Lecture 10section 8.5 Rational Functions; Partial Fractions

Jiwen He

1 Partial Fraction Decomposition

1.1 Rational Function

Rational Function

e Rational function: R(x) = P(2)

Q(x)
2x 3zt — 2022 + 17

22—z -2’ 34+ 222 -7

1 2241

V' Inz

o If degree(P) > degree(Q), then, by division, = p(x) +
where p(z) is a polynomial and cg((?) is a proper rational function (i.e.,

degree(r) < degree(Q)).

where P(z) and Q(z) are polynomials.
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1.2 Partial Fraction Decomposition

Partial Fraction Decomposition
Partial Fraction Decomposition

e Let the denominator Q(z) factor as Qz)=a H(w — ;)" H(CE2 + Bz +v;)™

where the quadratic factors 2%+ 3;z+; are irreducible (i.e., ﬁ? —4v; <0,
they have complex zeros).
e Proper rational function R(x) = 58 can be written as a sum of partial
A Bx+C

(x—a)*" (a2 + P+ )k

fractions of the form:

— Each power (z—a)™ of a linear factor x—a contributes:

—_



— Each power ($2+ﬁw+'y)" of an irreducible quadratic factor 2+ 3z -+~
. B,x+ C, Box + Oy Bix+C4
contributes: S L Mt L T
(22 + Bz + )" (22 + Br+7)* 2?2+ Pr+y

Partial Fraction Decomposition: Example

A, A

e Each power (x—a)" of a linear factor x—a contributes: 2

(z —a)" (z —a)?
e Each power (224 3x+7)" of an irreducible quadratic factor x2+Bx+ con-
. B,x + C,, Box + Cy Bix+C4
tributes: e
(22 + Bz + )" (@2 + Bz +7)?  2®+ Pr+y
Ezamples 1.
1 A B C Dz+FE 1 1 x

x3(x2+1)zﬁ+ﬁ+x 22+1 2 oz 2241
1=(C+D)zx*+(B+E)x*+(A+C)az*>+Bx+ A
A=1, B=0, A+C=0, B+E=0 C+D=0
A=1, B=0, C=-1, E=0, D=1

x? A +Bx+C+Da:+E
(r—1)(22+1)2 -1 (224+1)2  22+1

= 2*=(A+D)x'+(-D+ E)2® + (2A+ B+ D — E)2?
+(-B+C—-D+E)xz+(A-C—-E)
= A+D=0, -D+E=0, 2A+B+D—-FE=1,
—-B+C—-D+E=0, A—C—-—FE=0 = Finishit

3

B Ar+ B n Czx+ D
(22422 +2)2  (22+22+2)2 22427 +2

= 2°=C2%+ (20 + D)2* + (A+2C +2D)x + (B + 2D)

= (C=1, 20+D=0, A+2C+2D=0, B+2D=0
= Finish it

2 Integrals of Partial Fractions

2.1 Partial Fractions

e b Rgre! Bractions
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Integrals of Partial Fractions

. . . _Bz+C _ B_ 2x4f3
Partial Fractions: 25— = 5 >750— +
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Proof.

2 1
P e T R e B

Set u = 2% + B + v, du = 2z + (B du.



1 1 1
/7dx:/7dt:/7asecgudu
22+ fxr + 2 + a? a?sec? u
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:f/du:fquC:ftanflf: tan
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Note 22 + Bz +v = (z + 5/2)* + v — 3 /4.
Set t =z + /2, a* = v — 3*/4.
set atanu = t, asec’? udu = dt, t? + a® = a® sec® w.

Integrals of Partial Fractions: Examples
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Partial Fractions:
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Ezample 3.
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Proof.

2z + 0 1
—d
/(w2+ﬂx+v / ‘T e

= ! +C
B k—l(x2+[3:c+'y)k*1

Set u = 22 4+ Sz + v, du = 2z + B dx.

1 1 1
= o= - _dt=f — 2ud
/(x2+ﬂa:+7)k v /(t2+a2)k /(aQSeCQU)kaSGC wau

1 1 1 2(k—1
T g2kl / sec2(k—1) 4 du = a2h—1 /COS *=D oy du = - -

Note 22 + Bz +v = (x + £/2)* +v — 52 /4.
Set t =2+ /2, a®* =y — 3*/4.
set atanu = t, asec® udu = dt, t*> + a® = a? sec? u.

. 1 _ . n—1 _
Reduction: / cos" zdr = = cos” L zsinz + cos" 2 xdx
n n

Integrals of Partial Fractions: Examples
Bz+C _ B 2z+ + c-23
(22 +Bx+y)k T 2 (@24Bz+y)k T (22 +Bzty)k

/ Br+C dr= — B ! —I—C/COSQ(k_l)udu
@+ Br+)F T 20— 1) (P 1 Ba )
- %ﬁ 2 2
where ¢ = —5—=—, t =2+ /2, a® =y — 3°/4, atanu = t.
Ezxample 4. a

3zt 4+ 23 + 2022 + 32 + 31 2 x 1
dr = + — dzx
(x4 1) (a2 +4)? x+1 2244 (22+4)?
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Partial Fractions:

1 1
:21n|x+1|+§ln(m2+4) —E(u—l—sinucosu)—&—C

1 9 1 T 2z
:21H|£L'+1|+§1H((E +4)—16<tan 2+$2+4)+C
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