Lecture 8section 8.3 Powers and Products of Trigonometric

Functions

Jiwen He

1 Sine and Cosine

1.1 Odd Powers
[ sin™ x cos z dx: u(= sin z)-Substitution
sin™ x cos x dx

Set u = sinz, du = cos x dx

e For m # —1,
1
/Sinmxcos:cdm = /u’” du= — ™t 4 ©
m+1
1
= sin™ gz + C
m+1
e For m = —1,

/sinflmcosmdﬂc:/u_ldu:1n|u|—|—C
=In|sinz|+C

[ sinx cos™ x dx: u(= cos z)-Substitution

sin x cos™ x dx

Set u = cosx, du = —sinzdx
e For n # —1,
1
/Sinxcos"xdx: _/u”du:_iun-&-l_i_c
n+1
1
= — COSn+1[I;+C
n+1

e For n=—1,

/Sinxcos_lxdazz —/u_ldu: —Inju|+C
= —In|cosz|+C



[ sin™ xzcos™ zdx, n > 1 odd: : u(= sinz)-Substitution
/sinm xcos" xdx, n > 1 odd

2

2p=1—sinz

Set u = sinx, du = cosx dx. Note cos

/ sin™ z cos" x dx = / sin™ x (cos"_1 T cos ac) dx

n—1
2

sin” x COS .’E) cosz dx

n—1
/sm T 1—5111230) 2 dsinx

u™(1— u?)" T du = / polynomial

n—1

Write cos™x = cos xcosz. Write cos" 1z = ((3082 x) T Use cos?z =
1 — sin® z. u(= sinz)-Substitution

Ezample 1.

/Sin2$COS5l’d$:/u2(17u2)L;1 du

— /(u2 —2u +u®)? du

n—1

1 2 1
= §U3—5U5+?U7+C
1 2 1
:sin3x<3 - 5sin2x+7sin4x> +C

[ sin™ zcos™ zdx, m > 1 odd: : u(= cosz)-Substitution
/simm xcos" xdx, m > 1 odd

Set u = cosz, du = —sinz dz. Note sin?z = 1 — cos? z

/ sin™ x cos" x dx = /(Sinm_1 T sin x) cos” x dx

m—1
= /(Sin2 w) 2 cos" xsinz dx

m—1
= —/(1—(:052:1:) 2 cos"xdcoszx
= /(1—u2) " du—/ polynomial

m—1

Write sin™z = sin™ 'z cosz. Write sin™ 'z = (sin2 [L’) | Use sin?z =

1 — cos? x. u(= cos )-Substitution



Ezxample 2.

/sin3xc082zdx:f/(17u2)%u2du

5 3
=—-u’ - = C
5u 3u +
1 1
= cos x( cos® x — 3) +C
1.2 Even Powers
Power Reduction
Power Reduction Formulas L1 11
sinzcosx = = sin2z, sin?z = = — = cos 2z, cos>x = — + — cos 2x
2 2 2 2
Ezamples 3.

/coszxdx/(1+1c0829v> dz
2 2

1 1
= ix—'—ZSian—i_C

2
1 1
/cos4xdx:/(cosg)2xdx=/(2+2cos2m) dxr
1 1 1 9
/<4+2COSZT+4COS 2:E> dzx

11 1 1 1
=-x+-sin2z+~ [ | =+ -cosdx |dr=---
47T 4/(2 9 " )

2
/ sin? z cos® xdx = / (sinxcosx) dx
1
:i/sin22xdx
1 1 1
= — _—— = ‘4
4/(2 2cos J:) dx

1

1
=§x—3—2$in4m—|—6’

1.3 Powers of Sine or Cosine

Reduction by Parts
Reduction Formulas

. e n—1 e
sin” x dr = —— sin” 1mcosac—|—7/sm" 2 pdx
n n

1 _ . n—1 _
/cos"xdx:fcos” Yesing + —— [ cos" 2z dx
n n



Proof.

Set u = sin” !z, dv = sinz dz, du = (n — 1) sin

/sin”xda: = /sin"*1 sinz, dx

= —sin" tzcosx + (n—1)

n=2gcosxdr, v=—cost.

sin” 2 z cos® x dx
sin" % z(1 — sin? z) dx

= —sin" 'zcosx + (n—1)

sin" 2 z(1 — sin® z) dx

—— —

= —sin" tazcosx + (n—1)
—(n— 1)/Sin"xd;v
W@gq and solve the equation for [ sin”™ z dx.

1 1
/sinzxdx:—fsinmcosx—i—f/dx

2 2

2smxcosx+ 2:c+

1 4
/sin5xda: = —gsin4a:cosx+ 5 sin® z dx

1.4 +4 1.5 +2/ o d
——sin“xcosz 4+ - | —zsin“xzcosz + - [ sinzdzx
) o\ 3 3

4 2

1 . 4
——sin"xcosx — — sin

T CoST — Bcosx—i—c

1.4 Products of Sine and Cosine

Products of Sine and Cosine
Product-to-Sum Formulas

sin Acos B = % (sin(A — B) + sin(A + B))
sin Asin B = % (cos(A — B) — cos(A + B))
cos Acos B = % (cos(A — B) 4 cos(A + B))
Ezxample 5.
/sin Sx sin 2x dx = / (cos(bx — 2x) — cos(bx + 2x)) dx

\L\DM—!

(cos 3z — cosTx) dx

[ R

1
sin 3x — ﬂsin7x+0



1.5 Summary

Summary
Summary
/ sin™ x cos™ x dx
e Odd power of sine: substitute u = cosz, du = —sinx dz
e Odd power of cosine: substitute u = sinz, du = cos x dz
e Both powers even: Reduce poweminzcosxz = % sin 2z, sin’z =

2

1 1 1
3 cos 2z, cos”x = 3 + 3 cos 2x or integration by parts

Remember the formulas

cos?z +sinz =1
sin(x + y) = sinz cosy + cos T sin y
cos(z +y) = cosxcosy — sinzsiny

Outline
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