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Riemann Sums Rectangle Approximations Trapeziodal and Par.

Area Problem

Q,0, Q, Q,

R

Partition of [a, b]
Take a partition P = {xg,x1,- - ,xn} of [a, b]. Then P splits up
the interval [a, b] into a finite number of subintervals [xg, x1], - -,
[Xn—1,Xn] With a = xp < x1 < -+ < x, = b. We have

[av b] = [XOle] U---u [X,',l,X,'] U---u [Xn—laxn]

Jiwen He, University of Houston
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Area Problem

2,9, O Q,

R =b x

Partition of [a, b]

Take a partition P = {xg,x1,- - ,xn} of [a, b]. Then P splits up
the interval [a, b] into a finite number of subintervals [xg, x1], - -,
[Xn—1,Xn] With a = xp < x1 < -+ < x, = b. We have

[a, b] = [x0, x1] U -+ U [xi—1, x;] U -+ U [Xp—1, Xn]

Remark

This breaks up the region Q into n subregions Q1,---,Q,:
Q=QU---UQuU---UQ,

We can estimate the total area of 2 by estimating the area of each [lll

subregion €; and adding up the results.

Jiwen He, University of Houston
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Lower and Upper Sums

b a

Let Ax; = x; — xj_1, m; =

min  f(x), M; = max
XE[X,‘,l,X,']

f(x)

xXe [X,',l 7X,']

area of shaded region is a
lower sum for f°

Jiwen He, University of Houston

area of shaded region is an
upper sum for f
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Lower and Upper Sums

|
|
|
|
|
|
|
|
|
1
b

a X1 X, b a X1 boa Yo X, b
Let Ax; = x; — xj—1, mi = min f(x), M; = max f(x)
XE[X,‘,l,X,'] XG[X,'fl,Xi]

m; Ax; = area of r; < area of 2; < area of R; = M;Ax;

g v

area of shaded region is a area of shaded region is an
lower sum for 1 upper sum for f

Jiwen He, University of Houston
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Lower and Upper Sums

a X1 X, b a X1 X boa Yo X, b
Let Ax; = x; — xj—1, mi = min f(x), M; = max f(x)
XG[X,‘,l,X,'] XG[X,'fl,Xi]

m; Ax; = area of r; < area of 2; < area of R; = M;Ax;

v v

X | X
area of shaded region is a area of shaded region is an
lower sum for 1 upper sum for f
n b n
Le(P) == miAx < | = / F(x)dx <Y MjAx; =: Us(P) [l].l
i=1 a i=1

Jiwen He, University of Houston
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Riemann Sum

area of shaded region is a
lower sum for f

Riemann Sum

LI T 7 area of shaded region is an
upper sum for /

Jiwen He, University of Houston
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Riemann Sum

area of shaded region is a
lower sum for f

Riemann Sum
S*(P) = f(x7)Axy + f(x3)Axa + - - - + F(x}) Axp
where x* is any point picked in [x;_1,x;] for i =1,---,n.

area of shaded region is an
upper sum for /

Jiwen He, University of Houston
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Riemann Sum

area of shaded region is a
lower sum for f

Riemann Sum
S*(P) = f(x7)Axy + f(x3)Axa + - - - + F(x}) Axp
where x* is any point picked in [x;_1,x;] for i=1,---,n. We
have
Le(P ZmAx,<5* Zf Ax,<ZMAx,_ Ur(P

i=1 i=1

area of shaded region is an
upper sum for /

Jiwen He, University of Houston
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Riemann Sum

Ty Tx T Lo Tag Tag Ty
area of shaded region is a ‘ R S A AL A
lower sum for f

Riemann Sum
S*(P) = f(x7)Axy + f(x3)Axa + - - - + F(x}) Axp
where x* is any point picked in [x;_1,x;] for i=1,---,n. We
have
Le(P ZmAx,<5* Zf Ax,<ZMAx,_ Ur(P

=il Sl

Limit of Riemann Sums

b
/a f(x)dx = IIDi\rEo [f(x7)Ax1 + f(x3)Axo + - - - + F(x;) Axp] [Fl

Jiwen He, University of Houston
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Regular Partition

i Find the approximate value of
2
In2 = ax
1 X
using only the values of f(x) =1 at
\ ]'7 97 z? §7 g72
5 5 5 5

Jiwen He, University of Houston
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Regular Partition

i Find the approximate value of
2
In2 = ax
1 X
using only the values of f(x) =1 at
]'7 97 z? §7 g72
5 5 5 5

Numerical Integration

Approximate fab f(x) dx using only values of f at n+1
equally-spaced points between a and b.

Jiwen He, University of Houston
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Regular Partition

i Find the approximate value of
2
In2 = ax
1 X
using only the values of f(x) =1 at
]'7 97 z? §7 g72
5 5 5 5

Numerical Integration

Approximate fab f(x) dx using only values of f at n+1
equally-spaced points between a and b.

Regular Partition of [a, b]

Let x;, =a+iAx, i=0,1,---,n, where AX:b;na. Then
[a, b] = [x0, x1] U -+ U [xi—1, x;] U -+ U [Xp—1, Xn] [Fl

Jiwen He, University of Houston
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Rectangle Approximations

Q,

Xi-1

Ju ) F0x) dx F(xi—1)Ax fx)Ax  f <X,._12+X,> Ax

Xj—1

Rectangle Approximations of f;’_l f(x) dx

Jiwen He, University of Houston
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Rectangle Approximations

Q,

Xi-1

Ju ) F0x) dx F(xi—1)Ax fx)Ax  f <X,._12+X,> Ax

Xj—1

Rectangle Approximations of f;’_l f(x) dx

f(Xi—l)AX7
left-endpoints

Jiwen He, University of Houston
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Rectangle Approximations

Q,

Xi-1

Ju ) F0x) dx F(xi—1)Ax fx)Ax  f <X,._12+X,> Ax

Xj—1

Rectangle Approximations of f;’_l f(x) dx

f(xi—1)Ax, f(x;)Ax,
left-endpoints right-endpoints

Jiwen He, University of Houston
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Rectangle Approximations

Q,

Xi-1

Xj—1

Ju ) F0x) dx F(xi—1)Ax fx)Ax  f <X,._12+X,> Ax

f(xi—1)Ax, fx)Ax,  f (%) Ax
left-endpoints right-endpoints midpoints

Jiwen He, University of Houston
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Rectangle Approximations

Q,

Xi-1

Ju ) F0x) dx F(xi—1)Ax fx)Ax  f <X,._12+X,> Ax

Xj—1

Rectangle Approximations of f;’_l f(x) dx

f(xi—1)Ax, fx)Ax,  f (%) Ax
left-endpoints right-endpoints midpoints

Rectangle Approximations of fab f(x)dx =171 [ f(x)dx

i=1 Xi—1

Jiwen He, University of Houston
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Rectangle Approximations

Xi-1

Ju ) F0x) dx F(xi—1)Ax fx)Ax  f <X,._12+X,> Ax

Xj—1

f(xi—1)Ax, fx)Ax,  f (%) Ax
left-endpoints right-endpoints midpoints

Rectangle Approximations of fab f(x)dx =320, [ f(x)dx

ZfX, 1

Ieft endpoints

Jiwen He, University of Houston
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Rectangle Approximations

Xi-1

Ju ) F0x) dx F(xi—1)Ax fx)Ax  f <X,._12+X,> Ax

Xj—1

f(xi—1)Ax, fx)Ax,  f (%) Ax
left-endpoints right-endpoints midpoints

Rectangle Approximations of fab f(x)dx =320, [ f(x)dx

f(xi—1)Ax f(x)A
Z X, Z

Ieft endpoints rlght endpoints

Jiwen He, University of Houston
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Rectangle Approximations

Q,

Xi-1

Ju ) F0x) dx F(xi—1)Ax fx)Ax  f <X,._12+X,> Ax

Xj—1

f(xi—1)Ax, fx)Ax,  f (%) Ax
left-endpoints right-endpoints midpoints

Rectangle Approximations of fab fx)dx =30, [
w X. .
: : <'—> Ax
i=1 i=1 i=1 [ﬂ
left-endpoints  right-endpoints midpoints

Jiwen He, University of Houston
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Rectangle Rules

Rectangle Rule for Approximatin

t Problem

Jiwen He, University of Houston
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Rectangle Rules
Rectangle Rule for Approximating fab f(x) dx

@ Left-endpoint rule:
b—a
L, =
n

[f(x0) + f(xa) + - + F(xn-1)]

Problem

Jiwen He, University of Houston
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Rectangle Rules
Rectangle Rule for Approximating fab f(x) dx

@ Left-endpoint rule:
b—a
L, =
n
@ Right-endpoint rule:

R, = ? [F(x1) + F(x2) + - + f(xn)]

[f(x0) + f(xa) + - + F(xn-1)]

Problem

R

T

Jiwen He, University of Houston
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Rectangle Rules
Rectangle Rule for Approximating fab f(x) dx

@ Left-endpoint rule:

b—
L, =
n
@ Right-endpoint rule:

b —
Rn = == [f(a) + F(3) + -+ F(x0)]
@ Midpoint rule:

I\/I,,:b_a £ Xo + X1 bt f Xp—1 + Xn
n 2 2
\m\r Problem

Jiwen He, University of Houston

2 [F(0) + F(x1) + - - + F(xa-1)]
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Rectangle Rules
Rectangle Rule for Approximating fab f(x) dx

@ Left-endpoint rule:
b—a
L =
n
@ Right-endpoint rule:
b—
Rn = == [f(a) + F(3) + -+ F(x0)]

@ Midpoint rule:

I\/I,,:b_a £ Xo + X1 bt f Xp—1 + Xn
n 2 2

[f(x0) + f(xa) + - + F(xn-1)]

Problem

Find the approximate value of In2 = 12 %
| ~ using only the values of f(x) = I at

6 789
1737575?572- [

Jiwen He, University of Houston
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Rectangle Rules

Rectangle Rule for Approximating fab f(x) dx

o Left-endpoint rule:
b—a
Ln:—F—VQw+f@ﬂ+~-+“M4ﬂ

@ Right-endpoint rule:

R,,:b_a
n

[F(x1) + F(x2) + - -+ + f(xa)]
@ Midpoint rule:

/\/In:b_a |:f<X0+X1>+”.+f<Xn_1—|—Xn>:|
n 2 2
\WT

Jiwen He, University of Houston

Approximating In2 = 0.69314718 - - -
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Rectangle Rules

Rectangle Rule for Approximating fab f(x) dx

o Left-endpoint rule:
b—a
L=~ [f(x0) + F(x1) + -+ F(xa_1)]

@ Right-endpoint rule:

R,,:b_a
n

[F(x1) + F(x2) + - -+ + f(xa)]
@ Midpoint rule:

/\/In:b_a |:f<X0+X1>+”.+f<Xn_1—|—Xn>:|
n 2 2

‘ Approximating In2 = 0.69314718 - - -
\W ls=32(1+2+32+3+3)~0.7456
|

Jiwen He, University of Houston
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Rectangle Rules

Rectangle Rule for Approximating fab f(x) dx

o Left-endpoint rule:
b—a
Ln:—F—VQw+f@ﬂ+~-+“M4ﬂ

@ Right-endpoint rule:

R,,:b_a
n

[F(x1) + F(x2) + - -+ + f(xa)]
@ Midpoint rule:

/\/In:b_a |:f<X0+X1>+”.+f<Xn_1—|—Xn>:|
n 2 2

Approximating In2 = 0.69314718 - - -

L5:%(1+%+%+%+g)z0.7456
| | | R5:%(%+%+%+g+%)%0'6456

Jiwen He, University of Houston
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Rectangle Rules

Rectangle Rule for Approximating fab f(x) dx

o Left-endpoint rule:

L, = ? [f(x0) + f(x1) + -+ + F(xn-1)]

@ Right-endpoint rule:

Ro= 2721 (a) + Fo2) + -+ F(x0)]

@ Midpoint rule:
M, = 9= [f<X0+X1> _|_..._|_f<X”_1+X”>:|
n 2 2

Approximating In2 = 0.69314718 - - -

Lg = (1 +2 _|_ _|_ + ) ~ 0.7456
| | | RSZ%(%‘F% +g+%)z0.6456

5
8
_1/10 o 10 , 10\

Qs +

Jiwen He, University of Houston



Riemann Sums Rectangle Approximations Trapeziodal and Par.
Error Estimates

[

Error Estimates

Jiwen He, University of Houston
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Error Estimates

Error Estimates

@ Left-endpoint rule:
b )2
EL— / b — = ;(bna)f’(c) _ 0(4x)
a

Jiwen He, University of Houston
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Error Estimates

Error Estimates

@ Left-endpoint rule:
b )2
EL— / b — = ;(bna)f’(c) _ 0(4x)
a

@ Right-endpoint rule:
1(b— a)?

ER — / F(x) dx — Ry = - F(c) = O(Ax)

n

Jiwen He, University of Houston
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Error Estimates

Error Estimates

@ Left-endpoint rule:
b )2
EL— / b — = ;(bna)f’(c) _ 0(4x)
a

@ Right-endpoint rule:

T O
o Midpoint rule:ba
_)?
EM — / f(x)dx — M, = 214(b 3 ) f"(c) = O((Ax)?) [l]l

Jiwen He, University of Houston
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Error Estimates: Example
Error Estimates

o Left-endpoint rule:
b AV
EL— / F(x) dx — L — ;(bna)f’(c) — 0(A)
a

@ Right-endpoint rule:

ER = /b F(x) dx — Ry = ;(b _,7"’)2f/(c) — 0(2x)

o Midpoint rule:
b
EM:/ f(x)dx — M, = —

n

Jiwen He, University of Houston
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Error Estimates: Example
Error Estimates

@ Left-endpoint rule:

b _ )2
EL— / Fx) dx — Ly = =3 0y = o(ax)
a 2 n
@ Right-endpoint rule:

ER = /b Fx)dx— Ry = 2= 010y _ 0(ax)

2
o Midpoint rule:

b _ap
EM — / f(x)dx — M, = 1@ - ) f"(c) = O((Ax)?)

\ Note that f(x) = L, f/(x) = —%, f/(x) = .
£ = |5 < 3G Ol =%

Jiwen He, University of Houston
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Error Estimates: Example
Error Estimates

@ Left-endpoint rule:

b _ )2
EL— / Fx) dx — Ly = =3 0y = o(ax)
a 2 n
@ Right-endpoint rule:

ER = /b Fx)dx— Ry = 2= 010y _ 0(ax)

2
o Midpoint rule:

b _ap
EM — / f(x)dx — M, = 1@ - ) f"(c) = O((Ax)?)

\ Note that f(x) = L, f/(x) = —%, f/(x) = .
£ = |5 < 3G Ol =%

EM < L ;2” maxeepa F(S) = 2 |

Jiwen He, University of Houston
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Trapeziodal and Parabolic Approximations

5 f(x)dx Trapeziodal Parabolic

Approximations of foI,I f(x) dx

Jiwen He, University of Houston
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Trapeziodal and Parabolic Approximations

5 f(x)dx Trapeziodal Parabolic

Approximations of foI,I f(x) dx

% [f(xi—1) + f(x;)] Ax,

trapeziodal

Jiwen He, University of Houston
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Trapeziodal and Parabolic Approximations

Approximations of foI,I f(x) dx

IFOio1) + FOa)] Ax, § [Fxia) +4f (25520) + £(x)| Ax

trapeziodal Parabolic

Jiwen He, University of Houston
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Trapeziodal and Parabolic Approximations

Approximations of fol,l f(x) dx

IFOio1) + FOa)] Ax, § [Fxia) +4f (25520) + £(x)| Ax

trapeziodal Parabolic

Approximations of fab f(x)dx =>"_, [79 f(x)dx

i=1 Jx;_;

Jiwen He, University of Houston
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Trapeziodal and Parabolic Approximations

Approximations of fol,l f(x) dx

IFOio1) + FOa)] Ax, § [Fxia) +4f (25520) + £(x)| Ax

trapeziodal Parabolic

Approximations of fab f(x)dx =271 [ f(x)dx

Xi—1

> 2 [ (xi—1) + £(x)] [F'l

Trapeziodal

Jiwen He, University of Houston
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Trapeziodal and Parabolic Approximations

Approximations of fol,l f(x) dx

IFOio1) + FOa)] Ax, § [Fxia) +4f (25520) + £(x)| Ax

trapeziodal Parabolic

Approximations of fab f(x)dx =271 [ f(x)dx

Xi—1

Sy B2 [ Om1) + FO)], iy B [Fxima) + 4F (2522) + £(x) o

Trapeziodal Parabolic

V.

Jiwen He, University of Houston
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Trapeziodal and Simpson's Rules

Trapeziodal and Simpson’s Rules for Approximating fab f(x) dx

Problem

Jiwen He, University of Houston
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Trapeziodal and Simpson's Rules

Trapeziodal and Simpson’s Rules for Approximating fab f(x) dx
@ Trapeziodal Rule:

b—a
T, =
" 2n

[f(x0) +2f(x1) + - 4+ 2f(xp—1) + (xn)]

Problem

Jiwen He, University of Houston
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Trapeziodal and Simpson's Rules

Trapeziodal and Simpson’s Rules for Approximating fab f(x) dx
@ Trapeziodal Rule:
To= b;f [F(x0) +2f(xa) + - + 2F (xn—1) + F(x)]
@ Simpson's Rule (Parabolic):

o= 222 L b e) + Flx) + 2 {f(xl) F o 2 (xo1)

6n

o (252) o (=59) )

Problem

Jiwen He, University of Houston
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Trapeziodal and Simpson's Rules

Trapeziodal and Simpson’s Rules for Approximating fab f(x) dx

@ Trapeziodal Rule:
T, =

b—a

2n

@ Simpson's Rule (Parabolic):

b—a

Sn:

w41

[f(x0) +2f(x1) + - 4+ 2f(xp—1) + (xn)]

f(xo0) + f(xn) +2 {f(xl) + - 4+ 2f(xp-1)

(22) (=)

N |

Jiwen He, University of Houston

Problem

Find the approximate value of In2 = 12 %
using only the values of f(x) = 1 at

6 7 8 9
17373757572-
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Trapeziodal and Simpson's Rules

Trapeziodal and Simpson's Rules for Approximating fab f(x) dx

@ Trapeziodal Rule:

b —
To = 2= [f(x0) +2F(xa) + -+ + 2 (xn1) + £ (o)
@ Simpson's Rule (Parabolic):
b —
Sn= e {f(xo) + F(xn) +2 [f(xl) e+ 2f (1)

o (252) oo (=59))

Approximating In2 = 0.69314718 - - -

\\\

Jiwen He, University of Houston
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Trapeziodal and Simpson's Rules

Trapeziodal and Simpson's Rules for Approximating fab f(x) dx

@ Trapeziodal Rule:

b —
To = 2= [f(x0) +2F(xa) + -+ + 2 (xn1) + £ (o)
@ Simpson's Rule (Parabolic):
b —
Sn= e {f(xo) + F(xn) +2 [f(xl) e+ 2f (1)

o (252) oo (=59))

Approximating In2 = 0.69314718 - - -

_ 1 10 10 10 10 1\ ~ g
\ T5_E(1+€+7+§+?+§)N0'695()

Jiwen He, University of Houston



Riemann Sums Rectangle Approximations Trapeziodal and Par.

Trapeziodal and Simpson's Rules

Trapeziodal and Simpson's Rules for Approximating fab f(x) dx

@ Trapeziodal Rule:

b —
To = 2= [f(x0) +2F(xa) + -+ + 2 (xn1) + £ (o)
@ Simpson's Rule (Parabolic):
b —
Sn= e {f(xo) + F(xn) +2 [f(xl) e+ 2f (1)

o (252) oo (=59))

Approximating In2 = 0.69314718 - - -

_ 1 10 10 10 10 1\ ~ g
\ T5_E(1+€+7+§+?+§)N0'695()

T EESERERE AR RS

10 10 10 10 10 ~
+4[11_|_13_|_15+17—|—19]} ~ 0.6932

Jiwen He, University of Houston
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Error Estimates

[ )

Error Estimates

Jiwen He, University of Houston
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Error Estimates

[ )

Error Estimates

@ Trapeziodal Rule:
b _ )3
ET :/ F(x) dx — Ty = —112(” n;’) () = O((Ax)?)
a

Jiwen He, University of Houston
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Error Estimates

[ A Y

Error Estimates

@ Trapeziodal Rule:
b 3
1(b—a)
T _ _ = " — 2
E, —/a f(x)dx — T, 5 2 "(c) = O((Ax)?)
@ Simpson'’s Rule:
b 1 (b—a)®
ES= [ f S, =——— > Y W)= o((Ax)*

Jiwen He, University of Houston
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Error Estimates: Example

Error Estimates

@ Trapeziodal Rule:

@ Simpson’s Rule:
1 (b—a)®

b
E; = / F(x) dx = Sp = — s F(c) = O((8x)*)

Approximating In2 = 0.69314718 - - -

Note that f(x) = 1, f(x) = —%, f"(x) = &,

oL X2 X
\ FO(x) = — 8, Fl)(x) = 2.

Jiwen He, University of Houston
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Error Estimates: Example

Error Estimates

@ Trapeziodal Rule:

@ Simpson’s Rule:
1 (b—a)®

b
E; = / F(x) dx = Sp = — s F(c) = O((8x)*)

Approximating In2 = 0.69314718 - - -

Note that f(x) = 1, f/(x) = — %, f"(x) = 3,

\ FO(x) = — 8, Fl)(x) = 2.
- 1 (2-1)}

ES1< % 52) maxcepy g [F(€)] = Flo

Jiwen He, University of Houston
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Error Estimates: Example

Error Estimates

] Trape2|odal Rule:
3
T _ —a) _ 2
En = /a f(X) dX — n = —ETfN(C) = O((AX) )
@ Simpson’s Rule:

b — 2 5
ES :/a F(x) dx — S, = —28180([’ = V(@) (c) = o((ax))

Approximating In2 = 0.69314718 - - -

Note that f(x) =1 fi(x)=-% f'(x)=

\ FO)=-5, ) =%
— 271 g

ET] < & 52) maxcep1,2) ()| = 155

Xw‘ N

EM) < o Z5tE maxeepzy [FO() = - |

Jiwen He, University of Houston
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Outline

@ Riemann Sums
o Area Problem
o Lower and Upper Sums
e Riemann Sum

@ Rectangle Approximations
@ Regular Partition
o Approximations
o Error Estimates

@ Trapeziodal and Parabolic Approximations

o Approximations
o Error Estimates

Jiwen He, University of Houston
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