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Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers

Power Reduction

Power Reduction Formulas

. 1 . . 1 1 1
sinx cosx = = sin 2x, sin®>x = 5~ 5cos2x, cos® x = §+§cos2x

2
/sin2x cos® x dx = /<sinxcosx> dx
1
= /sin22xdx
4
1 1 1
= 4/(2 — 2COS4X> dX

1 1
=—-x——sindx+ C

8 32 Illl

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers

Reduction by Parts

Reduction Formulas

. 1. n—1 e
/sm"de:—sm” Lxcosx + —— [ sin" 2 xdx
n n

Set u =sin""'x, dv = sinx dx, du = (n — 1)sin" % x cos x dx, v = — cos X.

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers

Reduction by Parts

Reduction Formulas

. 1. n—1 e
/sm"de:—sm” Lxcosx + —— [ sin" 2 xdx
n n

Set u =sin""'x, dv = sinx dx, du = (n — 1)sin" % x cos x dx, v = — cos X.

/ sin” x dx

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers

Reduction by Parts

Reduction Formulas

. 1. n—1 e
/sm"de:—sm” Lxcosx + —— [ sin" 2 xdx
n n

Set u =sin""'x, dv = sinx dx, du = (n — 1)sin" % x cos x dx, v = — cos X.

/sin”xdx: /sin”_1 sin x, dx

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers

Reduction by Parts

Reduction Formulas
. 1. n—1 e
/sm"de: —Zsin"Ixcosx + —— [ sin"?xdx
n n

Set u =sin""'x, dv = sinx dx, du = (n — 1)sin" % x cos x dx, v = — cos X.

/sin”xdx: /sin”_1 sin x, dx

= —sin" lxcosx+ (n—1) /sin”zxcoszxdx

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers

Reduction by Parts

Reduction Formulas
. 1. n—1 e
/sm"de: —Zsin"Ixcosx + —— [ sin"?xdx
n n

Set u =sin""'x, dv = sinx dx, du = (n — 1)sin" % x cos x dx, v = — cos X.

/sin”xdx: /sin”_1 sin x, dx

:—sin"*lxcosx—i- n—1) /sm x cos® x dx

= —sin" I xcosx+ (n—1) [ sin" 2 x(1 — sin® x) dx

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers

ion by Parts

Reduction Formulas

. 1. n—1 e
/sm"de:—sm” Lxcosx + —— [ sin" 2 xdx
n n

Set u =sin""'x, dv = sinx dx, du = (n — 1)sin" % x cos x dx, v = — cos X.

/sin”xdx: /sin”_1 sin x, dx

= —sin" lxcosx+ (n—1)

sin"~2 x cos® x dx

= —sin" I xcosx+ (n—1) [ sin" 2 x(1 — sin® x) dx

1

= —sin" txcosx 4 (n—1) [ sin""2x(1 — sin®x) dx

\\\

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers

Reduction by Parts

Reduction Formulas

. 1. n—1 e
/sm"de:—sm” Lxcosx + —— [ sin" 2 xdx
n n

Set u =sin""'x, dv = sinx dx, du = (n — 1)sin" % x cos x dx, v = — cos X.

/sin”xdx: /sin”_1 sin x, dx

= —sin" lxcosx+ (n—1)

sin"~2 x cos® x dx

= —sin" I xcosx+ (n—1) [ sin" 2 x(1 — sin® x) dx

= —sin" txcosx 4 (n—1)

(nl)'/sin”xdx

sin"™2 x(1 — sin” x) dx

\\\

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers

Reduction by Parts

Reduction Formulas

. 1. n—1 e
/sm"de:—sm” Lxcosx + —— [ sin" 2 xdx
n n

Set u =sin""'x, dv = sinx dx, du = (n — 1)sin" % x cos x dx, v = — cos X.

/sin”xdx: /sin”_1 sin x, dx

= —sin" lxcosx+ (n—1)

sin"~2 x cos® x dx

= —sin" I xcosx+ (n—1) [ sin" 2 x(1 — sin® x) dx

= —sin" txcosx 4 (n—1)

(nl)'/sin”xdx

sin"™2 x(1 — sin” x) dx

\\\

Rearrange and solve the equation for [ sin” x dx.




Sine and Cosine Other Trigonometric Powers

Reduction by Parts

Reduction Formulas

. 1. n—1 e
/sm"de:—sm” Lxcosx + —— [ sin" 2 xdx
n n

1 _ . n—1 _
/cos”xdx: Zcos" I xsinx + —— [ cos"? x dx
n n

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers

Reduction by Parts

Reduction Formulas

. 1. n—1 e
/sm"de:—sm” Lxcosx + —— [ sin" 2 xdx
n n

1 1 . n—1 _
cos" xdx = = cos" I xsinx + —— [ cos" % x dx
n n
Examples

/sin2 X dx

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers

ion by Parts

Reduction Formulas

. 1. n—1 e
/sm"de:—sm” Lxcosx + —— [ sin" 2 xdx
n n

1 1 . n—1 _
cos" xdx = = cos" I xsinx + —— [ cos" % x dx
n n
Examples

/sinzxdx_—;sinxcosx—i—;/dx

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers

Reduction by Parts

Reduction Formulas

. 1. n—1 e
/S|n"xdx:—5|n” Lxcosx + —— [ sin" 2 xdx
n n

1 1 . n—1 _
cos" xdx = = cos" I xsinx + —— [ cos" % x dx
n n
Examples

/sinzxdx_—lsinxcosx—i—l/dx
% 2

= s “x+C
25|nxcosx+ 2x+

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers

Reduction by Parts

Reduction Formulas

. 1. n—1 e
/S|n"xdx:—5|n” Lxcosx + —— [ sin" 2 xdx
n n

1 1 . n—1 _
cos" xdx = = cos" I xsinx + —— [ cos" % x dx
n n
Examples

/sinzxdx_—lsinxcosx—i—l/dx
% 2

= s “x+C
25|nxcosx+ 2x+

/sin5 x dx

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers

Reduction by Parts

Reduction Formulas

. 1. n—1 e
/S|n"xdx:—5|n” Lxcosx + —— [ sin" 2 xdx
n n

1 -1
/cos”x dx = = cos" ! xsinx + n/cos”_2x dx
n n
Examples
1 1
/sinzxdx = ——sinxcosx + / dx
% 2

= s “x+C
25|nxcosx+ 2x+

1 4
/sin5xdx: —55in4xcosx+5/sin3xdx

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers

Reduction by Parts

Reduction Formulas

. 1. n—1 e
/S|n"xdx:—5|n” Lxcosx + —— [ sin" 2 xdx
n n

1 1 . n—1 _
cos" xdx = = cos" I xsinx + —— [ cos" % x dx
n n
Examples

/sinzxdx_—lsinxcosx—i—l/dx
% 2

= s “x+C
25|nxcosx+ 2x+

1 4
/sin5xdx = 5 sin® x cos x + 3 sin3 x dx

1, IR +2/ .
— ——=SIn XCOS X —| —=SIN” XCOS X i~ SIN X ax
5 5\ 3 3

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers

Reduction by Parts

Reduction Formulas

. 1. n—1 e
/S|n"xdx:—5|n” Lxcosx + —— [ sin" 2 xdx
n n

1 1 . n—1 _
cos" xdx = = cos" I xsinx + —— [ cos" % x dx
n n
Examples

/sinzxdx_—lsinxcosx—i—l/dx
% 2

= s “x+C
25|nxcosx+ 2x+

1 4
/sin5xdx = 5 sin® x cos x + 3 sin3 x dx

1, IR +2/ .
— ——=SIn XCOS X —| —=SIN” XCOS X i~ SIN X ax
5 5\ 3 3

1 8
:—gsin4 2xcosx—EcostrC [lll

X COSX — — sin
15

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers
Products of Sine and Cosine

Product-to-Sum Formulas

1

sinAcos B = 5 (sin(A— B) +sin(A+ B))
1

sin Asin B = 5 (cos(A — B) — cos(A + B))
1

cosAcos B = 5 (cos(A — B) + cos(A+ B))

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers
Products of Sine and Cosine

Product-to-Sum Formulas

1

sinAcos B = 5 (sin(A— B) +sin(A+ B))
1

sin Asin B = 5 (cos(A — B) — cos(A + B))
1

cosAcos B = 5 (cos(A — B) + cos(A+ B))

/sin bxsin 2x dx

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers
Products of Sine and Cosine

Product-to-Sum Formulas

1

sinAcos B = 5 (sin(A— B) +sin(A+ B))
1

sin Asin B = 5 (cos(A — B) — cos(A + B))
1

cosAcos B = 5 (cos(A — B) + cos(A+ B))

1
/sin 5xsin2x dx = / 5 (cos(5x — 2x) — cos(bx + 2x)) dx

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers

Products of Sine and Cosine

Product-to-Sum Formulas

1

sinAcos B = 5 (sin(A— B) +sin(A+ B))
1

sin Asin B = 5 (cos(A — B) — cos(A + B))
1

cosAcos B = 5 (cos(A — B) + cos(A+ B))

1
/sin 5xsin2x dx = / 5 (cos(5x — 2x) — cos(bx + 2x)) dx

1
= 2/(cos 3x — cos 7x) dx

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers

Products of Sine and Cosine

Product-to-Sum Formulas

1

sinAcos B = 5 (sin(A— B) +sin(A+ B))
1

sin Asin B = 5 (cos(A — B) — cos(A + B))
1

cosAcos B = 5 (cos(A — B) + cos(A+ B))

1
/sin 5xsin2x dx = / 5 (cos(5x — 2x) — cos(bx + 2x)) dx

1
= 2/(cos 3x — cos 7x) dx

1 . 1 .
:65|n3x—ﬁsm7x+C [lll

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers

Summary

/sinmxcos”x dx

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers

Summary

sin™ x cos” x dx

@ Odd power of sine: substitute u = cosx, du = —sin x dx

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers

Summary

sin™ x cos” x dx

@ Odd power of sine: substitute u = cosx, du = —sin x dx

@ Odd power of cosine: substitute u = sin x, du = cos x dx

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers
Summary

sin™ x cos” x dx
@ Odd power of sine: substitute u = cosx, du = —sin x dx
@ Odd power of cosine: substitute u = sin x, du = cos x dx

@ Both powers even: Reduce powers

1 1
2 2x:§+fcos2x

1
= —— = 2
X=5 2cos X, COS >

sin X cos x = §sin 2x, sin

or integration by parts

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers
Summary

sin™ x cos” x dx
@ Odd power of sine: substitute u = cosx, du = —sin x dx
@ Odd power of cosine: substitute u = sin x, du = cos x dx

@ Both powers even: Reduce powers

2 2

1 1
X = §+7cos2x

1
= —— = 2
X=5 2cos X, COS >

sin X cos x = 5 sin 2x, sin
or integration by parts

@ Remember the formulas

cos® x +sin’x =1
sin(x + y) =sinxcosy + cosxsin y
cos(x + y) = cosxcosy — sinxsiny

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers
Powers of Tangent

Reduction Formulas

1
/tan"xdx: 1tan"lx—/tan”zxdx
n_

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers
Powers of Tangent

Reduction Formulas

1
/tan"xdx: 1tan"lx—/tan”zxdx
n_

Idea: pair a power of tan x with sec? x to have [ u* du with

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers
Powers of Tangent

Reduction Formulas

1
/tan"xdx: 1tan"lx—/tan”zxdx
n_

Idea: pair a power of tan x with sec? x to have [ u* du with
u = tanx, du = sec® x dx. Note tan® x = sec® x — 1.

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers
Powers of Tangent

Reduction Formulas

1
/tan"xdx: 1tan"lx—/tan"2><dx
n_

Idea: pair a power of tan x with sec? x to have [ u* du with
u = tanx, du = sec® x dx. Note tan® x = sec® x — 1.

tan” x = tan" 2 xtan’ x = tan" "2 x(sec2 X — 1)

=tan" 2 xsec® x — tan" % x

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers
Powers of Tangent

Reduction Formulas

1
/tan"xdx: 1tan"lx—/tan”zxdx
n_

Idea: pair a power of tan x with sec? x to have [ u* du with
u = tanx, du = sec® x dx. Note tan® x = sec® x — 1.

tan” x = tan" 2 xtan’ x = tan" "2 x(sec2 X — 1)

/tan”x dx

=tan" 2 xsec® x — tan" % x

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers
Powers of Tangent

Reduction Formulas

1
/tan"xdx: 1tan"lx—/tan”zxdx
n_

Idea: pair a power of tan x with sec? x to have [ u* du with
u = tanx, du = sec® x dx. Note tan® x = sec® x — 1.

tan” x = tan" 2 xtan’ x = tan" "2 x(sec2 X — 1)

=tan" 2 xsec® x — tan" % x

/tan”xdx: /tan”_zxsec2xdx—/tan”_Qxdx

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers
Powers of Tangent

Reduction Formulas

1
/tan"xdx: 1tan"lx—/tan”zxdx
n_

Idea: pair a power of tan x with sec? x to have [ u* du with
u = tanx, du = sec® x dx. Note tan® x = sec® x — 1.

tan” x = tan" 2 xtan’ x = tan" "2 x(sec2 X — 1)

=tan" 2 xsec® x — tan" % x

/tan”xdx: /tan”_zxsec2xdx—/tan”_Qxdx
:/u"_2 du—/tan"_zxdx

Jiwen He, University of Houston




Sine and Cosine Other Trigonometric Powers
Powers of Tangent

Reduction Formulas

1
/tan"xdx: 1tan"lx—/tan”zxdx
n_

Idea: pair a power of tan x with sec? x to have [ u* du with
u = tanx, du = sec® x dx. Note tan® x = sec® x — 1.

tan” x = tan" 2 xtan’ x = tan" "2 x(sec2 X — 1)

=tan" 2 xsec® x — tan" % x

/tan”xdx: /tan”_zxsec2xdx—/tan”_Qxdx
:/u"_2 du—/tan"_zxdx
1
= = — /tan”_2xdx [lll
n—1

Jiwen He, University of Houston




Sine and Cosine Other Trigonometric Powers
Powers of Tangent

Reduction Formulas

1
/tan"xdx: 1tan"lx—/tan”zxdx
n_

Idea: pair a power of tan x with sec? x to have [ u* du with
u = tanx, du = sec® x dx. Note tan® x = sec® x — 1.

tan” x = tan" 2 xtan’ x = tan" "2 x(sec2 X — 1)

=tan" 2 xsec® x — tan" % x

/tan”xdx: /tan”_zxsec2xdx—/tan”_Qxdx
:/u"_2 du—/tan"_zxdx
1
= = — /tan”_2xdx [lll
n—1

1
— tan 1y [f:n”_z ¥ dx

Jiwen He, University of Houston




Sine and Cosine Other Trigonometric Powers
Powers of Tangent

Reduction Formulas

1
/tan”xdx: 1tan”_1></tan”_2><dx
n_

/tan6x dx

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers
Powers of Tangent

Reduction Formulas

1
/tan”xdx: 1tan”_1></tan”_2><dx
n_

1
/tan6xdx: 5tan5x—/tan4xdx

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers
Powers of Tangent

Reduction Formulas
1
/tan”xdx: 1tan”_1></tan”_2><dx
n —

6 1 5 4
tan xdx:gtan x — [ tan™ x dx
1 1
= —tan’ x — tan3x—/tan2xdx
5 3

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers
Powers of Tangent

Reduction Formulas
1
/tan”xdx: 1tan”_1></tan”_2><dx
n —

/tan6xdx— /tan4xdx

tan® x —
1 2
tan® x — tan x— tan X dx

1
tan5x—§tan x—i—(tanx—/dx)

U'l\l—- o'l\l—nuﬂl—-

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers
Powers of Tangent

Reduction Formulas

1
/tan”xdx: 1tan”_1></tan”_2><dx
n_

5
= 1tan5x— <1tan3x—/tan2xdx>
5 3
1
5
1

1
tan5x—§tan3x+ (tanx—/dx)

1
= —tan®x — —tan®x+tanx—x+ C

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers

Powers of Secant

Reduction Formulas

1 -2
/sec”xdx: 1 sec” 2 xtanx + n 1 /sec"2xdx
n— n—

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers
Powers of Secant
Reduction Formulas

1 -2
/sec”xdx: 1 sec” 2 xtanx + n 1 /sec"2xdx
n— n—

Idea: integration by parts with u = sec” 2 x, dv = sec® x dx,

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers
Powers of Secant
Reduction Formulas

1 -2
/sec”xdx: 1 sec” 2 xtanx + n 1 /sec"2xdx
n— n—

Idea: integration by parts with u = sec” 2 x, dv = sec® x dx,
du = (n — 2)sec" 2 xtan x dx, v = tan x.

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers
Powers of Secant
Reduction Formulas

1 -2
/sec”xdx: 1 sec” 2 xtanx + n 1 /sec"2xdx
n— n—

Idea: integration by parts with u = sec” 2 x, dv = sec® x dx,
du = (n — 2)sec" 2 xtan x dx, v = tan x.

/ sec” x dx

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers
Powers of Secant
Reduction Formulas

1 -2
/sec”xdx: 1 sec” 2 xtanx + n 1 /sec"2xdx
n— n—

Idea: integration by parts with u = sec” 2 x, dv = sec® x dx,
du = (n — 2)sec" 2 xtan x dx, v = tan x.

/ sec” x dx = /sec"2 x sec? x dx

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers
Powers of Secant
Reduction Formulas

1 -2
/sec”xdx: 1 sec” 2 xtanx + n 1 /sec"2xdx
n— n—

Idea: integration by parts with u = sec” 2 x, dv = sec® x dx,
du = (n — 2)sec" 2 xtan x dx, v = tan x.

/ sec” x dx = /sec"2 x sec? x dx

=sec" ?xtanx — (n — 2)/sec"_2xtan2xdx

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers
Powers of Secant
Reduction Formulas

1 -2
/sec”xdx: 1 sec” 2 xtanx + n 1 /sec"2xdx

n— n—

Idea: integration by parts with u = sec” 2 x, dv = sec® x dx,
du = (n — 2)sec" 2 xtan x dx, v = tan x.

/ sec” x dx = /sec"2 x sec? x dx

=sec" “xtanx — ( /sec x tan? x dx

n—2

=sec” “ xtanx — ( sec” 2 x(sec® x — 1) dx

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers
Powers of Secant
Reduction Formulas

1 -2
/sec”xdx: 1 sec” 2 xtanx + n 1 /sec"2xdx
n— n—

Idea: integration by parts with u = sec” 2 x, dv = sec® x dx,
du = (n — 2)sec" 2 xtan x dx, v = tan x.

/ sec” x dx = /sec"2 x sec? x dx

=sec" 2 xtanx — (n—2)

sec™ 2 x tan® x dx

Cn—2

=se xtanx — (n—2) [ sec™ % x(sec® x — 1) dx

Cn—2

xtanx — (n—2) [ sec” x dx

+(n—2)/.sec”_2xdx [lll

Jiwen He, University of Houston
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Sine and Cosine Other Trigonometric Powers

Powers of Secant

Reduction Formulas

1 n—2
/sec”xdx e sec" 2 xtanx + 7 /sec”_2xdx
n— n—

/ sec3 x dx

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers
Powers of Secant

Reduction Formulas

1 n—2
/sec”xdx: ﬁsec”_zxtanx—i— 7 /sec”_2xdx
n— n —

1 1
/sec3xdx: 2secxtanx+2/secxdx

\

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers
Powers of Secant

Reduction Formulas

1 -2
/sec”xdx: ﬁsec”_zxtanx—i— n 7 /sec”_2xdx
n_

n—

1 1
/sec3xdx: 2secxtanx+2/secxdx

1 1
= 5secxtanx + §In]secx+tanx\ +C

\

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers
Powers of Tangent and Secant

/tanmxsec”x dx

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers
Powers of Tangent and Secant

/tanmxsec”x dx

@ Even power of secant: substitute u = tan x, du = sec® x dx

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers
Powers of Tangent and Secant

/tanmxsec”x dx

@ Even power of secant: substitute u = tan x, du = sec® x dx

@ Odd power of tangent: substitute u = sec x,
du = sec x tan x dx

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers
Powers of Tangent and Secant

/tanmxsec”x dx

@ Even power of secant: substitute u = tan x, du = sec® x dx

@ Odd power of tangent: substitute u = sec x,
du = sec x tan x dx

@ Odd power of secant and even power of tangent: use
tan® x = sec® x — 1 and integrate in terms of sec x

Jiwen He, University of Houston



Sine and Cosine Other Trigonometric Powers

Outline

@ Sine and Cosine

Odd Powers

Even Powers

Powers of Sine or Cosine
Products of Sine and Cosine
Summary

©

e © ¢ ¢

@ Other Trigonometric Powers
e Powers of Tangent or Secant
o Powers of Tangent and Secant

Jiwen He, University of Houston
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