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o Let r(t) = (x(t),y(t)) the
position of the object at time t.
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Velocity and Speed Along a Plane Curve
@ The velocity of the object at time t is
v(t) =r(t) = (X (1), y'(1)).

@ The speed of the object at time t is

2 2
v(t) = M) = /() + ()]
@ The instanteneous direction of motion gives the unit tangent

vector T: _v(t) [Fl
T(t) = m
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Point of the Vertical Tangent: r(tp) = (1,0)

Curve: x(t) =1—t2, y(t)=t, t € [-1,1].
o r(tg) = (x(to),y(t0)) = (1 — 3, o) = (1,0) = to = 0.
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Example: Parabola Arc x=1—y? -1 <y <1
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x=1-)2 x(f) =sin?t, W) =cost tel0, ]

Curve: x(t) =1—t2, y(t)=t, t € [-1,1].
o r(tg) = (x(to),y(t0)) = (1 — 3, o) = (1,0) = to = 0.
e Velocity v(to) = (X'(t0),y'(to)) = (—2t0,1) = (0, 1).

@ Speed v(tp) = ||v(to)|| = [x’(to)]2 o [y’(to)]2 =1.
@ Unit tangent vector T(tp) = :Ei‘;; = (0,1) [lll
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Example: Parabola Arc x=1—y? -1 <y <1

\ 'Q:’ 0
/ © -Lit=n
x=1-)2 x(f) =sin?t, W) =cost tel0, ]

Curve: x(t) =1—t2, y(t)=t, t € [-1,1].
o r(tg) = (x(to),y(t0)) = (1 — 3, o) = (1,0) = to = 0.
e Velocity v(to) = (X'(t0),y'(to)) = (—2t0,1) = (0, 1).

@ Speed v(tp) = ||v(to)|| = [x’(to)]2 o [y’(to)]2 =1.
@ Unit tangent vector T(tp) = :Ei‘;; = (0,1) [lll

@ Tangent line x =1
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Example: Parabola Arc x=1—y? -1 <y <1

0,1)1=0

©,-1);t=n

\|/

x=1-)2 x(f) =sin?t, W) =cost tel0, ]

Point of the Vertical Tangent: r(tp) = (1,0)

Curve: x(t) =1 —cos?t, y(t) = cost, t € [0, 7]
° r(ty) = (1 — cos? tg, cos to) =(1,0)=t = 3.
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Example: Parabola Arc x=1—y? -1 <y <1

0,1)1=0

©,-1);t=n

x=1-)2 x(f) =sin?t, W) =cost tel0, ]

Point of the Vertical Tangent: r(tp) = (1,0)

Curve: x(t) =1 —cos?t, y(t) = cost, t € [0, 7]
o r(tg) = (1 —cos? ty,cos tg) = (1,0) = to = 3.
o v(fp) = (X'(t0),y'(t0)) = (sin2to, —sinty) = (0, —1).

Jiwen He, University of Houston



Tangents Locus

Example: Parabola Arc x=1—y? -1 <y <1

0,1)1=0

©,-1);t=n

x=1-)2 x(f) =sin?t, W) =cost tel0, ]

Point of the Vertical Tangent: r(tp) = (1,0)

Curve: x(t) =1 —cos?t, y(t) = cost, t € [0, 7]
o r(tg) = (1 —cos? ty,cos tg) = (1,0) = to = 3.
o v(fp) = (X'(t0),y'(t0)) = (sin2to, —sinty) = (0, —1).

o Speed v(to) = ||v(to)| = \/[X’(to)]2 + ()" = 1.

Jiwen He, University of Houston



Tangents Locus

Example: Parabola Arc x=1—y? -1 <y <1

0,1)1=0

©,-1);t=n

x=1-)2 x(f) =sin?t, W) =cost tel0, ]

Curve: x(t) =1 —cos?t, y(t) = cost, t € [0, 7]
o r(tg) = (1 —cos? ty,cos tg) = (1,0) = to = 3.
o v(fp) = (X'(t0),y'(t0)) = (sin2to, —sinty) = (0, —1).

@ Speed v(tp) = ||v(to)]| = \/[x’(to)]2 + [y’(to)]2 ="
@ Unit tangent vector T(tp) = vlto) _ (0,-1) [lll

Jiwen He, University of Houston



Tangents Locus

Example: Parabola Arc x=1—y? -1 <y <1

©,-1);t=n

\ | .Q:FO
/

x(f) =sin?t, W) =cost tel0, ]

Curve: x(t) =1 —cos?t, y(t) = cost, t € [0, 7]
o r(tg) = (1 —cos? ty,cos tg) = (1,0) = to = 3.
o v(fp) = (X'(t0),y'(t0)) = (sin2to, —sinty) = (0, —1).

o Speed v(to) = V(to)ll = /[ (t0)]? + [y/(to)]* = 1.
@ Unit tangent vector T(tp) = vlto) _ (0,-1) [lll
@ Tangent line x =1

Jiwen He, University of Houston



Tangents Locus
Example: Spiral of Archimedes

Slope of the Spiral of Archimedes r = 0 at fp = 5

Jiwen He, University of Houston



Tangents Locus
Example: Spiral of Archimedes

Slope of the Spiral of Archimedes r = 0 at fp = 5

(*] r(ﬁo) = (X(@o),y(eo)) = (90 C0500,90 sin 90) = (O, %)

Jiwen He, University of Houston



Tangents Locus
Example: Spiral of Archimedes

Slope of the Spiral of Archimedes r = 0 at fp = 5
(*] r(ﬁo) = (X(@o),y(eo)) = (90 C0500,90 sin 90) = (O, )
o v(fo) = r'(60) = (cosbo—bg sin b, sin o+6 cos bo)

N

Jiwen He, University of Houston



Tangents Locus
Example: Spiral of Archimedes

Slope of the Spiral of Archimedes r = 0 at fp = 5
o r(6o) = (x(o), y(fo)) = (Ao cosblo, b sinbp) = (0 ).

o v(fo) = r'(60) = (cosbo—bg sin b, sin o+6 cos bo)

@ Slope m(6p) = Ezgg =-2

N

Jiwen He, University of Houston



Tangents Locus
Example: Spiral of Archimedes

Slope of the Spiral of Archimedes r = 0 at fp = 5
(*] r(ﬁo) = (X(@o),y(eo)) = (90 C0500,90 sin 90) = (O, )
o v(fo) = r'(60) = (cosbo—bg sin b, sin o+6 cos bo)

N

' (6
@ Slope m(6p) = i,gggg =-2
@ Tangent lineat oy = 5 — %x. [Fl

Jiwen He, University of Houston



Tangents Locus
Quiz

1. r=3+4+3cosf is a

(a) cardioid, (b) circle, (c) limacon with an inner loop.

2. r=2sinf is a

(a) cardioid, (b) circle, (c) limacon with an inner loop.

Jiwen He, University of Houston



Tangents Locus
Example: Limacon

}es
[2, 7]

polar axis

23]
2 3

Point of Vertical Tangent for Limagon (Snail): r =1 — cos#

Jiwen He, University of Houston



Tangents Locus
Example: Limacon

}es
[2, 7]

polar axis

23]
2 3

Point of Vertical Tangent for Limagon (Snail): r =1 — cos#

o r(t) = (x(t),y(t)) = ((1—cost)cost,(1—cost)sint).

Jiwen He, University of Houston



Tangents Locus
Example: Limacon

b

[2, 7]

polar axis

23]
2 3

Point of Vertical Tangent for Limagon (Snail): r =1 — cos#

o r(t) = (x(t),y(t)) = ((1—cost)cost,(1—cost)sint).
o v(t) =r(t) = ((2cost—1)sint, (1—cos t)(1+2cos t)).

Jiwen He, University of Houston



Tangents Locus
Example: Limacon

1
1GH
polar axis

£

[2, 7]

Point of Vertical Tangent for Limagon (Snail): r =1 — cos#

o r(t) = (x(t),y(t)) = ((1—cost)cost,(1—cost)sint).
o v(t)=r(t) = ((2cost 1)sint, (1—cost)(1+2cost)).
o Set X/(t) =0, cost =% orsint=0, then t =%, 7, L.

Jiwen He, University of Houston



Tangents Locus
Example: Limacon

1
1GH
polar axis

£

[2, 7]

Point of Vertical Tangent for Limagon (Snail): r =1 — cos#

o r(t) = (x(t),y(t)) = ((1—cost)cost,(1—cost)sint).
o v(t)=r(t) = ((2cost 1)sint, (1—cost)(1+2cost)).

o Set X/(t) =0, cost =% orsint=0, then t =%, 7, L.
@ Tangent line is vertical at r(t) = (3, i) (—2,0), (3, —%). [lll

Jiwen He, University of Houston



Tangents Locus

Example: Petal Curves (Flowers)

r=sin 30 r=cos 46

Tangent Lines at the Origin: r = sin 30

Jiwen He, University of Houston



Tangents Locus

Example: Petal Curves (Flowers)

r=sin 30 r=cos 46

Tangent Lines at the Origin: r = sin 30

@ The curve passes through the origin when r =sin36 =0, i.e,

2
at0=0,3, 5.

o r(t) = (x(t),y(t)) = (sin3tcost,sin3tsint) = (0,0).

Jiwen He, University of Houston



Tangents Locus

Example: Petal Curves (Flowers)

1
T
3

=sin 36 r=cos 46

Tangent Lines at the Origin: r = sin 30

@ The curve passes through the origin when r =sin36 =0, i.e,
at 0 =0, 3, —.

o r(t) = (x(t),y(t)) = (sin3tcos t,sin3tsint) = (0,0).

o v(t) =r(t) = (3cos3tcos t—sin 3tsin t,3 cos 3t sin t+

sin3tcost) = (3,0), (-3, -28), (3, -38).

Jiwen He, University of Houston



Tangents Locus

Example: Petal Curves (Flowers)

1
T
3

=sin 36 r=cos 46

Tangent Lines at the Origin: r = sin 30

@ The curve passes through the origin when r =sin36 =0, i.e,
at0=0,% 3, —.

° r( ) ( ,y(t)) = (sin3tcos t,sin3tsin t) = (0,0).

o v( = (3cos3tcost—sin3tsint,3cos3tsint+
sm3tcost) (3 0) (=2,=3E) (3, =28,

@ Slope m(t) = y =0,v3,—-V3. [lll

Jiwen He, University of Houston



Tangents Locus

Example: Petal Curves (Flowers)

1
T
3

=sin 36 r=cos 46

Tangent Lines at the Origin: r = sin 30

@ The curve passes through the origin when r =sin36 =0, i.e,
at 0 =0, 3, —.

o r(t) = (x(t),y(t)) = (sin3tcos t,sin3tsint) = (0,0).

o v(t) =r(t) = (3cos3tcos t—sin 3tsin t,3 cos 3t sin t+
sin3tcost) = (3,0), (-3, -303), (3, -3%3).

@ Slope m(t) = y,g) 0,v3,—V3.

@ Tangent line at the origin y =0, y = v/3x, y = —v/3x.

Jiwen He, University of Houston




Tangents Locus

Example: Petal Curves (Flowers)

r=sin 36 r=cos 46

Tangent Lines at the Origin: r = cos46

@ The curve passes through the origin when r = cos46 = 0, i.e,
ath =72 37 57 77 97 1llwm 13w 157r

8282828728’ 8 8 8

Jiwen He, University of Houston



Tangents Locus

Example: Petal Curves (Flowers)

r=sin 36 r=cos 46

Tangent Lines at the Origin: r = cos46

@ The curve passes through the origin when r = cos46 = 0, i.e,
at@ = = 31 51 7m Or 1lm 13m 15m
— %8 8°8°8'8" 8’8 8"

o r(t) = (x(t),y(t)) = (cos4cos t,cos4tsin t) = (0,0).

Jiwen He, University of Houston



Tangents Locus

Example: Petal Curves (Flowers)

r=sin 36 r=cos 46

Tangent Lines at the Origin: r = cos46

@ The curve passes through the origin when r = cos46 = 0, i.e,
at@ = = 31 51 7m Or 1lm 13m 15m
828878282 8 8 8-

o r(t) = (x(t),y(t)) = (cos4cos t,cos4tsin t) = (0,0).
o v(t) =r(t) = (—4sin4tcos t—cos4tsin t, —4sin 4t sin t+
cos4tcost):( 4c058,—4sm ) (4cos37r 4sin 8)

Jiwen He, University of Houston



Tangents Locus

Example: Petal Curves (Flowers)

r=sin 36 r=cos 46

Tangent Lines at the Origin: r = cos46

@ The curve passes through the origin when r = cos46 = 0, i.e,
at@ = = 31 51 7m Or 1lm 13m 15m
828878282 8 8 8-

o r(t) = (x(t),y(t)) = (cos4cos t,cos4tsin t) = (0,0).
o v(t) =r(t) = (—4sin4tcos t—cos4tsin t, —4sin 4t sin t+
cos4tcost):( 4c058,—4sm ) (4cos37r 4sin 8)

@ Slope m(t) = (tg =tan%,tan 3

Jiwen He, University of Houston



Tangents Locus

Example: Petal Curves (Flowers)

r=sin 36 r=cos 46

Tangent Lines at the Origin: r = cos46

@ The curve passes through the origin when r = cos46 = 0, i.e,
at§— T 3m 5t Tr 9n llr 13r 15z
828878282 8 8 8-
o r(t) = (x(t),y(t)) = (cos4cos t,cos4tsin t) = (0,0).
o v(t) =r(t) = (—4sin4tcos t—cos4tsin t, —4sin 4t sin t+
cos4tcost) = ( 4c058,—4sm ) (4cos 3n ,4sin 3;)

@ Slope m(t) = y,gg =tan%,tan 3

@ Tangent line at the origin y = tan gx, y = tan %”x, s [lll

Jiwen He, University of Houston



Tangents Locus
Quiz

3. r=2sin30 is a
(a) flower with 6 petals, (b) circle, (c) flower with 3 petals.

4. The curve x(t) = 3cost, y(t) =2sint, t € [0,2n] is:
(a) circle, (b) parabola, (c) ellipse.

Jiwen He, University of Houston



Tangents Locus

Circles: C={P:d(P,0) = |a|}

r=2 r=-2 r=4sin6 r=-4 cos 6

Horizontal and Vertical Tangent for Circle Centered at (c, d)

Jiwen He, University of Houston



Tangents Locus

Circles: C={P:d(P,0) = |a|}

A A
SEAANY

r=2 r=-2 r=4sin6 r=-4 cos 6

Horizontal and Vertical Tangent for Circle Centered at (c, d)

o r(t) = (x(t),y(t)) = (acost + c,asint + d), t € [0,2n).

Jiwen He, University of Houston



Tangents Locus

Circles: C={P:d(P,0) = |a|}

A A
SEAANY

r=2 r=-2 r=4sin6 r=-4 cos 6

Horizontal and Vertical Tangent for Circle Centered at (c, d)

o r(t) = (x(t),y(t)) = (acost + c,asint + d), t € [0,2n).
o v(t) =r(t) = (—asint,acost)).

Jiwen He, University of Houston



Tangents Locus

Circles: C={P:d(P,0) = |a|}

A A
SEAANY

r=2 r=-2 r=4sin6 r=-4 cos 6

Horizontal and Vertical Tangent for Circle Centered at (c, d)

o r(t) = (x(t),y(t)) = (acost + c,asint + d), t € [0,2n).
o v(t) =r(t) = (—asint,acost)).

0,m;
set y'(t) =0, cost =0, then t = %, 3¢
y 2072

Jiwen He, University of Houston



Tangents Locus

Circles: C={P:d(P,0) = |a|}

A A
SEAANY

r=2 r=-2 r=4sin6 r=-4 cos 6

Horizontal and Vertical Tangent for Circle Centered at (c, d)

o r(t) = (x(t),y(t)) = (acost + c,asint + d), t € [0,2n).
o v(t) =r(t) = (—asint,acost)).
@ Set x'(t) =0, sint =0, then t =0, 7;
set y/(t) =0, cost =0, then t = 5, 3F
@ Tangent line is horizontalat r(t) = (¢, d + a), (¢, d — a);
it is vertical at r(t) = (c + a,d), (c — a, d).

Jiwen He, University of Houston



Tangents Locus
Ellipses: Cosine and Sine

y

(-1, 4)</D(7 4)

Horizontal and Vertical Tangent for Ellipse Centered at (d, e)

Jiwen He, University of Houston



Tangents Locus
Ellipses: Cosine and Sine

y

(-1, 4)</D(7 4)

Horizontal and Vertical Tangent for Ellipse Centered at (d, e)

o r(t) = (x(t),y(t)) = (acost+d,bsint +e),t € [0,2).

Jiwen He, University of Houston



Tangents Locus
Ellipses: Cosine and Sine

y

(-1, 4)</D(7 4)

Horizontal and Vertical Tangent for Ellipse Centered at (d, e)

o r(t) = (x(t),y(t)) = (acost+d,bsint +e),t € [0,2).
o v(t) =r(t) = (—asint, bcost)).

Jiwen He, University of Houston



Tangents Locus
Ellipses: Cosine and Sine

y

(-1, 4)</D(7 4)

Horizontal and Vertical Tangent for Ellipse Centered at (d, e)

o r(t) = (x(t),y(t)) = (acost+d,bsint +e),t € [0,2).

o v(t) =r(t) = (—asint, bcost)).

@ Set x'(t) =0, sint =0, then t =
=0

0, m;
set y/(t) =0, cost =0, then t = %, 3

3
2

Jiwen He, University of Houston



Tangents Locus
Ellipses: Cosine and Sine

y

(-1, 4)</D(7 4)

Horizontal and Vertical Tangent for Ellipse Centered at (d, e)
o r(t) = (x(t),y(t)) = (acost+d,bsint +e),t € [0,2).
o v(t) =r(t) = (—asint, bcost)).
o Set X'(t) =0, sint =0, then t =0, 7;
set y/(t) =0, cost =0, then t = 5,3F

@ Tangent line is horizontalat r(t) = (d e+a),(d,e—a);
it is vertical at r(t) = (d + b,e),(d — a, e). [lll

Jiwen He, University of Houston



Locus Circles Ellipses

Jiwen He, University of Houston Math 1432 — Se



Tangents Locus

Lemniscates (Ribbons): r? = a% cos 26

Tangent Lines at the Origin

r2 =4 cos 26

The parametric equations for the lemniscate with a® = 2¢? is

acost asintcost
14+sin“t 1-+sin“t [lll

Jiwen He, University of Houston



Tangents Locus

Lemniscates (Ribbons): r? = a% cos 26

Tangent Lines at the Origin

o r(t) = (x(t),y(t)) =(0,0) =
ANRE-Y ./ l71'/ t=172 £
N 2", PRI
Q / 2
r2 =4 cos 26

The parametric equations for the lemniscate with a® = 2¢? is
acost asintcost
1+sin“t 1+sin“t [lll

Jiwen He, University of Houston



Tangents Locus

Lemniscates (Ribbons): r? = a% cos 26

Tangent Lines at the Origin

o r(t) = (x(t),y(t)) =(0,0) =
N3 Yz, t=1 3m
\\4 4// 27 2
o v(t)=r(t)=(-%,-3).(3-3)
N,
r2 =4 cos 26

The parametric equations for the lemniscate with a® = 2¢? is

acost asintcost
14+sin“t 1-+sin“t [lll

Jiwen He, University of Houston



Tangents Locus

Lemniscates (Ribbons): r? = a% cos 26

r2 =4 cos 26

Tangent Lines at the Origin

o r(t) = (x(t),y(t)) = (0,0) =
—3.%
o u(t) =r(®) = (-4,-9): (3.
@ Slope m(t) = 1153 =1,-1
= Op=tan""(1)= 7,
01 =tan"1(-1) =3

The parametric equations for the lemniscate with a® = 2¢? is

acost

X=_——""5
1+sin“t

asintcost
=——F— te(0,2m).
4 1+sin?t ( )

Jiwen He, University of Houston



Tangents Locus

Lemniscates (Ribbons): r? = a% cos 26

Tangent Lines at the Origin

o r(t) = (x(t),y(t)) =(0,0) =
S L —r 31
<4 4", 27 2
o v(t) = () = (~3.-2). (3.-3)
(R e somemin=4-1.-
TN pe m(t) = 55y =1, —1
/// \\\\ = 90 — tan— (]_) — %,
7 > 6 =tan"1(-1) = 37”
r2 =4 cos 20 @ Tangent line at the origin y = x,
y = —x.

The parametric equations for the lemniscate with a® = 2¢? is

acost asintcost
=———, te(0,2m).

XZ*? . b
1+sin?t 4 1+sin?t [lll

Jiwen He, University of Houston



Tangents Locus

Outline

@ Tangents to Parametrized curves
o Tangents to Parametrized curve
e Examples

@ Locus
o Circles
o Ellipses

Jiwen He, University of Houston
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