Lecture 20section 10.7 Improper Integrals

Jiwen He

1 Improper Integrals

What are Improper Integrals?
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Known:/f(x)dacz/ xzdx:[—} = 0<a<b,
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e the interval of integration [a,b], 0 < a < b, is bounded,

e the function being integrated f(x) = m% is bounded over [a, b].
By a limit process, we can extend the integration process to
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o unbounded intervals (e.g., [1,00)): / — dr = lim — dr = lim ( — > =
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o unbounded functions (e.g., as x — 0%, f(z) = & — oo): / —dr =
0
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1.1 Integrals Over Unbounded Intervals

Integrals Over Unbounded Intervals
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Let f be continuouson [a,00). We define[0.5ex] / flx)de = blim f(x)dx

The improper integral converges if the limit exists. The improper integral di-
verges if the limit doesn’t exist.

It blim f(x) # 0, then / f(x)dz diverges.
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If fis continuous on (—o0,bl, / fl@)de = lim f(:v) dr. If f is cont.

—00,00) /f dx—/f dx+/f

Fundamental Theorem of Integral Calculus
Let f(x) = F'(z) for V& > a. Then

/ fl@)de = hm /f dzx = hm( (x)|g) :blir&F(b)—F(a) :F(x)‘zo = lim F(z)—F(a)

r—00

Let f(z) = F'(x) for V& <b. Then

/ f@)de = F@)|' _ = Fb) — lm_F(z)

Let f(z) = ) for Vz. Then
/f M—/f m+/f F@)|, = lim F(z) - lim_F(2)

r— —00 Tr— 00

= (F(O) — lim F(x)) + ( lim F(x) —F(0)>



Examples
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/ —dr=1Inz|® = lim (Inz) —Inl =00
1

x r—00

()= (5) -
= lim | — —|—=] ==

= lim (tan_l (E)) — lim (tan_l (E))

What is Wrong with This?
What is wrong with the following argument?
< 2 ) b2 ) o\ (b . b9
o0 = /_ooﬁdl‘:bli{glo _bmdx:bliglo (ln(l—i—x )‘71)) #bli{go _bmdl‘zo

o0 2 o0
/ 7 +I 5 d&= hm (In(1+b%) —In(1 + (=b)%)) = blirn (0)=0=In(1+ :172)|O = lim In(1 +2?) —In1l
0 — 00 T—00
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e Note that we did not deﬁne/ f(z)dx as hm f x) dx.

/2( Jde=L = hm/ f(z d:r—
b{rgo/bbf(x)dx:L - [Of(x)dx:

e For every odd function f, we have blim f(z)dx = 0; but this is
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certainly not the case for / f(x)dx
—00
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fl =dr, a>0
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oo —_—, if >17

/ ida:: a—1 na

1z .

oo, ifa<l.
If o # 1, then

<1 1 o 1 1
/ —dx = T = lim '™ —
1z -« 1 l-—ar—o0 -«

{1 ifa>1,

oo, ifa<l.

If @« =1, then
1
/ —dr = 11r1:C|(1X> = lim (lnz) —Inl =00
1 X T—00
Quiz
Quiz

2
1. Find lim =

r—o0 ¥

(a) 0, (b) 1, (c) oo.

9. Find lim ——

z—oo Inx

(a) 0, (b) 1, (c) oo.



1.2 Integrals of Unbounded Functions
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Let f be continuous on [a, h), but f(z) — +00 as  — b~. We define

| | L@t v [ @ |
The improper integral cofgvérges if thedhimmit/ gxists. The improper integral di-

verges if the limit doesn’t exist.

If f is continuous on (a, b],bbut flx) = £oo as x — at.,

f(@)dz = lim f@)dz,
If fis cont. on [a,b], exgept at some-poinicc n (a,b) where f(xr) — oo as

x—c” orx—ct, . . b

[ t@ae= [ s@ds [ f@)d
Fundamental Theo?’em of Integ(;'al CalculusC
Let f(x) = F'(x) for Vz € [a,b) and f(z) — oo as x — b~. Then

c—b c—b~ c—b— z—b~

/f(ac)dx: lim_/cf(a:)dx: lim (F(x)[$) = lim F(c)—F(a):F(m)|Z: lim F(x)—F(a)

b
If lim F(x)= +o0, then/ f(z) dx diverges.
a

T—b~
Let f(z) = F'(z) for Va € (a,b] and f(z) — oo as x — at. Then

b

b
/ f(zx) da::F(x)|a:F(b)f lim F(x)

r—at



Examples

1

:§—§ lim (x2/3> :§

1
1 3
—_dx = Zg2/3
/Oxl/3 TN T2 2. 2

1
1
/ —dz = lnx|(1) =Inl- lim (Inz) =0
0

T z—0
us
2 T .
/ tanzdr = Insecz|} = lim (lnsecz)—Inl = o0
0 s
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Examples
> e ” O _du ! 1
——dr = — = ——du
0o V1—e 22 1 V1—u2 o V1—u?
T | r s
= sin u|0 =3
Set u = e~ %, then du = —e~* dx and u? = e~ 2%,
5 sin x 0 —%du 1/t
————dx = —— = —du
0o V2cosz —1 1 Vu 2 Jo Vu
1 11
Vil =3
Set u =2cosx — 1, then du = —2sinxz dzx.
What is Wrong with This?
What is wrong with the following argument?
S| 1 |* 3
= ~  dr= # — - _
> /1 @o22 ™7 o3 T e
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= lim [ — —1l=x
1 w—2 T —2
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Note that ﬁ —ooas T — 2~ or x — 2F. To evaluate /1 m dr we

2 4
1 1
need to calculate the improper integrals /1 m dz and /2 m dx.
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0 zo

dr, a >0
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If o # 1, then

X
1 ifa<1
1 1—0(7 5
. xiadz:
oo, ifa>1.
1 1
1 1 1 1
/—dm: T = — —— lim z- ¢
0 T« e

If « =1, then

Quiz
Quiz
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—dx = 1na:|(1) =Inl— lim (Inz)

z—0

1
3. Find lim zsin—
r—00 xT

(a) 0, (b) 1, (c) oo

4. Find lim —

z—0t e¥

(@) 0, (b) 1, (c) oo

= 0



2 Comparison Test for Convergence

2.1 Comparison Test for Convergence
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Let / be improper integration over an interval I, and suppose that f and g are
I
continuous on [ such that

0< f(z) <g(z), Vexel

o If /g(x) dz converges, then so does /f(m) dz.
I I

o If/f(x) dx diverges, then so does /g(x) dx.
I I

o
The improper integral / dx converges since
1

1
V1423

, X an X converges.
V 1 + Z'3 V 1'3 1 V IE'?’

o0
The improper integral / dx diverges since
1

1
V1+2?

1 1 >
0< < , Vx>1 and /
1+ V1422 1

dz di .
T+ x diverges

Outline
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