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1 Limit of Sequence

1.1 Properties of Limits
Properties of Limits

Properties of Limits: 1
Let lim a, = L and lim b,, = M. Then

n—oo n— 00

e lim ca, = cL
n—oo

e lim (ap,+b,)=L+M

n—oo

e lim a,b, = LM

n—oo

n L
e lim a—:MforM;éO.

n—oo n

e lim f(a,)= f(L) for f being continuous at L.
Ezample 1. If lim a, = L, then lim b, = ¢* where b,, = e®".

Limit of Sequence Defined by Rational Function

Properties of Limits

Let a, = apn? +a,_1nP ™1+ 4+ with a, # 0, and b, = B,;n? + B,_1n? ' +
-+ By with 8, # 0. Then

o If p < ¢, then lim %:0.
a o,

o If p=¢q, then lim — = —E.

n—oo bn /Bq

a a
e If p > ¢, then lim — does not exist, and the sequence b—" diverges.

n—oo n n



Ezxample 2.

3nt —2n2 41 1—4n”
lim ———— =0. lim ———— = —4.
nl—{%o nd — 3n3 nLH;O n’ +12n
4 _3p2 2
lim n nmhn does not exist.
n—o00 n3 +7n

Pinching Theorem
Pinching Theorem

Suppose that for all n greater than some integer N,
an < b, < cp.

If lim a, = lim ¢, = L, then lim b, = L.
n—oo n—oo n—oo

Suppose that |b,| < ap, ¥n > N for some N. If a,, — 0, then b,, — 0.

Ezxample 3.
Lsn _, 0, since cosn < l and l — 0.
n n n n
2 Some Important Limits
2.1 Some Limits
Some Important Limits: 1
lim — =0, a>0

Proof.
Va>0,3dp € Nst. 1/p<a. Then
1 1\*  /1\'"
R
ne n n
Since 2 — 0 and f(u) = u!/? is continuous at 0, we have
1 1/p 1 1/p
lim (-] = lim <) = lim «!/? = 01/P = 0.

n—oo n n—oo n u—0

By the pinching theorem,

Some Important Limits: 2

. 1
lim z» =1, z>0.
n—oo

Proof.

Note that Vz, 1 1
In xn):—lnx—>0, as n — oo.

Since f(u) = e* is continuos at "D, we have

1
lim 27 = lim e= ™% = lim e* = & = 1.
n— oo n—oo u—0



Some Important Limits: 3

lim 2" =0 if |z| < 1.

n—oo

(The limit does not exist if |z| > 1 or x = —1.)

Proof.

Note that for any = s.t. 0 < |z| < 1, we have In|z| < 0 and
In(|z|") =nlnjz| - —c0, asn — .

Since lim ¢e* =0, we have

u——0o0
nlofel — iy g% = 0.

lim |z"| = lim |z|" = lim e
n—oo n—oo U——00

n—oo
Therefore, lim 2" =0 if 2] < 1.
n—oo
(The sequence 2™, |x| > 1, is unbounded, thus divergent.)

Some Important Limits: 3

lim 2" =0 if |z] < 1.

n—oo

(The limit does not exist if |z| > 1 or z = —1.)

Proof.
Note that for any x s.t. 0 < |z| < 1, we have In|z| < 0 and
In(Jz|*) =nln|z] — —o0, asn — oo.

Since lim e" =0, we have
U——00
lim |z"| = lim |2 = lim "™l = lim e* =0.
n—oo n—oo n—oo U— —00

Since —|z™| < ™ < |z™|, by the pinching theorem, we have
lim 2" =0 if |z] < 1.

n—oo

(The sequence z™, |z| > 1, is unbounded, thus divergent.)

Alembert’s Rule
Alembert’s Rule

Let (a4r)%2 4, an # 0 ¥n such that lim

n—oo

Ap+41
2%
(an)22; converges to 0, and, if p > 1, it diverges.

= p. If p < 1, then the sequence

Proof. (p<1)

1 1 " n
Since 0 < # < 1, lim (—;—p) — 0. Since lim |2 = p, 3N7 s.t.
n—oo n—oo| QAp
Ap+1 1+ 14

Vn > Ny,

1 _
§p+Tp,thUS |ana1] < |an|. Then, for n > Ny,

2

n



n—N
1+p 1+p\> 14+p !
|an| S?lan—ﬂ < <2> |an o < -+ < 9 lan|

and therefore lim, . |a,| = 0.  Since —|a,| < a, < |ay|, by the pinching
theorem, we have lim,, .o a, = 0.

Proof. (p>1)
> P—é-
2

Ap41 An+1

30 > 0s.t. p > 149. Since lim

n—oo

:[LHAbSI.Vn>>AB,

an

1) ) )
As p— 5 > 1+ 5 lant1] > <1Jr 2>|an|- Then, for n > Ny,

5 §\? s\
jan] 2 {145 Jlan-a| = (1435 ) lan-of == (143 |an, |

and therefore (a,) is unbounded, thus divergent.

n

Some Important Limits: 4

lim — =0
n—oo n!
Proof.
Note that Ani1 |z|" L ! |z]
= — = —0 asn— o0
a (n+ )z n+1
By Alembert’s Ruﬁe, ooz
lim — =0
n—oo n!
Some Important Limits: 5
»
lim n—:O, lz| > 1
n—oo "
Proof.
Note that
1P |z|™ 1 1 1
an+1:(n+)ﬂ:7 14+-) = —  asn— oo
an, |z|ntl np || n |z
Since ﬁ < 1, by Alembert’s Rule,
»
lim n—:O, |z] > 1



Some Important Limits: 6

|
lim an_ 0.
n—oo N
Proof.
Inn / dt 1 " odt 2
0< —=— (Vn—1) —0asn— 0.
n n.Ji lnn \[ f
By the pinching theorem, lim —— = 0. Alternative proof is done by L’Hopital’s
n—oo n
Rule (10.5), 1 1 1
lim —2 = lim —% = lim % =0,
n—oo N u—oo U u—oo 1
lim n% =1.
Proof.
lim n® = lim e = 1ir%e“ =’ =1.
Some Important Limits: 7
Inn
lim — =0, a>0
n—oo N
Proof.
By L’Hoépital’s Rule (10.5),
1 | 1
hmﬂzh E:h 1:1im—:0
n—oo N u—oo U« u—oo U™ u—o0o U

Some Important Limits: 8

lim nln(l + x) =x.
n— oo n

Proof.

n—oo n—oo

In(l1+2%2)—-1Inl
lim nln(1+z) =z lim [W}
n
o lim {ln(l—l—h)—lnl}
h—0 h

{ln (u+h)— lnu}
u=1
)

!’

=z(lnu),_

1—wa|u 1=

Alternative proof is done by L’Hépital’s Rule (10.5),



_ 2
lim nln 1+§ — lim M: lim /(1 +z/u)(—z/u”)
n— oo n U— 00 1/u U 00 —1/U2

lim <1 + $> =e”.
n—oo n

Proof.

dim (7)< () < = e
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