Lecture 3section 7.3 The Logarithm Function, Part II

Jiwen He

Section 7.2: Highlights
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Properties of the Log Function

. lnac:/1 %dt, %(lnx): % > 0.
eInl=0, Ilne=1.

e ln(zy) =lnz+Iny, In(z/y)=Inz—Iny.
° ln(xr) =rlnx, ln(er) =r.

e domain = (0,00), range = (—00,00).

e lim Inz = —o0, lim Inx = co.
z—0t T—00
Inz
e lim =0, lim 2" Inz = 0.
z—oo T z—0t
Limits

1 Differentiation and Graphing
1.1 Chain Rule

Differentiation: Chain Rule

Theorem 1.

d 1 d
%(mu(ag)) = ) ﬁ(u(x)), for z s.t. u(z) > 0.
d d d 1d
Proof. By the chain rule, %(ln u) = %(ln u)ﬁ = Eﬁ O
d 2 1 d 2 2x
Examples 2. . ﬁ(ln(l_Fx ) = 1+x2@(1+x ) = e 9 = o
forallz < 1+22>0.
d 1 d 1 3
——(In(1 =———(1 = 3= for all -1
.dx(n( +3$)) 1—|—3a:dx( +3$) 1_’_3373 T 32 orallz > —3

< 143z2>0.

Example
Ezample 3. Find the domain of f and find f'(z) if f(z) = In(zv/4 + 22).

Solution

e For x € domain(f), we need xv/4 + 22 > 0, thus = > 0.



e Before differentiating f, simplify it:
f(z) =In(zv4+2?) =lnz +In(V4+22) =lnz + % In(4+ z%).

e Thus

1+1 1
r 244 22

1 1 1 1 x
p— —_————— . a;‘
r 244+ 22

@) = (4+a%) = =—+

4+ 22’

1.2 Graphing

Example
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point of inflection

minimum value = 2.25

vertical asymptote x = 1
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Ezample 4. Let  f(z) = In Specify the domain of f. On what

intervals does f increase? Decrease? Find the extrem values of fDetermine the
concavity and inflection points. Skectch the graph, specifying the asymptotes.

Solutior}1
For v 1 > 0, we need x > 1, thus
.
domain(f) = (1, 00).
4 1 —4
e Simplify f(z) =4Inz—In(x — 1). Then fl(x)=—— _ 3

r x-1 z(z-1)

e Thus f | on (1,%) and T on (%,oo).

e Atz =3, f/(z) =0. Thus f(3) =4In4—-3In3~225
is the (only) local and absolute minimum.
4 1 (r—2)(3z —2)
_4_ 1 _ —
e From f'(z) = $——15, we have f(z) = —= Go1E T R-17

e At z =2, f’(z) = 0 (2 ¢ domain(f) is ignored). Then, the graph is
concave up on (1,2), concave down on (2, 00).

e The point (2, £(2)) = (2,41n2) ~ (2,2.77)
is the only point of inflection.
e From f/(z) = 2 — L we have
lim f'(z) = —o00, lim f'(x)=0.
r—1t r—00

e From f(z) =4lnx — In(z — 1), we have

lir?+ f(x) =00, lim f(z) = oco.

e The line z = 1 is a vertical asymptote.
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Ezample 5. Let  f(x) = zlnz. Specify the domain of f and find the inter-
cepts. On what intervals does f increase? Decrease? Find the extrem values of
fDetermine the concavity and inflection points. Skectch the graph.

Solution

e Inz is defined only for x > 0, thus

domain(f) = (0, c0).



e There is no y-intercept. Since
f()=1-In1=0,

x =1 is the only z-intercept.

1
e We have f/(zr)=2-—+Inz=1+Inz.
T

1
e For f'(x) = 0, we have 14lnz=0=lnzx=-1=z=-.
e

Thus f | on (0,1) and 1 on (£, 00).

e

o Atz =1, f/(z) = 0. Thus f(

is the (only) local and absolute minimum.

e From f/'(z) = 1+lnx, we have

e Then, the graph is concave up on (0, c0).

e There is no point of inflection.

e From f'(z) =1+ Inz, we have

lim f'(x) = —oco0, lim f'(x)= oo.

rz—0t T—00

e From f(z) = zlnx, we have

lim f(z) =0, lim f(z)= oc.

r—0t r—00

Quiz
Quiz
1. Inl=?: (a) —1, (b) 0,
2. Ine =7: (a) 0, (b) 1,
2 In|z|

2.1 Properties
f(z)=Inlz[, z #0



YA
y=In(=x) v=Inx
>
X
y=Inlx|
Graph
The graph has two branches: y=ln(-z),r<0andy=Inz, z >0,

each is the mirror image of the other.

Theorem 6.

d 1 1

%(lnm\):m & /Edl':ln|z|+0
d d 1

Proof. e For x > 0, %(ln\ﬂ) = %(lnx) ==

d d
e For z <0, %(ln|x|) = %(ln(—x)) =——(—2)=~-. O

Power Rule: / z" dx



Power Rule

1 ,
— "4, ifn#-1,
n n+1
z"dx =

In|z| + C, ifn=-1

Ezample 7.

1 1 1 1
/x—i— dx:/ —+ = |dr=n|z|- - +C.
z2 xz  z? T

2.2 Chain Rule
Differentiation: Chain Rule

Theorem 8.
i(hﬂ|u(=’15)|) = (u(x)), for x s.t. u(z) # 0.

. d d du 1du
Proof. By the chain rule, %(ln lul) = %(ln |u|)£ =
—32?

=) =

2.3 Logarithmic Differentiation

Logarithmic Differentiation

Theorem 10. Let g(z) = g1(x) - g2(x) - - - gn(x). Then
o () ) )
J0=o0) (G0 0+ )

Proof. e First write

In[g(x)| = In (g1 ()] - [g2(2)] - - [gn(2)])
= In|gi (@) + In[ga(x)| + - + In|gn(z)].

o Then differentiate
@) g@ B @
0@ 0@ e@ T @

e Multiplying by g(z) gives the result.




Examples
Ezamples 11. Find f'(x) if

o g(z) =z(x —1)(z —2)(z — 3).

(22 +1)3(22x — 5)?
(22 +5)2

e g(x) =
Solution

In|g(z)| =In|z| +1n|z — 1|+ In|z — 2| + In|z — 3|.

g’(x):x(x—l)(x—2)(x—3)(i—i—xil-i-xiz—i-xig).

In|g(z)| = 3In|z? + 1| + 2In |22 — 5| — 2In|2? + 5].

! 2 2 2
glo) g 2, i
g(z) 2 +1 2 — 5 x2+5

(22 +1)3(2x — 5)? 6x n I
(22 +5)2 22+1 22-5 a%2+5)"

g (x) =

Quiz (cont.)
Quiz (cont.)

3. hm+ Inz =7: (a) —oo, (b) 0, (c) oo.
z—0

4. lim nx =7?: (a) —oo, (b) 0, (c) .
r— 00

3 Integration and Trigonometric Functions

3.1 wu-Substitution

Integration: u-Substitution
Theorem 12.

9@ 4 — n|g(z x
/g(m)dx_l lg(x)] + C, # 0.

10



Proof.
Let u = g(z), thus du = ¢'(z)dx, then

g(x) lU:nu el
/ﬂ@“‘/ud Inful + C = In|g(z)| + C.

2

Ezample 13. Calculate /%dw Let w = 1 — 423, thus du = —122%dx,
—4x

then /xzdac——l fdu——iln|u|+C——iln|1—4x3|+C
1—422 12 Ju 12 12 ‘

Examples: u-Substitution

1
Ezamples 14. ° /%dm

1

° —— dx.

/\/5(1+x/5)

/2 622 + 2

° ————dz.

1 »v+zr+1
Solution )

Set u=Inz, du= —dzx. Then

x

Inz 1, 1 9
7dzf/uduf§u +C'f2(ln:17) + C.

1
Set u =14 +/z, du:ﬁdaz. Then

/de2/idu21n|u|+02ln(1+\/5)+0.

Set u=a®+x+1, du= 32>+ 1)de. Atz =1, u=3;atxz =2, u=11
Then

2 2 11

2 1

/ Sx;dz = 2/ —du = 2[ln|u|}z1,’1 =2(In11 —1n3).
1 vtz +1 3 U

e Natural log arises (only) when integrating a quotient whose numerator is
the derivative of its denominator (or a constant multiple of it).

9@ (L i
/mm“‘/ud Inful + C = In|g(z)| + C.

11



3.2 Trigonometric Functions

Integration of Trigonometric Functions

. d .
Recall that [lex] /Cosxda: = sinz + C = o Sinz = cosz.
x
d
/sinxdx = —cosz+C & o CosT = —sinz. [lex] /sechda: =
x
tanz + C & d—tanz = sec’z. csc?xdr = —cotx +C &
x
—cotx = —csc?x. [lex] [ seca tanzdr = secx + C & —secx =
dz dz
d
secx tanx. /cscx cotzdr=—cscx+C & d—cscx: —cscx cotx.
x

New Integration Formulas
Integration of Trigonometric Functions

/tanxda: = —In|cosz| + C. /cotzdx = In|sinz| + C. /secrda: =

In|secz + tanz| + C. /cscxdx =In|cscax —cotz| + C.

Proof.
Set u = cosz, du = —sinz dx, then
sinx 1
/tanxdx:/ dx:—/fdu:—ln|u|+0
cosx U
= —In|cosz| + C.

Set u = sinx, du = cos z dx, then

1
/cotxd;v:/C,Osxdxz/fduzln|u|+C’
sinz u

=In|sinz|+ C.

Set u = secz + tanx, du = (secx tanz + sec? z) dz, then

secx + tanz secx tanz + sec?
secxdr = | sec ————dx = dx

secx + tanx secx + tanx

1
:/fdu:1n|u|+C’:ln|seca:—|—tanx|+C’.
u

Set u = cscx — cot x, du = (— cscx cot x + csc? x) dz, then

cscx —cotx —cscx cot T + csc? x
cscxdr= | csc——dx = dx
cscx —cotx cscx —cotx

1
:/Edu:ln|u|—|—C':1n|csca:—cotm|—|—C’.

12



d
Examples: a
U

sec? 3z

E les 15. —_—
ramples . /1+tan3x x

) /xsccsz;v.
. /tan(lnx) d
x

Solution
Set u =1+ tan 3z, du = 3sec? 3z dx:

sec? 3z 1 /1
————de =< | —d
/1+tan3;z: o 3/u Y
1 1
:§ln\u|+C=§1n|1—|—tan3x|—|—C.
Set u = 22, du = 2x dx:
) 1 1

xsecx dx:§ secudu:§1n|secu+tanu|+0

1
:§1n|secx2+tanx2|+0.

Set u=Inz, du = %dcc:

tan(l
/de:/tanuduzln\secu|+0

x
= In|sec(lnz)| + C.

Outline
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