Lecture 9section 8.4 Integrals Involving Va2 — 22, Va2 + 22,

Va2 — a? Trigonometric Substitutions

Jiwen He

1 Trigonometric Substitution

1.1 Sine Substitution
Sine Substitution: 1 — 2?2

sin—lx

1 —x?
Sine Substitution: V1 — 22

1 —sin®u = cos®u
T =sinu
dr = cosudu

2

1—22 =cos?u



Ezxample 1.
/\/1—x2d:c:/\/c052ucosudu:/c082udu
1 1 1 1 .
—/(§+§cos2u> du-iu—i—zstu—i—C
1
= — (u+sinucosu) + C

2
1
:§<Sin*1x+m\/1—x2)+0

Sine Substitution: v/a? — 22

12 — ¥2

Sine Substitution: /a2 — x2

1—sin?u = cos®u
r =asinu
dr = acosudu

a2 — 1‘2 = a2 COSQU



Ezxample 2.

/\/aQ—xQd;E:/\/a2coszuacosudu:a2/cos2udu

1 1 2 2
a2/<2+200s2u> du = %u+azsin2u+0
2

%(u+sinucosu)+C

a2

. (sin_1x+a:\/1fx2>+C

Example: Area of a Circle

YA

—r r

Sine Substitution: va? — 22

1—sin?u = cos®u
r =asinu

dxr = acosudu

a? — 2% = a%cos®u

Ezample 3.

1 1 z 2
:7"2 |:2u—|—4sin2u:| . :%

2

= area enclosed by a semicircle of radius r

=< Y



Example: Completing the Square

Vg2 — 2

Sine Substitution: \/a? — (z — ¢)?

1 —sin?u = cos®u
Tr—c=asinu

dx = acosudu

a’ — (z — ¢)? = a®* cos®u

Ezample 4.
/\/2—x2+4xdx:/\/2+4—(x2+4x+4)dx
:/\/6—(x—2)2dx:6/0052udu:g(u—i-sinucosu)—l—C’
r—2 x-2
=3 (sin" + V6= (z—2 2)+C
(s 278 + 5o )
z—2=+6sinu, dz=+6cosudu, 6 — (x—2)2 =6cos’u

Sine Substitution: va? — 22



Vg2 — 32

Sine Substitution: v/a? — 22

1 —sin®u = cos® u
T =asinu
dr = acosudu

a2 — ZL‘2 = a2 0082u

Ezample 5.
4 — x2 \/4 cos? u cos?u
osudu =2 - du
x C9sinu sinu

1—sin®u .
———du=2 [ cscu —sinudu
sinu

=2In|cscu — cotu| + 2cosu+ C

2 4 — x2
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1.2 Tangent Substitution
Tangent Substitution: 1 + 22



Tangent Substitution: 1+ 22

1+ tan?u = sec® u
r = tanu

dz = sec’ udu
1+ 22 =sec’u

Ezxample 6.

; dr = L sec?udu = | cos®udu
(14 22)2 sect u

1 1 1 1
:/<§+§c032u> du=§u+zsin2u+c

1
= — (u+sinucosu) + C

2

1 -1 x 1 )
=_—(tan "z + : +C=---

2( V1422 V1422

Tangent Substitution: Va2 + 22



Tangent Substitution: Va2 + 2?2

Ezample 7

/\/a2+x2da:

Example

1+ tan?u = sec® u

r =atanu
dz = asec® udu

a® + 2% =a’sec’u

= /\/a2 sec? ua sec® u du = a2/sec3udu

a2 (secutanu + In|secu + tanu|) + C
a? \/a2+x233+l a2+:c2 x
—_— —_—— n —_—
2 a a a




3

Tangent Substitution: /a2 + 2

1+ tan?u = secu
r =atanu

dz = asec® udu
a2 + :c2 = a2 sec2 U

Ezample 8.

/ L 1/ 1 3 2,
—_——dr =~ — sec” udu
V9 + 4a? 2 %tanu 9 gec2 y 2

1

1
= —/ secu du = 1/Cscudu
3 tanu 3

1
= §1n|cscu—cotu|+0

1 9+422 -3
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Tangent Substitution: Va2 + 2?2

1+ tan?u = sec® u

r =atanu

dz = asec® udu

a® + 2% =a’sec’u

Ezxample 9.

4tan®u 8 tan? u sec? u
2sec’ udu = / ———du

2
x
—dx: —_—
/\/4—|—x2 V4 + 4tan?u Vdsec?u

8 t 2 2

/ olam usec u du = 4/tan2usecudu
2secu

finish as in Example 12, Section 8.3

substitute in terms of x

Example: Completing the Square



Tangent Substitution: /a4 (x — ¢)?

1+ tan?u = sec® u

r—c=atanu
dzr = asec® udu
a’+ (x — ¢)* = a*sec®u

Ezample 10.

/x 16+m2—6xdm=/m\/16—9+(:1c2—6:v+9)da:
:/m\/7+(x—3)2dx
:/(ﬁtanu—k?:)v7se02uﬁse02udu

Finish it!

1.3 Secant Substitution

Secant Substitution: z2 —1

10



sec lx

Secant Substitution: z2 — 1

sec?u — 1 = tanu

T = secu
dr = secutanudu
22— 1 =tan’u

Ezample 11.

/ 1 d / sec u tan u J / 1 J
—_— AT = —_— AU = U
x2\/x? — 1 sec uv/tan® u secu

= /cosudu:sinu+C

2-1
:x—+C
T

Secant Substitution: vz2 — a?

11
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Secant Substitution: vz2 — a2

sec?u —1=tan’u
T = asecu
dr = asecutanudu

22— a® = a?tan?u

Ezample 12.

/ 1 dq:—/ 2secutanu du—l/ 1 du
z(z2 —4)3/27" | 2secu(4tan?u)3/2 " 8 ) tan?u

:%/COtQ’udUZé/(CSCQU—l) du
:%(—Cotu—u)—i—C
1 2
(e

Example: Completing the Square

+ secl(x/2)> +C
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Secant Substitution: vz2 — a2

sec?u —1 =tan?u
T —c=asecu
dxr = asecutanudu
(x —¢)* —a® = a®tan®u

Ezample 13.

T

xZ
/—dx:/ dx
Va2 + 2z —3 V(E@2+22+1)—316—1
X
= [ ———,dz
/\/(x+1)2—4

2secu — 1

B V4 tan?u

Finish it!

2secutanu du

S
Shmggary

1—sin?u = cos?u
r =asinu
dr = acosudu

a2 — 1‘2 = a2 0052u

13



u
Vg2 — 12
. x
sinu = —
a
a2 — 12
cosuy = ——
a
T
tanu =
a2 — 12
a2+:172
1+ tan?u = secu
r=atanu
dz = asec® udu
a2~|—ac2 =a’sec®u
j{L
n X
o
u
a



siny = ————
va? + a?
a
coOsSU = ———
va? 4+ x?
T
tanu = —
x? —a?
secu — 1 = tan®u
T = asecu
dr = asecutanudu
2?2 —a? = a®tan®u
X
Vx2 — 4
u
2 — q?
siny = ———
T
a
cosu = —
T
2 — a2
tany = ———
a
Outline
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