Lecture 17sections 5.1-5.4 Integration

Jiwen He

1 Sections 5.1 & 5.2 Area and Definite Integral

Area and Definite Integral
b

X
b
Area of Q = / f(x)dx
a
Definite Integral and Lower/Upper Sums
v v
y
0,0, Q Q,
\ |
| a=x) ¥ Y, X3 x,=b x area of shaded region is a area of shaded region is an
lower sum for f° upper sum for f

Area of Q = Area of Q1 + Area of Qs + -+ + Area of Q,,
L¢(P) = miAxy + meAxs + - - - + my Az,
Us(P) = MiAzy + MaAzy + - - + My Az,

b
Ly(P) < / f(z)de <Ug(P), for all partitions P of [a, b]



Example: ff’ x2dx

1 % 2 3 X 1 % 2 3 x
Upper sum Lower sum
1, 9,1 45
Ly(P)= (5) + 1(5) +4(1) = 5 ~ 5625
1 1
Up(P) = %(5) +4(§) +9(1) = — ~ 12125
3
Ly(P) < / 2’ dr = %(33 —1%) = ==~ 8.667 < Uy (P)
1
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S (P) = f(a))Axy + f23)Azy + - - + f(a7,)Azy

Ly(P) < S*(P) <Uy¢(P), for all partitions P of [a,b]



22 dx

3
1

J

Example:

YA




F0G) + G + O
= % ~ 8.563

S*(P)

Ly(P)~5.625, Us(P)~12.125,
3
/ 22 dx =
1

b
Lf(P)SS*(P)z/ F(@)de < Us(P).

(32 —1%) = ? ~ 8.667.

Wl =

Definite Integral as the Limit of Riemann Sums

Theorem 1.

b
/ f(z)dx = lim [f(xf)Aml + f(z5) Az + -+ f(a)) Az, |.

[|P||—0

2 Sections 5.3 & 5.4 Definite Integral and An-
tiderivative

Definite Integral and Antiderivative

4 x/ \x+/1 b

F(x) = area from « to x and F(x + h) = area from a to x + /.
Therefore F(x + 1) — F(x) = area from x tox + & = f(x) & if i is small and

Fx+h)-F(x) - f&)h _
h o

S(x).

Theorem 2. Let -
F(z) :/ (1) dt.
Then
F'(z) = f(x) for all z in (a,b).



Example: F(z) = [ 7 dt
1

F(z)= | ——dt.
Sketch the graph of F(x) /o 5o dt
YA
X
1 —2x
Fl = = F” = —
@) T+a2 0 (@) (1 + 22)2
sign of £ ++++++0—-——————
@ =
behavior of graph: concave 0 concave
u
P 1 down
point
of
inflection

|
Note that F(z) = / g dt= tan~! .
o 1+t



Fundamental Theorem of Integral Calculus

Theorem 3. In general,

b
/ f(@)dz = F(b) — F(a).

where F(x) is an antiderivative of f(x).

Function Antiderivative
xl'+l

X (r a rational number £ —1)
r+1

sin x —CcoSs X

cosx sin x

sec? x tan x

sec x tan x sec x

csc? x —cotx

cscx cot x —CSC X

Example: 3[13 2% dx

Evaluate / 2% du.
1



Area of the shaded region: flgx2 dx = 23_6

Step 1. Get an antiderivative for f(z) = 22

F(z) = —a®



Step 2.

3
flxy=2>>0 = / 22 dx = area of the shaded region.
1

Example: fl/jz sin z dz
w/2

Evaluate / sinx dz.
—m/2



y=SIinx

Step 1. Get an antiderivative for f(z) = sinx:
F(x) = —cosx

Step 2.

w/2
/ sinxdx = F(rw/2) — F(—7/2)
—m/2

= —cos(m/2) — [~ cos(—7/2)] = 0.



/2
f(z)=sinz 0 = sin x dx is not an area.
—7/2

Further Properties of Integral Calculus

Theorem 4.

1. /ab(f(x)+g(x))d:v:/abf(x)dx+/abg(x)dx
2 /abaf(x)dx—a/abf(x)dx
3. /abf(x)dx:/acf(:r)dx—i—/cbf(m)dx

4. If f > g on [a,b], then

/abf(x)dx > /abg(x)dx

Examples
Ezamples 5. Evaluate

1
1. / (22 — 62" +5) dz
0

2 4
1
2. / z —; dx
1 X

3. /01(4\/5)%95

/4
4. / secz(2tanz — 5secz) dz
0

10



