (x) = − cos x

Step 2.∫ π/2

−π/2
sin x dx = F (π/2)− F (−π/2)

= − cos
(
π/2

)
−

[
− cos

(
−π/2

)]
= 0.

f (x) = sin x ≯ 0 =⇒
∫ π/2

−π/2
sin x dx is not an area.
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Further Properties of Integral Calculus

Theorem

1.

∫ b

a

(
f (x) + g(x)

)
dx =

∫ b

a
f (x) dx +

∫ b

a
g(x) dx

2.

∫ b

a
αf (x) dx = α

∫ b

a
f (x) dx

3.

∫ b

a
f (x) dx =

∫ c

a
f (x) dx +

∫ b

c
f (x) dx

4. If f ≥ g on [a, b], then∫ b

a
f (x) dx ≥

∫ b

a
g(x) dx

Jiwen He, University of Houston Math 1431 – Section 24076, Lecture 17 November 4, 2008 13 / 14



Sections 5.1 & 5.2 Sections 5.3 & 5.4

Examples

Examples

Evaluate

1.

∫ 1

0

(
2x − 6x4 + 5

)
dx

2.

∫ 2

1

x4 + 1

x2
dx

3.

∫ 1

0

(
4−

√
x
)2

dx

4.

∫ π/4

0
sec x

(
2 tan x − 5 sec x

)
dx
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