Lecture 15section 9.7 Tangents to Curves Given

Parametrically

Jiwen He

1 Tangents to Parametrized curves

1.1 Tangents to Parametrized curve

Tangents to Parametrized curves

secant line

(x(tg + h), y(tg +h))

tangent line

(e(1), »(tp))

Tangent line
Let C = {(x(t),y(t)) : t € I}. For a time to € I, assume a’(tg) # 0.  The
slope of the curve at time tq is

m(to) =

The equation of the tangent line is
' (to) (y — o) — ¢/ (to) (x — o) =0
Proof.



y(to + 1) — y(to)

mity) = 1im YoM —ylto) _ s h _ y'(t)
Vnsoalto+h) —alte) aloth) —alt) (k)
, h—0 h
(v — o) = ZSZ; (z—20) = 2'(to)(y — %) =¥ (to) (x — x0)
Definition

e The curve has a vertical tangent if 2’(ty) = 0
e The curve has a horizontal tangent if y'(tg) =0
Example 1. e The graph of a function y = f(x), x € I, is a curve C that is
parametrized by x(t) =t, y(t) = f(t), t € I.

e The slope of the curve at time tg is
(¢ d
m(te) = LU0 — W 0y pag), zg=1g

' (ty) dx
Velocity and Speed Along a Plane Curve

secant line

(x(tg + h), y(tg +h))

tangent line

(e(1), »(tp))

Parametrization by the Motion
e Imaging an object moving along the curve C.

e Let r(t) = (z(t),y(t)) the position of the object at time ¢.

Velocity and Speed Along a Plane Curve



e The velocity of the object at time ¢ is v(t) = r'(t) = (2/(t),y/(t)).

e The speed of the object at time ¢ is v(t) = ||v(¢)|| = \/[l‘/(t)]z + [y’(t)]Q.

e The instanteneous direction of motion gives the unit tangent vector T:
v(t
T(t) = v(t)
v(t)

1.2 Examples

Example: Line Segment

YA (3, 6)
=, 31

(1, 2}
t=0, 2n A%

=Y

Line Segment: y =2z, = € [1, 3]



e Set z(t) =t, then y(¢) = 2¢, t € [1, 3]

e Set z(t) =3 —t, then y(t) =6 —2t, t € [0, 2

e Set z(t) = 2 — cost, then y(t) =4 — 2cost, t € [0, 4x].

At time t € [1, 3]:

The position r(t) = (z(t),y(t)) = (¢,2t).

The velocity v(t) = (2/(t),y'(t)) = (1,2).

The speed v(t) = [[v(t)| = /[ ()" + [y'(1)] = V5.

The unit tangent vector T(t) = vl —=(1,2)

The slope m(t) = vt _ g

@' (t) T

The tangent line y = 2x

At time t € [0, 2]:

e The position r(t) = (z(t),y(t)) = (3 —¢,6 — 2t).

The velocity v(t) = (2/(t),y'(t)) = (-1, -2).

The speed v(t) = [Iv(®)]| = /[0 + [y'(8)]” = V5.

The unit tangent vector T(t) = vl 2 (-1,-2)

The slope m(t) = vt _ g

The tangent line y = 2x

At time t € [0,47]:

The speed v(t) = [[v(t)]| = /[ (8)]

The unit tangent vector T(t) = v — 1 (1,2)

The position r(t) = (x(t),y(t)) = (2 — cost, 4 — 2cost).

The velocity v(t) = (2/(t),y'(t)) = (sint, 2sint).
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+ [y’(t)]2 = +/5sint.

v(t)

Sl

5

y'(t

N

The slope m(t) = T = 2

The tangent line y = 2x



Example: Parabola Arc z =1-732%, —-1<y<1

)

)

—_
/

x=1-)2

N
L/

x() = sin? 1,

Point of the Vertical Tangent: r(ty) = (1,0)

Curve: z(t) =1—t3 y(t) =t, t € [-1,1].

(1) = cos ¢

tel0, n]

e r(tg) = (z(to),y(to)) = (1 —t3,t0) = (1,0) = to = 0.

e Velocity v(to) = (2'(to),y (to)) = (—2to,1) = (0,1).

2

o Speed v(to) = [v(to) | =/ [#'(0)] + [y (10)]* = 1.

o Unit tangent vector T(tg) =

Tangent line x = 1

v(to)
v(to)

(0,1)

Curve: x(t) = 1 — cos?t, y(t) = cost, t € [0, 7]
e r(tg) = (1 —cos?to,costy) = (1,0) = to = 3.

v(tyg) = (m'(to),y’(to)) = (sin?to,—sinto) = (0,-1).

[2/(to)]* + [y (t0)]* = 1.

Speed v(to) = [|v(to)]| =
Unit tangent vector T(to)

Tangent line x = 1

v(to) _
v(to) —

Example: Spiral of Archimedes

(0,-1)

>
N

Slope of the Spiral of Archimedes r = at 6y = 5



r(0p) = (z(60),y(60)) = (6 cos by, Oy sinby) = (0,%).

e v(by) =1'(6p) = (cos 0o — 0 sin Oy, sin Oy + 0, cos 90) =(-3,1).
e Slope m(y) = Z,gegg =-2
o Tangent line at 0y y = 5 — %x

Quiz
Quiz

1. r=3+3cosf is a

(a) cardioid, (b) circle, (c¢) limacon with an inner loop.

2. r=2sinf is a

(a) cardioid, (b) circle, (c) limacon with an inner loop.

Example: Limagon

¢33

[2,7]

polar axis
1 6z

® [2' 3

Point of Vertical Tangent for Limagon (Snail): » =1 — cosf
e r(t) = (2(t),y(t)) = (1—cost)cost, (1—cost)sint).
e v(t) =r'(t) = ((2cost—1)sint, (1—cost)(1+2cost)).
o Seta'(t) =0, cost = % orsint =0, then t = 5 T, %’r

2

e Tangent line is vertical at r(t) = (1, %), (=2,0), (3, -%2).



Example: Petal Curves (Flowers)

1
-
3

r=sin 36 r=cos 46

Tangent Lines at the Origin: r = sin 30

e The curve passes through the origin when r = sin30 = 0, i.e, at 6 =
0,T, 2,
1303

o r(t) = (z(t),y(t)) = (sin3tcost,sin3tsint) = (0,0).

e v(t)=1'(t) = (3 cos 3t cos t—sin 3t sin t, 3 cos 3t sin t+sin 3t cos t) = (3,0), (—%, -

Slope m(t) = ;’:Eg =0,v3,—V3.

Tangent line at the origin y = 0, y = V/3z, y = —/3x.

Tangent Lines at the Origin: r = cos 460

e The curve passes through the origin when r = cos46 = 0, i.e, at 6 =

8’ 87’87’8787 87 87 8 -
r(t) = (x(t),y(t)) = (cos4cost,cos4t sint) = (0,0).

v(t) = r'(t) = (—4sindtcost—cos4dtsint, —4sin4tsint + cos 4t cost) =

(—4cos %, —4sin§), (4cos 3T, 4sin 37), - -

Slope m(t) = 318 = tan g, tan 3%, e

Tangent line at the origin y = tan Lz, y = tan %’Tx, e

Quiz
Quiz
3. r=2sin30 is a

(a) flower with 6 petals, (b) circle, (c) flower with 3 petals.

4. The curve x(t) = 3cost, y(t) = 2sint, ¢ € [0,27] is:
(a) circle, (b) parabola, (c) ellipse.



2 Locus

2.1 Circles

iveloce (VW — S P - AP N\ — 14l

#= 2 F=2 r=4sin@ r=-4 cos 0

Horizontal and Vertical Tangent for Circle Centered at (c,d)
o r(t) = (z(t),y(t)) = (acost + c,asint + d), ¢ € [0,2m).
e v(t) =r'(t) = (—asint,acost)).

e Set 2/(t) = 0, sint = 0, then ¢ = 0,7; set y'(t) = 0, cost = 0, then
t== 37

27 2

e Tangent line is horizontalat v(t) = (c,d + a),(c,d — a); it is vertical at
I‘(t) = (C +a, d)7 (C - a, d)

2.2 Ellipses

Ellipses: Cosine and Sine

(3, 7)

(-1, 4)< m([ 4)

(3, 1)

Horizontal and Vertical Tangent for Ellipse Centered at (d,¢)
o r(t) = (2(t),y(t)) = (acost +d,bsint +e),t € [0, 27).
e v(t) =1'(t) = (—asint, bcost)).
o Set x’(é) = 0, sint = 0, then ¢t = 0,7; set y'(t) = 0, cost = 0, then
t=3.%

e Tangent line is horizontalat r(t) = (d,e + a),(d,e — a); it is vertical at
r(t) = (d+b,e),(d —a,e).



Lemniscates (Ribbons): 72 = a? cos 20

r2 =4 cos 26

Tangent Lines at the Origin
I‘(t) = (z(t),y(t)) = (070) = t=
o v(t)=r'(t) = (-5.-%), (5. -35)

Slope m(t) = z:gg =1,-1. = fy=tan"'(1)=7, 6y =tan"'(—1) =
3
4

3
» 2

[ ]
o[

e

Tangent line at the origin y =z, y = —x.

The parametric equations for the lemniscate with a2 = 2¢? is

a cost a sintcost
=——, te€(0,2n).

r=—— ,
1+sin?t’ 4 1 +sin?t

Outline
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