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1 Integration by Parts

1.1 Undoing the Product Rule
Integration by Parts: Undoing the Product Rule
Product Rule

d d
e The product rule: d—(uv) =u—v+v—u
x

dx dx

e In terms of differentials: d(uv) =udv+vdu

e Rearrange: udv = d(uv) —vdu

e Integrate: /udv = uv — /vdu

/udv:uv—/vdu

e Reduction: poly. z* can be reduced by diff.

Integration by Parts

e (Cycling: sinx, cosx, e, sinhx, coshz, - - -, retain their form after diff. or
int.
e Change of Form: Inz, sin~' z, tan~' z, - - - completely change their form
after diff.
Success depends on choosing u and dv so that / vdu is easier that / udv

1.2 Reduction
Integration by Parts: Reduction

Integration by Parts
/udv:uv—/vdu

Reduction use the fact that poly. 2* can be reduced by diff.



Ezxamples 1.

/xcosxdm:xsinx—/sinxdx

=gxsinx +cosz + C

u =z, dv = cosx dx, thus du = dx, v = sinx [2ex] /vdu = /sinxdz is

easier than / udv = / T cos x dx

/ace_% dz = x(—Qe_%) —/(—26_%)d1’
= —2ze" 3 —4e 2 4+ C
u=ux, dv=e"2dz, thus du = dz, v = -2~ [2ex] /vdu = / ( — 267%) dx

is easter than /udv = /336_% dzx

/x2 sinxdr = xQ(— cosx) — /(— cosm)Zxdx

= —x2cosa:+2/xcosxda?

2

= —x“cosx + 2 xsinx—i—cosx) +C

u = 2, dv = sinx dx, thus du = 2zdx, v = — cos x [2ex] /vdu = /(f cos )2z dx

is easier than /udv = /x2 sinx dx

1 . .
/ 2? coszd dx = gxg sinz® — [ 2%sina® dz

= §x3sinx3 + gcosa:3 +C

u=23, dv=2?cosa?dzx, thus du = 3z%dx, v = %Sinm3 [2ex] /x2 sina® dr =

1 1 1
g/sinudu: —gcosu—i—C: —gcosx3+0

/udv:uvf/vdu

If F'(z) = f(x), then /x"f(x) dx = 2" F(x) — n/x"‘lF(x)dx
(Set u = 2™, dv = f(z)dz, du = na" 1 dx, v = F(x))

Reduction Formulas



, 1 . -
e With f(z) = e* and F(z) = L, /x”e‘” do = ~g"e® — 2 /:c”_le‘”dx
a

a

o With f(z) = cos(kz) and F(z) = 1 sin(kz), /x" cos(kz) dox = %x" sin(kz) — %/z"il sin(,
1

e With f(z) = sin(kz) and F(z) = —; cos(kz), /x" sin(kz) de = —%x” cos(kx) + %/m"‘l c

Reduction Formulas 1 n
z"e* dr = —a"e” — f/a:"_leardw.
a a

Ezxamples 2.

1 3
/xgezm dr = 51“3@2'” — §/I262zdl‘

1 .

= —g3e%® — § 11}26230 — | ze*®dx
2 2\ 2
1 3/1 1 1

_ 21‘3621 _ 5 <2x2€2z _ <2x62m _ 2/€2zdx>)
1
2

3 /1 1 1
3 2x 2 2x 2x 2x
= =-x"e —72 <2m e’ — (2:106 —*46 ))—i—C

= %e% (4953 — 622 +6x—3) +C

1.3 Cycling

Integration by Parts: Cyclin
Integration bg Parts Y 8

udv:uv—/vdu

Cycling use the fact that functions such as sinz, cosz, €*, sinhz, coshz, ---
@tain ?heér form after differentiation or integration.
rample 3.

)

/eﬂ:osxdwzegﬂsinx—/egﬂsinwdx

=e"sinx + e® cosx — /excosxdw

u = €%, dv = coszdx, thus du = e*dz, v = sinz [lex] /em sinz dzx is of
the same form as /e“’ coszdr = e*(—cosx) — /em(— cosz)dz [lex] u = e,

dv = sinx dx, thus du = edzx, v = —cosx e’ sinx dx is cycling after two

integrations by parts. . “Solve” the equation for [ e* cosz du:
2/63” coszdr = e”(sinx + cosz) + C

1
/e;’C cosx dx = iex(sinx—i—cosx) +C



1.4 Change of Form
Integration by Parts: Change of Form

Integration by Parts
/udv:uv—/vdu
1

Change of form use the fact that functions Inx, sin™' z, tan~' z, - - - completely
change their form after differentiation.

/lnxdz:zlnx—/zxildx

::z:lnzf/dx::clnxfquC

Ezamples 4.

u=Inz, dv = dz, thus du = v~ 'dx, v = x [lex] /vdu = / dx is easier than

/udv:/lnxda:
/tan_lxdx:xtan_lx—/idx
1422

1
:xtan_lx—§ln\l+x2|+0

u=tan"!x, dv = dz, thusdu- s > dx, v =z [lex] Set u = 1+22, du = 2z dx,

x
= 1
/1+x2 / du= -In|u|+C

1 3
/:L' tan"txdr = 51’ tan™

1
= —z3tan~ dx

(IB 1+ 2
:%x:stan*lx—%(a?—lnﬂ—!—x )+C

A
1—|—x2
5/

3

1.3 x _
1+12 dr, v = = 32° Note that T2 =

w = tan" 'z, dv = z?dz, thus du =
_r
1+ 22

/cos_lxdx:xcos_lx—F/de
V1—z2
=xcos e —V1—-224C

ﬁdw, v = x [lex] Set u = 1 — 22,

T 1 1

u = cos 'z, dv = dzx, thus du = —

du = -2z dx



2 Parts on Definite Integrals

Parts on Definite Integrals
Parts on Definite Integrals

b b
/ udvz(uv)\i—/ vdu
a a

Ezample 5.

0
_ Lo 64y _ o
-3 5) 15
u = 2% dv = V4 —2?dx, thus du = 2zdz, v = —1(4 — 22)% [lex] Set
2 0 4
f : 2 s 64
u:4—x2,du:—2xdx,/ (4—x2)%(—2x)dx:/ u?du=— Zui| =——.
0 4 ) 0 5
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