Review for Test 3
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1 Sections 10.4-10.6

1.1 Important Limits

Some Important Limits 1-4
lim — =0, a>0.
lim 27 =1, 2> 0.

lim 2" =0 if |z] < 1.

n—oo
(The limit does not exist if |x| > 1 or x = —1.)
n
lim — =0
n—oo N

lim n» = 1.
n— 00
Inn
lim — =0, a>0



Some Important Limits: 9-10

lim nln(l + x> xT.
n—oo n

lim <1 + x> =¢e”.
n—oo n

1.2 Indeterminate Forms

L’Hoépital’s Rule and Some Important Limits
L’Hopital’s Rule
fla) . (@)

Suppose that lim f@) isa v or > Then lim ——= = lim
T—x g(x) 0 00 T—x g(x) T—x g’(x)

L’Hopital’s rule does not apply in cases where the numerator or the denominator
has a finite non-zero limit!!!

lim 2z%lnz =0, «o>0.
z—0t

. Inz
lim — =0, a>0.
r—oo %
n
lim — =0.
x—o0 e¥

L’Hépital’s Rule and Some Important Limits

Exponential Forms: 1>, 0°, and oo
If lim In f(2) = L, then lim f(z) = e”.
T—* T—%k

: x 0 _ 0 __
$1ir(r)1+x (0) =e =1

lim z/® (ooo) =e'=1

xr—00

lim (1+2)Y% (1°) =e' =e

z—0t

Peculiar Indeterminate Forms

Sometimes the application of L’Hopital’s rule leads to peculair situations.

. 2V 422 . 2z
lim = lim — = lim

2x
w00 /T a2 @00 X w00 /T + 22

Actually it is easy to calculate by algebraic methods.
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1.3 Review Problems

Problem 1

Compute nl;ngo(2n)(%) [3ex] a) 0 [3ex] b) 2 [3ex] ¢) Doesn’t exist [3ex] d) 1 [3ex]
e) 2 [3ex] f) None of the above.

. 1
lim uv = 1.
uU— 00

= 2n.
n—oo U— 00

Since f(t) = t° is continuous at 1,

lim (20)(%) = lim [(zn)(ﬁ)r —1

3 In2 1
lim 2 n(2n) = lim 222 43 i 27—
n—oo N n—oo N n—oo nN

lim (2n)(%) = lim e (") =

Problem 2

1 3
Compute hm ( 1\1/71 ) [3ex] a) 1 [3ex] b) 2 [3ex] ¢) Doesn’t exist [3ex] d) —1
n

[3ex] €) 0 3ex ] £) None of the above.

1 In 23 _ ?%312
uL1—>H;o \/E - 11—>H01<> lx*1/2
= e =0



Problem 3

Va2 1
Compute lim x52—_3331—|—> [3ex] a) 1 [3ex] b) 2 [3ex] ¢) —2 [3ex] d) + [3ex]

e) —1 [3ex] f) None of the above.

The application of L’Hopital’s rule leads to peculair situations. Actually it is
easy to calculate by algebraic methods.
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2 Section 10.7 Improper Integrals

2.1 Improper Integrals

Fundamental Theorem of Integral Calculus
Let f(x) = F'(z) for V& > a. Then

/ fl@)de = hm /f dzx = hm( (z)° ) = lim F(b)—F(a) :F(x)‘zo = lim F(z)—F(a)

b—oo T— 00

Let f(z) = F'(x) for V& <b. Then

/ f(@)dz = F@)|" _ = F(b) — lim_F(z)

Let f(z) = ) for V. Then
/f dm—/ f(z dx—l—/f )|ioooz lim F(z) — lim F(x)

= (F(O) — lim F(x)) + ( lim F(x) —F(O))

r— —00



Examples

T~ lim <—2> —(-2) =2

1 T—00 .132

1 2
L
/1 23 22

<1
—dr=1Inz|” = lim (Inz)—Inl=o00
1 T r=

oo
[e%e} —2z
_ e
e 2 dr = —
0 2

oo—lim _6—290 — —1 —1

Fundamental Theorem of Integral Calculus

Let f(z) = F'(x) for Vz € [a,b) and f(z) — oo as x — b~. Then

= lim F(z)—F(a)

r—b—

b c
/ fayde = tim [ f@)de = lim (F@)L) = lim F()~Fa) = F(z),

a c—b— c—b—

b
If lim F(x)= +o0, then/ f(z) dx diverges.
a

r—b~

Let f(x) = F'(z) for Vo € (a,b] and f(z) — +oo as © — a*. Then

b
/ f(z)dz = F(a)|’ = F(b) — lim_F(x)

r—at

Examples
' 3 5" 3 3
/ 7z de = g2 — —— lim (:172/3) =
0o T /3 2 0 2 z—0t
"1
/ —dx = lnx|(1) =Inl— lim (Inz) = o0
0o T z—0t
3 =~
/ tanzdr = Insecz|§ = lim (lnsecz) —Inl= o0
0 T35



fl ladﬂ n

X
1
1 —, ifa<l,
/—dac: l-a
0o %
o0, ifa>1
If @ # 1, then
! 1 1 L

/ l,l—oz
1 —«

_{ =, ifa<l,

0 l—« 1—az—0+

oo, ifa>1.

If @ =1, then 1

—dr=1Inz[; =Inl— lim (Inz) =
2 r=Inz[;, =In [im (Inz) =0

2.2 Review Problems
Problem 1

e Explain why the definite integral belfw is an improper integral
dx

)3
e Use proper limit notation to tewrite this improper integral as a limit of
proper definite integrals.

e Solve the limit problem formed to determine whether the improper integral
converges or diverges. If the improper integral converges, give its value.

1 1 1
1 1 1
/ 73dx:/ Gdt=lm [
0 (1—33) 0 c—0t /.

1
1 1 1
= lim -t 2 =—-24>1limc¢?=0
c—0+ 2 2 2 c—0+

C



Problem 2

e Explain why the definite integra] below is an improper integral
e
e Use proper limit notation to Pdwiite this improper integral as a limit of
proper definite integrals.

e Solve the limit problem formed to determine whether the improper integral
converges or diverges. If the improper integral converges, give its value.

3 >3
/0 NeErid / i =l el

= lim 6t1/2

c—0t

=6—6 lim ¢'/>=6

c c—0t

3 Sections 11.1-11.3
3.1 The Integral Test

Mha Trntacral Mact

1 2 3 4eeen-1n 1 n 1 2 3 4eeen—-1n

Let a, = f(k), where f is continuous, decreasing and positive on [1,00), then
o0
Z ay converges iff f(z)dx converges
k=1 1
(The p-Sereis)
o0

1 1
];ki71+f+3fp+~~ converges iff p> 1.

Example

o0
1
Show that Z Tk diverges.

The relayaﬁi improper int Jis

dx = de—lnull 5 = = lim Inz—-Inln2 =

T— 00

In
Since thlsQimpproper mteg%a glwerges so does the infinite series.
1
Show that E m converges.

dr = du = —u"?! — — lim 7" = —.
. Caz(nz)? . 2 |1n2 200, In2
Since this impproper mteérgl diverges, so does the 1nfinite series.

The 71adzed ijproper in fgasallls 1 .



3.2 Convergence Tests
Basic Series that Converge or Diverge

Basic Series that Converge
Geometric series: Zwk, if |z] <1

1
p-series: Z T’ ifp>1

BaSlC SeI‘leS that- Dlvel‘ge
AIly Series Qg fOI Wthh khIIl Qg #

1
p-series: Z x ifp<1

Convergence Tests (1)

Basic Test for Convergence
Keep in Mind that, if ax - 0, then the series > ay diverges;
therefore there is no reason to apply any special convergence test.

Ezamples 1. Y. z% with |2| > 1 (e.g, Y.(=1)¥) diverge since z* — 0. [lex]
k 1\"
Zm diverges since kLH — 1 # 0. [lex] Z (1 - k) diverges since
k _
=(1-4)" —et#0.
Convergence Tests (2)

Comparison Tests
Rational terms are most easily handled by basic comparison or limit comparison
with p-series > 1/kP

Basic Comparison Test

1 K3
Z 1 converges by compamson with Z 3 Z Py converges

2

by comparison with Z = Z W converges by comparlson with Z 3
1

Z T dlverges by comparison with Z k 1) Z n( k 6 diverges by

comparison with Z m

Limit Comparison Test



Z3k2+2k+1
k3+1

5V'k + 100
by comparison with converges by comparison with
y ! p Z > TN ges by comp
> o

Convergence Tests (3)

Root Test and Ratio Test
The root test is used only if powers are involved.

1
Z e converges by comparison with Z =R diverges

Root Test
1
Z ok comverges: (ax) V= 3 [/ﬂl/k]Q — 11 Z - converges: (ak)l/k =

2
k
mg — 0 Z (1 - ) converges: (ak)l/’“ = (1 + %) el

Convergence Tests (4)

Root Test and Ratio Test

The ratio test is effective with factorials and with combinations of powers and
factorials.

Ratio Comparison Test

k2 @ 2 1
oGkt 1 (k+1) l Loak1 1
E ok converges: — = = 3 T E k' converges: —-= = 5 — 0
k a k
. Okt1 1 k41 k41 _ 1
g T0F converges: == = 15 "% 10 E k:' diverges: o = (1+ k) — e
ok a 1 k
. Gkl —(2/3) . Gkl
converges: =2- — 2.z —— converges. —+ =
Z 3k ok 9 ar 3—2(2/3)F 3 E , ﬁk! 9 o
— 0
k+1

3.3 Absolute Convergence

Absolute Convergence
Absolute Convergence

A series Y ay, is said to converge absolutely if > |ag| converges.

Alternating p-Series with p > 1

(—1)* 1
Z w0 p > 1, converge absolutely because Z T converges.

Conditional Convergence
A series Y ay is said to converge conditionally if > aj converges while > |ag|
diverges.

Alternating p-Series with 0 <p <1

—1)*
Z ( kp) 0 < p <1, converge conditionally because Z — diverges.



Examples

Alternating Series Test
Let {ax} be a decreasing sequence of positive numbers.

If ap — 0, then Z(—l)kak converges.
Z (-1* convergesince f(x) = ! is decreasing, i.e., f'(z) = __z >
%1 J T o+ 1 9 1.6 T T Rry1)?
0 for Vo > 0, and lim f(z) = 0.

kg 210
> ;iQ +)107 convergesince f (@) =~ is decreasing, e, f'(2) = o=y >

0, for Vo > /10, and lim f(z) = 0.

3.4 Review Problems

Problem 1

Determine i _2n(=)" [3ex] a) converges conditionally [3ex] b) converges
=3 +n+l

absolutely [3ex] c) diverges [3ex] d) None of the above.

Z 2n(—1)" 2x

converges since [2ex] f(z) is decreasing, i.e.,

n2+n+1’ \ T 32 ta+1
6z° — 2
[2ex] f'(z) = —(31:291—1:+1)2 <0, Vo >1/4/3 [2ex] and zh—{go f(z)=0.
conditionally, since Z 2771 diverges by comparison with Z 3
4 3n2+n+1 8es by P 3n
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