Lecture 11secction 8.7 Numerical Integration

Jiwen He

1 Riemann Sums

1.1 Area Problem

Area Prqblem
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Partition of [a, b]

Take a partition P = {xg, 21, -+ ,2n} of [a,b]. Then P splits up the interval

[a,b] into a finite number of subintervals [zg, 21], - -, [Tph_1, Tn] With a = 29 <

1 < -+ <z =b. Wehave [a,b] = [zo,x1] U U[zi—1, 2] U Ulzp_1, Tn]

Remark

This breaks up the region {2 into n subregions €21, - - ,{2,,: Q=QU---UQuU---UQ,

We can estimate the total area of Q0 by estimating the area of each subregion ;
and adding up the results.

1.2 Lower and Upper Sums

Lower and Upper Sums
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Let Az; = ;—x;—1,m; = min  f(z), M; = max f(x) m;Ax; = area of r; < area of Q; <
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area of shaded region is a area of shaded region is an

lower sum for / upper sum for f
n b n
Li(P):=> miAz; <I= / fl@)de <Y M;Az; = Up(P)
i=1 a i=1

1.3 Riemann Sum

Riemann Sum

area of shaded region is a

area of shaded region is an
lower sum for f

upper sum for f

Riemann Sum
S*(P) = f(z7)Azy + f(23)Axz + -+ + f(2},)Azy

where z} is any point picked in [xZ 1,331] for i = 1, S, We have
Ly( Zmzmz <SP Zf )Az; < ZMA% =: Uy (P)
i=1 i=1

Limit of l}iemann Sums

[ #@)de = tim (75)A01 + 7530z + -+ flap) A,

2 Rectangle Approximations

2.1 Regular Partition

Regular Partition
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Problem
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d
Find the approximate value of In2 = ?a:
1
6 7 8 9
i ly the values of =Lat L, -, =, -, =2
using only the values of f(z) = - a BB B B

Numerical Integration

Approximate f: f(x) dz using only values of f at n + 1 equally-spaced points
between a and b.

Regular Partition of [a, ]

Let x; = a+iAx,i=0,1,--- ,n, where Az = b;—“. Then [a,b] = [zo,x1] U+ Ulzi—q, 2] U---

2.2 Approximations

Rectangle Approximations

Xi-1 X X Xi-1 X; X Xi-1

i @ f@io)Aa T
Rectangle Approximations of f;i : f(z) da
fande,  faae  f (25 A

left-endpoints  right-endpoints midpoints

Rectangle Approximations of ff f@)de =30 [ f(z)dw

XTj—1



;f(fUifl)Ax, ;f(%)Aam ;f (371124—961) As

left-endpoints rig?zt- endpoints

midpoints
Rectangle Rules X
Rectangle Rule for Approximating fa f(z)dx
h—
e Left-endpoint rule: L, a

e Right-endpoint rule:

e Midpoint rule: b-a [f (

%
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Problem

Find the approximate value of In2 = ff df
at 1,828 9 9.

using only the values of f(x) = 1
575757

Ls=3(14+2+2+2+3)~0.7456

Rs %(%+%+%+8+%)m0.6456
1(10 , 10 | 10

Ms =5 (i + 15+ 13

2.3 Error Estimates

Error Estimates
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/abﬂx)den

< () v - )

Error Estimates

b 1 _ )2
e Left-endpoint rule: EL= | f(z)dx - L, = 3 (b na) f'(c) = O(Ax)
b 1(b—a)?
e Right-endpoint rule: Ef = [ f(z)dz—R, = 3 f'(e) = O(Ax)
“ n
. . ) M _ ’ _ _ 1 (b—a)® ., 2
e Midpoint rule: E) = f(x)de—M,= o 5" (c) = O((Az)?)
n

Error Estimates: Example
Error Estimates

b 1(b—a)?
e Left-endpoint rule: El= | f(x)dx - L, = B f'(c) = O(Ax)
“ n
b 1(b—a)?

e Right-endpoint rule: ER— | f(z)dxr—R, = S f'(c) = O(Ax)

: : . M _ ’ _ _ i (b — a)3 " _ 2
e Midpoint rule: E; = f(x)de—M, = oY > f"(c) = O((Az)?)

n
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Approximating In2 = 0.69314718
Note that f(z) = %, () = x27 f”( ) = la

(2— 1
EE| = |BF| < 1220 max.ep o | £(0)] = &

|EM| < 45 y maxcmnf ©)| =3

3 Trapeziodal and Parabolic Approximations

3.1 Approximations

Trapeziodal and Parabolic Approximations

NN

Trapeziodal Parabolic

wzl

Approximations of f;ﬁl f(z)dzx
Lf i) + @) Ae, & [flai) +4f (2522) + f()| Ax

trapeziodal Parabolic

Approximations of f; f@)de =37, ff:_l f(x)dx
Sy A [ wimn) + Fl@a)], Sy 42 [Fin) +4F (2555) + f(aa)]

Trapeziodal Parabolic

X



Trapeziodal and Simpson’s Rules
Trapeziodal and Simpson’s Rules for Approximating f f(z

e Trapeziodal Rule: T, = b —na [f(xo) +2f(z1)+ -+ 2f(@n_1) + f(zn)]

e Simpson’s Rule (Parabolic): Sy = 6_7”& {f(xo) + fxn) +2 {f(xl) +- +2f(2n-1)

(=) ()

%

X

Problem
Find the approximate value of In2 = ff d?"’” using only the values of f(z) = %
at 1,828 9 9.

1575757

.69314718 -

Appr0x1mat1ng 1n2
1+10_~_10+10+10+%)z0.6956

TO
70 (
1 5 5 5
30{ +3+2(3+2+2+3)

+4[1g+g+1g+g+}g}}zo.6932

3.2 Error Estimates

Error Estimates
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each width isT; here n = 6

Error Estimates

b
e Trapeziodal Rule: ET :/ flx)de—T, = ——

b
e Simpson’s Rule: E? :/ f(z)dz—S, = ———

Error Estimates: Example
Error Estimates

b
e Trapeziodal Rule: B :/ fz)da—T, = —

b
e Simpson’s Rule: EZ :/ f(z)dz—S, =

/:ﬂx)dxn

<3 (50) U0 - )

n

1 (b—a)?
12 n?

1 (b—a)
2880 nt

1 (b—a)?

12 n?

1 (b—a)d
2880 n?

f"(c) = O((Ax)?)

FP(e) = o((ax)h)

"(c) = O((Ax)?)

FP(e) = 0((ax)h)
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Approximating In2 = 0.69314718 - - -

Note that f(z) =1, f'(z) = —%, f"(z) = &, fP(2)=-F, fD(z)= 2.

2-1)% 1
IBE| < %250 maxeen 2 177(6)] = o

|EM| < 5ds B2l max ey o | £ P ()] = - -

Outline
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