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What We Do/Don’t Know About f(x) = x"?

We know that:
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n times
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What We Do/Don’t Know About f(x) = x"?

We know that:

n times
@ For r = n positive integer, f(x) =x"=%-x---X.
To calculate 2%, we do in our head or on a paper

2X2X2Xx2x2x2,
but what does the computer actually do when we type

276
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What We Do/Don’t Know About f(x) = x"?

We know that:

n times
@ For r = n positive integer, f(x) =x" =% x---X.
@ Forr=0, f(x)=x%=1.
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What We Do/Don’t Know About f(x) = x"?

We know that:

n times
@ For r = n positive integer, f(x) =x" =% x---X.
@ Forr=0, f(x)=x%=1.
_ _ (1" -1_1
@ Forr=—n, f(x)=(£)", x#0. = X7t =

X
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What We Do/Don’t Know About f(x) = x"?

We know that:

n times
For r = n positive integer, f(x) =x"=%-x---X.
For r =0, f(x) =x0=1.
For r = —n, f(X) = (%)n’ X ?é 0. = x 1= %
For r = g rational, f(x) =y, x > 0, where y9 = xP.
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What We Do/Don’t Know About f(x) = x"?

We know that:

n times
@ For r = n positive integer, f(x) = x" = XX,
@ Forr=0, f(x)=x"=1.
@ For r = —n, f(x):(%)n,x#o. = x‘lzi.
o For r = g rational, f(x) =y, x > 0, where y9 = xP.

f(x)= x7 is the inverse function of g(x) = x" for x > 0.
n
= gof(x)z(x%) = X.
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What We Do/Don’t Know About f(x) = x"?

We know that:

n times
@ For r = n positive integer, f(x) = x" = x X
@ Forr=0, f(x)=x%=1.
@ Forr=—n, f(x):(%)n,x#O. = xt=1
°
°

For r = g rational, f(x) =y, x > 0, where y9 = xP.
Properties (r and s rational)

Xr+s — Xr XS, rs _ (Xr)s,
d r__ r—1 r dx = 1 r+1 C 1
X = x" dx mx +C, r#-1.
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What We Do/Don’t Know About f(x) = x"?

We know that:

n times
@ For r = n positive integer, f(x) = x" = x X
@ Forr=0, f(x)=x%=1.
@ Forr=—n, f(x):(%)n,x#O. = xt=1
°
°

For r = g rational, f(x) =y, x > 0, where y9 = xP.
Properties (r and s rational)

. s
Xr+s = x'. XS, xS — (Xr) ’

d r__ r—1 r _ 1 r+1
X = /x dX_r+1X +C, r#-1.
We DO NOT know yet that:

. 1
-1 r
/x X / . X an X or r rea [l]l
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What is the Natural Log Function?

The function

1
Inx:/ —dt, x>0,
1t

1 x 7 is called the natural logarithm function.

area of shaded region = L(x) = |;#
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What is the Natural Log Function?

The function

1
Inx:/ —dt, x>0,
1t

1 x 7 is called the natural logarithm function.
area of shaded region = L(x) = l;#
@ In1=0.
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What is the Natural Log Function?

The function

1
Inx:/ —dt, x>0,
1t

1 x 7 is called the natural logarithm function.
area of shaded region = L(x) = l;#
@ In1=0.

olnx<0for0<x<1, Inx>0forx>1.

Jiwen He, University of Houston



Definition and Properties Range and Limits Number e

What is the Natural Log Function?

y
7/ 0
1~ 7 o The function
Vit e
1 2 3 4 5 x
//1 Inx:/ —dt, x>0,
s 1 t
42 . . .
is called the natural logarithm function.
-3
o In1=0.

oIlnx<0for0<x<1, Inx>0forx>1.

° dix(ln x) = % >0 = Inx is increasing.
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What is the Natural Log Function?

. —
2 /}/ [P Decfinition

1~ 7 o The function
Vit e
1 2 3 4 5 x
//1 Inx:/ —dt, x>0,

s 1 t

42 . . .

is called the natural logarithm function.

-3

o In1=0.

o Inx<0for0<x<1 Inx>0forx>L1

° dix(ln x)=1>0 = Inx is increasing.

2 .
° %(In x) = *712 <0 = Inxis concave down.
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Example 1: Inx =0 and (Inx) =1 at
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Example 1: Inx =0and (Inx)) =1latx=1

| | —Inl
nx :Iiminx n :i(lnx)

x—1 X — x—1 x—1 dx
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Example 1: Inx =0and (Inx)) =1latx=1

| | —Inl
nx :Iiminx n :i(lnx)

x—1 X — x—1 x—1 dx

0J

The limit has the indeterminate form (g) and is interpreted here in
terms of the derivative of In x. lﬂl
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Example 2: Inx and x — 1

Exercise 7.2.24(a)

T-In2
Vvl A Show that
1 2 3 4 5 x
s x—1
2 <Ihx<x-1, Vx>0. (1)
X
-3
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Example 2: Inx and x — 1

Exercise 7.2.24(a)
ST Show that
// 1 2 3 4 5 x
- x—1
2 <lhx<x-1, ¥Vx>0. (1)
bs
-3

@ By the mean-value theorem, dc between 1 and x s.t.

Inx:/ ld1,‘:1(x—1).
1 t C

Jiwen He, University of Houston



Definition and Properties Range and Limits Number e

Example 2: Inx and x — 1

Exercise 7.2.24(a)
ST Show that
// 1 2 3 4 5 x
- x—1
2 <lhx<x-1, ¥Vx>0. (1)
bs
-3

@ By the mean-value theorem, dc between 1 and x s.t.

Inx:/ ld1,‘:1(x—1).
1 t C

o If x>1,then i <l<1andx—1>0s0/(1)holds.
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Example 2: Inx and x — 1

Exercise 7.2.24(a)
ST Show that
// 1 2 3 4 5 x
- x—1
2 <Ihx<x-1, Vx>0. (1)
bs
-3

@ By the mean-value theorem, dc between 1 and x s.t.

Inx:/ ld1,‘:1(x—1).
1 t C

o If x>1,then i <l<1andx—1>0s0/(1)holds.
e lf0<x<1thenl<l<landx—1<0so(1)holds. [J
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Example 3: In n and Harmonic Number

Exercise 7.2.25(a)

Show that for n > 2

1+1+ +1<| <1—|—1+1+ ar 1
p— — o« o e — nn — — « e .
2 3 n 2 3 n—1 [Fl
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Example 3: In n and Harmonic Number

1 2 3 n-1 n X

Let P={1,2,---,n} be a partition of [1,n]. Then

11 1 "1 1 1
Le(P) = s+ 4= </ —dt < = Ur(P)
1

2 3 23 =
o ¥

v
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Example 4: Euler's Constant ~

Show that
1 ) 1 1 1
2<7—nlr20<1+2+3+“'+n_1—|nn><1. “

Jiwen He, University of Houston



Definition and Properties Range and Limits Number e

Example 4: Euler's Constant ~

@ The sum of the shaded areas is given by

"1 1 1 1
Sn:Uf(P)—/ —dt=14-4=-4---+———Inn.
1

t 2 3 n—1 [Fl
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Example 4: Euler's Constant ~

Proof. (cont.)

@ The sum of the areas of the triangles formed by connecting
the points (1,1), -+, (n, 1) is

el -1
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Example 4: Euler's Constant ~

Proof. (cont.)

@ The sum of the areas of the indicated rectangles is

ool e e Dk )
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Example 4: Euler's Constant ~

Proof. (cont.)
@ Since T, < 5, < Ry,

L P D IR Sy AL
2 n 273 ao n

Letting n — oo we have % <~y <L [lll
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Basic Property: In(xy) =Inx+Iny

In(xy) =Inx+1Iny, x>0,y>0.
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Basic Property: In(xy) =Inx+Iny

In(xy) =Inx+1Iny, x>0,y>0.

o Left side:

A
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Basic Property: In(xy) =Inx+Iny

In(xy) =Inx+1Iny, x>0,y>0.

o Left side:

d In(xy) 1 1
_— X = — = —,
dx 4 ny X

@ Right side:
i(lnx+ In ) = 1
dx A

A
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Basic Property: In(xy) =Inx+Iny

In(xy) =Inx+1Iny, x>0,y>0.

o Left side:
gy Ly L
dx Y _xyy_x'
@ Right side:
i(Inx+|n )—1
dx =
@ Then

In(xy) =Inx+Iny+C

for some constant C. At x = 1, both sides take the same
value of Iny, thus C = 0. Ol [lll

y
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Basic Property: Inx" = rinx

Inx"=rinx (r rational).
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Basic Property: Inx" = rinx

Inx"=rinx (r rational).

o Left side:
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Basic Property: Inx" = rinx

Inx"=rinx (r rational).

o Left side:
d 1 d 1 ., 1
e v A
@ Right side:
(rinx) = r-
—I\rinx)=r—.
X
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Basic Property: Inx" = rinx

Inx"=rinx (r rational).
o Left side:
d 1 d 1 _1 1
M T e w T T
@ Right side:
(rinx) = r=
—(rinx)=r-.
X
@ Then
Inx"=rinx+ C
for some constant C. At x = 1, both sides are zero, thus
c—o. o |8
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Range = (—o00, o0)

In2 5
vl The log function In x has range (—oo,00) and
1 2 3 4 5

//_1
4 o .

2 lim Inx = —00, lim Inx = co.

x—0t X—00
-3
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In2 5
v The log function In x has range (—oo,00) and
/ 1 2 3 4 5
///'1
2 lim Inx = —00, lim Inx = co.
x—0t X—00
-3

@ Let M > 0 arbitrary in R. Since In2 > 0, 3n € N s.t.

nin2>M, —nln2 < —M.
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In2 5
v The log function In x has range (—oo,00) and
/ 1 2 3 4 5
///'1
2 lim Inx = —00, lim Inx = co.
x—0t X—00
-3

@ Let M > 0 arbitrary in R. Since In2 > 0, 3n € N s.t.

nin2>M, —nln2 < —M.

@ Since nIn2 =1In(2") and —nlIn2 = In(27"),

In(2") > M, In(27") < —M.
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Limit: lim,_ ';‘(—X
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Limit: lim,_ ';‘(—X

In x grows slower than any positive power as x — 00.

@ Choose a rational number ps.t. 1 —r < p < 1. For x > 1,

X1 X1 1 x 1
Inx:/ dt</ —dt= ——t"P| = ——(x}"P-1)
1t 1 tP I-p 1 1-p
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Limit: lim,_ ';‘(—X

I
lim —X =0 for any r > 0.

X—0o0 X

In x grows slower than any positive power as x — 00.

@ Choose a rational number ps.t. 1 —r < p < 1. For x > 1,

1 1 1 x 1
InX:/ dt</ = 1P| = (xP_1)
1t 1 tP 1-p

1—p 1
@ Then
In x 1 xt=P—1 1
0< < = I=p=r _ x=r
x' 1-p x' 1— p(X X )
Use the pinching theorem to take the limit as x — oo. [ [Fl
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Limit: limy_o+ x" Inx

7 — .

P lim x"Inx=0 foranyr>0.
) x—0F
-3

Jiwen He, University of Houston



Definition and Properties Range and Limits Number e

Limit: limy_o+ x" Inx

P lim x"Inx=0 foranyr>0.
2 x—0F
3

Let y = x~1. Then

lim X’Inx—llmyrlnylz—lim =0. O
x>0t y—0o y
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Number e

Definition

The number e is defined by
Ine=1

i.e., the unique number at which
Inx = 1.
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Number e

Definition

The number e is defined by
Ine=1

i.e., the unique number at which
Inx = 1.

Ine” = r for any rational number r.
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Number e

Definition

The number e is defined by
Ine=1

i.e., the unique number at which
Inx = 1.

Ine” = r for any rational number r.

Ine"=rlne=r
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Quiz

1. Inl=7: (a) -1, (b) 0, (c) 1.
2. Ine=7: (a) 0, (b) 1, (c) e
3. Ii)rg+ Inx =7: (a) —oc0, (b) O, (c) oo.
4. XILngOInx —7 (a) —oco0, (b) O, (c) oo.
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Outline

@ Definition and Properties of the Natural Log Function
e Definition of the Natural Log Function
o Examples
e Algebraic Properties of the Natural Log Function

@ Range and Limits of the Natural Log Function
o Range of the Natural Log Function
o Limits of the Natural Log Function

@ Number e
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