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a

Jiwen He, University of Houston



Arc Length
Arc Length Formulas

Arc Length Formulas

Let C = {(x(t),y(t)): t € l}.
The length of C is
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Arc Length Formulas

Let C = {(x(t),y(t)): t € l}.
The length of C is

> ’ b
a polygonal path inscribed in the curve C L(C) = / \/[X/(t)]z + [y’(t)]2 dt
a

Py

d(Pi-1, P;) = \/[X(ti) = x(ti—1)]? + [y(t:) — y(ti-1)]?
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Arc Length Formulas
Let C = {(x(t),y(t)): t € l}.
The length of C is

> ’ b
a polygonal path inscribed in the curve C L(C) = / \/[X/(t)]z + [y’(t)]2 dt

d(Pi-1, Pi) = \/Ix(t) — x(ti-0) + Ly (t) — y(ti-1)]

T T

Jiwen He, University of Houston



Arc Length
Arc Length Formulas

Arc Length Formulas

Let C = {(x(t),y(t)): t € l}.
The length of C is
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a polygonal path inscribed in the curve C L(C) —/ \/[X/(t)]z + [y’(t)]2dt
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Arc Length Formulas

Let C = {(x(t),y(t)): t € l}.
The length of C is

> ’ b
a polygonal path inscribed in the curve C L(C) = / \/[X/(t)]z + [y’(t)]2 dt

d(Pi-1, ;) = \/Ix(t) — x(t-0) + () — y(ti-0)P

- T P e
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Let C = {(x(t),y(t)): t € l}.
The length of C is

o) ’ b
@ polygonal path inscribed inthe curve C L(C) = / \/[X/(t)]z + [y’(t)]2 dt

d(Pi-1, ;) = \/Ix(t) — x(t-0) + () — y(ti-0)P
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Let C = {(x(t),y(t)): t € l}.
The length of C is

o) ’ b
a polygonal path inscribed in the curve C L(C) = / \/[X/(t)]z + [y’(t)]2 dt

d(Pi-1, ;) = \/Ix(t) — x(t-0) + () — y(ti-0)P

- T P e

= \/ ()] )] At

L( ):d(P07P1) +d(Pl 1,P,’)+"’+d(Pn—17Pn)
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Let C = {(x(t),y(t)): tel}.
The length of C is

, 3 ;
a polygonal path inscribed in the curve C L(C) = / \/[X/(t)]z + [y/(t)]z dt
a
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o We define the element of length ds

ds = \/[x’(t)]2 + [y’(i.‘)}2 dt
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Arc Length Formulas

Let C = {(x(t),y(t)): tel}.
The length of C is

, 3 ;
a polygonal path inscribed in the curve C L(C) = / \/[X/(t)]z + [y/(t)]z dt
a

Po

o We define the element of length ds

ds = \/[x’(t)]2 + [y’(i.‘)}2 dt

@ The total arc length is

:/ds:/ab\/[x’(t)]z—l- [y'(£)]? dt

Jiwen He, University of Houston
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Parametrization by the Motion

What is the length of this curve?
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Parametrization by the Motion

@ Imaging an object moving along the curve C.

What is the length of this curve?
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Parametrization by the Motion

@ Imaging an object moving along the curve C.

o Let r(t) = (x(t),y(t)) the position of the
object at time t.
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Arc Length and Speed Along a Plane Curve

Jiwen He, University of Houston



Arc

Arc Length and Speed Along a Plane Curve

Parametrization by the Motion
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Arc Length and Speed Along a Plane Curve

Parametrization by the Motion

@ Imaging an object moving along the curve C.

o Let r(t) = (x(t),y(t)) the position of the
object at time t.

Vinat s the ength of this cure? @ The velocity of the object at time t is

v(t) =r(t) = (X'(t),¥'(1)).

Arc Length and Speed Along a Plane Curve

@ The speed of the object at time t is

v(t) = vl =/ [X (O] + [y (1))~
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Arc Length and Speed Along a Plane Curve

Parametrization by the Motion

@ Imaging an object moving along the curve C.

o Let r(t) = (x(t),y(t)) the position of the
object at time t.

Vinat s the ength of this cure? @ The velocity of the object at time t is

v(t) =r(t) = (X'(t),¥'(1)).

Arc Length and Speed Along a Plane Curve

@ The speed of the object at time t is

2 2
v(t) = M) = / [ (0] + (1)
@ The distance traveled by the object from time zero to any
later time t is

s(t) = / ds = /Ot \/[X’(U)]2 + [y’(u)]zdu = '/Ot v(u) du.
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Arc Length and Speed Along a Plane Curve

Parametrization by the Motion

@ Imaging an object moving along the curve C.

o Let r(t) = (x(t),y(t)) the position of the
object at time t.

Vinat s the ength of this cure? @ The velocity of the object at time t is

v(t) =r(t) = (X'(1),y'(1)).
Arc Length and Speed Along a Plane Curve

@ The speed of the object at time t is

2 2
v(t) = M) = / [ (0] + (1)
@ The distance traveled by the object from time zero to any
later time t is

/ds_/ \/ '(W)]? du—'/otv(u)du.

@ We have dsfv [lll

Jiwen He, University of Houston
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Length of y = f(x), x € [a, b]
The length of the arc on the graph from
ato xis

s(x) = / 1+ [F(0)]2 dt.
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Length of the Arc on the Graph of y = f(x)

Length of y = f(x), x € [a, b]
The length of the arc on the graph from
ato xis

s(x) = / 1+ [F(0)]2 dt.

Set x(t) =t, y(t) = f(t), t € [a, b].

Jiwen He, University of Houston



Arc Length

Length of the Arc on the Graph of y = f(x)

Length of y = f(x), x € [a, b]
The length of the arc on the graph from
ato xis

s(x) = / 1+ [F(0)]2 dt.

Set x(t) =t, y(t) = f(t), t € [a, b].
Since X'(t) =1, y/(t) = f'(¢),
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Length of the Arc on the Graph of y = f(x)

Length of y = f(x), x € [a, b]
The length of the arc on the graph from
ato xis

s(x) = / 1+ [F(0)]2 dt.

Set x(t) =t, y(t) = f(t), t € [a, b].
Since X'(t) =1, y'(t) = f'(t), then

S(X)z/x\/[x’(t)]2+[y’(t)]Zdt:/X 1+ [£/()]? dt. [l!'l
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Length of the Arc on the Graph of y = f(x)

Length of y = f(x), x € [a, b]
The length of the arc on the graph from
ato xis

s(x) = / 1+ [F(0)]2 dt.

= ds= 1+[f’(x)]2dx.

Set x(t) =t, y(t) = f(t), t € [a, b].
Since X'(t) =1, y'(t) = f'(t), then

s(x):/: VI + [y’(t)]Zdt:/aX\/qu [71(1)] d. "
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Length of the Arc on the Graph of y = f(x)

Length of y = f(x), x € [a, b]
fangent The length of the arc on the graph from
atoxis

)= [ 1+ [P o
& = ds:\/mdx'

@ The length of the parabolic arc: f(x) = x2, x € [0,1], is given
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Length of the Arc on the Graph of y = f(x)

Length of y = f(x), x € [a, b]
The length of the arc on the graph from
ato xis

s(x) = /ax V14 [f’(t)]zdt.
= ds=14/1+ [f’(x)]zdx.

@ The length of the parabolic arc: f(x) = x2, x € [0,1], is given

/01 V1+ [f’(x)]zdx
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Length of the Arc on the Graph of y = f(x)

Length of y = f(x), x € [a, b]
The length of the arc on the graph from
ato xis

s(x) = /ax V14 [f’(t)]zdt.
= ds=14/1+ [f’(x)]zdx.

@ The length of the parabolic arc: f(x) = x2, x € [0,1], is given
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Length of the Arc on the Graph of y = f(x)

Length of y = f(x), x € [a, b]
The length of the arc on the graph from
ato xis

s(x) = /ax V14 [f’(t)]zdt.
= ds=14/1+ [f’(x)]zdx.

@ The length of the parabolic arc: f(x) = x2, x € [0,1], is given

/01 V1+ [f’(x)]zdx:/olmdx
:[x,/i+x2+iln(x+\/i+x2)]: [ll'l
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Length of the Arc on the Graph of y = f(x)

Length of y = f(x), x € [a, b]
The length of the arc on the graph from
ato xis

s(x) = /ax V14 [f’(t)]zdt.
= ds=14/1+ [f’(x)]zdx.

@ The length of the parabolic arc: f(x) = x2, x € [0,1], is given

/Olmdx:/olmdx
:[X\/F—i-iln(x—l—\/F)]:Z;\/E‘Fbr‘@"‘\/g)' [l]l
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o] Length of r = p(0), 0 € [a, 5]
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Length of the Arc on the Graph of r = p(6)

Length of r = p(0), 6 € [, ]

lwa  Thelength of the arc on the graph from
t ato B is

0
0= [ Vo + o e

b 44]
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Length of the Arc on the Graph of r = p(6)

Length of r = p(0), 6 € [, ]

%”.%ﬂ]
1r 4] lwa  Thelength of the arc on the graph from
t atofis

0
0= [ Vo + o e

[ix 34

[z, 7]

2z 271"

575
[4”‘ 4”] %,,_%,,:I
3x.37]

r=6, 620

spiral of Archimedes

Set x(t) = p(t)cost, y(t) = p(t)sint, t € [a, (]
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Length of the Arc on the Graph of r = p(6)

Length of r = p(0), 6 € [, ]

lwa  Thelength of the arc on the graph from
t ato B is

0
0= [ Vo + o e

b 44]

[ix 34

[z, 7]

2z 271"

575
[4”‘ 4”] %,,_%,,:I
3x.37]

r=6, 620

spiral of Archimedes

Set x(t) = p(t)cost, y(t) = p(t)sint, t € [a, (]

Since [¥'(8)]” + [y'(t)]* = [p(®)]* + [/ (D)),
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Length of the Arc on the Graph of r = p(6)

Length of r = p(0), 6 € [, ]

%”.%ﬂ]
1r 4] lwa  Thelength of the arc on the graph from
t atofis

0
0= [ Vo + o e
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spiral of Archimedes

Set x(t) = p(t)cost, y(t) = p(t)sint, t € [a, (]
Since [x’(l“ﬂ2 + [y’(l“)]2 = [p(t“)]2 + [p’(t)}z, then

s(e):/:\/[xf(t)}% [y’(t)]2dt:/j VP2 + (0] dt. iy
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Length of the Arc on the Graph of r = p(6)

Length of r = p(0), 6 € [, ]

%”. %ﬂ]

i 24 'wa.  Thelength of the arc on the graph from
e oo atofis ,
2 2
- s0) = [ I + [o(0) e
i Tr 4] o
$r 3] ; .
r=60 602 — /
Sp\ra\ofArchlr:edes = ds(e) \/[p(e)] + [p (0)] de

Set x(t) = p(t)cost, y(t) = p(t)sint, t € [a, (]
Since [x’(l“ﬂ2 + [y’(l“)]2 = [p(t“)]2 + [p’(t)}z, then

s(e):/:\/[xf(t)}% [y’(t)]2dt:/j VP2 + (0] dt. iy
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Length of the Arc on the Graph of r = p(6)

Length of r = p(0), 0 € [a, F]

i) louwae T helength of the arc on the graph from
e —o atofis )
2 2
. s(0) = / \/[p(t)} + [p/(1)]° dt.
2% g : ”] a
37, 3] . -
r=6, 2 - V2
spiral oi/-\rihlr:edes = ds(g) \/['0(9)] + [p (0)] dg

Spiral of Archimedes: r=6, 6 >0

@ The length of the arc: r =6, 0 € [0, 27], is given
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Length of the Arc on the Graph of r = p(6)

Length of r = p(0), 0 € [a, F]

L. 4a]
i i1 1r 4] loywa.  Thelength of the arc on the graph from
e oo atofis )

2 2
. s(0) = / \/[p(t)} + [p/(1)]° dt.
a7 : ”] a
$n 3] - .
r=6 62 — ,
spiral o(iAr(Zhlr:edes = ds(g) \/['0(9)] + [p (0)] dg

Spiral of Archimedes: r=6, 6 >0

@ The length of the arc: r =6, 0 € [0, 27], is given
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Length of the Arc on the Graph of r = p(6)

Length of r = p(0), 0 € [a, F]

1r 1] louwae T helength of the arc on the graph from
t . atofis

= [V + reorae

o o0 = das(0) = \/[o(0)] + [¢/(6)] 6

spiral of Archimedes

Spiral of Archimedes: r=6, 6 >0

@ The length of the arc: r =6, 0 € [0, 27], is given

2 2
/ Vo0 (0))2do= | V1+62d6

0

[27 2x]
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Length of the Arc on the Graph of r = p(6)

Length of r = p(0), 0 € [a, F]

1r 1] louwae T helength of the arc on the graph from
t . atofis

= [V + reorae

o o0 = das(0) = \/[o(0)] + [¢/(6)] 6

spiral of Archimedes

Spiral of Archimedes: r=6, 6 >0

@ The length of the arc: r =6, 0 € [0, 27], is given

2 2
/ Vo0 (0))2do= | V1+62d6

0

[27 2x]

27
= 70 1+92+f|n(0+\/1+02) [ll'l
2 2 .
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Length of the Arc on the Graph of r = p(6)

Length of r = p(0), 0 € [a, F]

1r 1] louwae T helength of the arc on the graph from
t . atofis

= [V + reorae

o o0 = das(0) = \/[o(0)] + [¢/(6)] 6

spiral of Archimedes

Spiral of Archimedes: r=6, 6 >0

@ The length of the arc: r =6, 0 € [0, 27], is given

2 2
/ Vo0 (0))2do= | V1+62d6

0

[27 2x]

27
= 70 1+92+f|n(0+\/1+02) S [ll'l
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Example: Circle of Radius a: L = 27a

r=2 r=-2 r=4sin6 r=-4cos 6

Circle in Polar Coordinates
r=a 0<60<2m
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Example: Circle of Radius a: L = 27a

r=2 r=-2 r=4sin6 r=-4cos 6

Circle in Polar Coordinates
r=a 0<60<2m

27
L= [ o) + o0 a0

Jiwen He, University of Houston
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Example: Circle of Radius a: L = 27a

r=2 r=4sin6 r=-4cos 6

Circle in Polar Coordinates

2w 2
L :/O \/[p(@)]2 +[p0)do= | a2+0d6

Jiwen He, University of Houston
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Example: Circle of Radius a: L = 27a

r=2 r=4sin6 r=-4cos 6

Circle in Polar Coordinates

27 2
L= /O VIOP + [00)2do = [ V2+0do = 2ra

Jiwen He, University of Houston
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Example: Circle of Radius a: L = 27a

P=2 r=-2 r=4sin6 r=-4cos 6

Circle in Polar Coordinates
r=2asinf, 0<6<m

Jiwen He, University of Houston
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Example: Circle of Radius a: L = 27a

P=2 r=-2 r=4sin6 r=-4cos 6

Circle in Polar Coordinates
r=2asinf, 0<6<m

L— /O VIO + [(0)] do

Jiwen He, University of Houston
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Example: Circle of Radius a: L = 27a

AN

r=-2 r=4sin6 r=-4cos 6

Circle in Polar Coordinates
r=2asinf, 0<6<m

L= [ + [y a0
= /OW \/[2asin 9]2 + [—2ac050]2d0

Jiwen He, University of Houston
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Example: Circle of Radius a: L = 27a

AN

r=-2 r=4sin6 r=-4cos 6

Circle in Polar Coordinates
r=2asinf, 0<6<m

L= [ + [y a0
— /0 \/[2asin 9]2 + [—2ac050]2d0 = 23/0 df = 2ra

@

Jiwen He, University of Houston
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Example: Limacon

{EE

[2, 7]

polar axis

23]
2 3

Limagon: r =1 — cosf
The length of the cardioid: r =1 — cos#, 6 € [0,27], is given

Jiwen He, University of Houston
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Example: Limacon

{EE

[2, 7]

polar axis

23]
2 3

Limagon: r =1 — cosf
The length of the cardioid: r =1 — cos#, 6 € [0,27], is given

/0 O] + [0) do

Jiwen He, University of Houston
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Example: Limacon

{EE

[2, 7]

polar axis

23]
2 3

Limagon: r =1 — cosf
The length of the cardioid: r =1 — cos#, 6 € [0,27], is given

/0% VIO + o d9—2/ V[sin )%+ [1 — cos 6] do

Jiwen He, University of Houston
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Example: Limacon

{EE

[2, 7]

polar axis

23]
2 3

Limagon: r =1 — cosf
The length of the cardioid: r =1 — cos#, 6 € [0,27], is given

/% VIO + o d9—2/ V[sin )%+ [1 — cos 6] do

0

:2/W\/2(1—c050)d9 [lll
0
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Example: Limacon

{EE

[2, 7]

polar axis

23]
2 3

Limagon: r =1 — cosf
The length of the cardioid: r =1 — cos#, 6 € [0,27], is given

/% VIO + o d9—2/ V[sin )%+ [1 — cos 6] do

0

:2/W\/2(1—c050)d9:2/ 2sin§0d0 [lll
0 0
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Example: Limacon

{EE

[2, 7]

polar axis

23]
2 3

Limagon: r =1 — cosf
The length of the cardioid: r =1 — cos#, 6 € [0,27], is given

/% VIO + o d9—2/ V[sin )%+ [1 — cos 6] do

0

:2/W\/2(1—c050)d9:2/ 2sin20d0:8[—cos;9r:8 [lll
0 0

0

y
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Example: Logarithmic spiral r = ae

bo

bo

Logarithmic Spiral: r = ae

http://scienceblogs.com
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Example: Logarithmic spiral r = ae

bo

bo

Logarithmic Spiral: r = ae

@ A logarithmic spiral,
equiangular spiral or growth
spiral is a special kind of
spiral curve which often
appears in nature.

http://scienceblogs.com

Jiwen He, University of Houston
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Example: Logarithmic spiral r = ae

bo

bo

Logarithmic Spiral: r = ae

@ A logarithmic spiral,
equiangular spiral or growth
spiral is a special kind of
spiral curve which often
appears in nature.

@ The polar equation of the
curve is r = ae?? or
6 = b tiIn(r/a).

http://scienceblogs.com

Jiwen He, University of Houston
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Example: Logarithmic spiral r = ae

bo

bo

Logarithmic Spiral: r = ae
@ A logarithmic spiral,
equiangular spiral or growth
spiral is a special kind of
spiral curve which often
appears in nature.

@ The polar equation of the
curve is r = ae? or
6 = b tiIn(r/a).

@ The spiral has the property
that the angle ¢ between the
tangent and radial line at

. the point (r,0) is constant
http://scienceblogs.com and ¢ = arctan p-1 I

Jiwen He, University of Houston
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Logarithmic Spiral in Motion r = ae b >0

Sprial Motions

Jiwen He, University of Houston
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Logarithmic Spiral in Motion r = ae b >0

Sprial Motions

@ The approach of a hawk to its prey. Their sharpest view is at
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@ The approach of a hawk to its prey. Their sharpest view is at
an angle to their direction of flight.

@ The approach of an insect to a light source. They are used to
having the light source at a constant angle to their flight path.

@ Starting at a point P and moving inward along the spiral with
the angle ¢. Let a be the straight-line distance from P to the
origin. The spiral motion is described by
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Sprial Motions

@ The approach of a hawk to its prey. Their sharpest view is at
an angle to their direction of flight.
@ The approach of an insect to a light source. They are used to
having the light source at a constant angle to their flight path.
@ Starting at a point P and moving inward along the spiral with
the angle ¢. Let a be the straight-line distance from P to the
origin. The spiral motion is described by
dr
=
The polar equation of the path is

r=ae® 06>0

—br, r(0)=a, with b= cot¢.

Jiwen He, University of Houston
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@ The length of the Iogarithmic spiral: r=e"%0>0,is given

:/000\/[,)(9)]2 dH_/ Ve 2 d6

Iﬁ/ e ’df
0
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Length of the Logarithmic Spiral: r = ae ™, 6§ >0

@ The length of the Iogarithmic spiral: r=e"%0>0,is given

:/000\/[,)(9)]2 dH_/ Ve 2 d6
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0
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Logarithmic Spiral in Motion r = ae b >0

Length of the Logarithmic Spiral: r = ae ™, 6§ >0

@ The length of the Iogarithmic spiral: r=e"%0>0,is given

:/000\/[,)(9)]2 dH_/ Ve 2 d6

V2 [" e ds = Va[-e']; = V2
0

@ The spiral motion r = ae =, § > 0 circles the origin an

unbounded number of times without reaching it; yet, the total
distance covered on this path is finite:

L(C)= /000 ds = a/ cos($), with ¢ = cot™!b.

Jiwen He, University of Houston
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@ Four bugs are at the corners of a square.

@ They start to crawl clockwise at a
constant rate, each moving toward its
neighbor.

@ At any instant, they mark the corners of a
square. As the bugs get closer to the
original square’s center, the new square
they define rotates and diminishes in size.

@ Each bug starts at a corner of the orginal (unit) square that is
1/+/2 away from the origin (i.e., center) and moves inward
along the spiral with the angle ¢ = 7. The spiral motion is
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@ Four bugs are at the corners of a square.

@ They start to crawl clockwise at a
constant rate, each moving toward its
neighbor.

@ At any instant, they mark the corners of a
square. As the bugs get closer to the
original square’s center, the new square
they define rotates and diminishes in size.
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Four Bugs Chasing One Another

@ Four bugs are at the corners of a square.

@ They start to crawl clockwise at a
constant rate, each moving toward its
neighbor.

@ At any instant, they mark the corners of a
square. As the bugs get closer to the
original square’s center, the new square
they define rotates and diminishes in size.

@ Each bug starts at a corner of the orginal (unit) square that is
1/+/2 away from the origin (i.e., center) and moves inward
along the spiral with the angle ¢ = 7. The spiral motion is
described by 4% = —r, r(0) = 1/V/2. The polar equation of
the path is r = 1/\@e_‘9, 6 > 0. The total distance covered [ﬂ
on its path is L(C) = 1.

Jiwen He, University of Houston
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