Lecture 22section 11.2 The Integral Test; Comparison Tests
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1 The Integral Test

1.1 The Integral Test

Mha Tntacnal Mact

flnf'(x) dx

1 2 3 4eeen-1n 1 n 1 2 3 4eee n=-1n

Let ar, = f(k), where f is continuous, decreasing and positive on [1,00), then
0 oS]
Z ay converges  iff / f(z)dz converges
k=1 1

n n—1

Since f decreases on [1,00) Zak < / f(z)dz < Z ar. Since f is positive
- o k=2 It k=1

on [1,00), Zak < / fl@)dx < Zak. Therefore, either both converge or
k=2 1 k=1

both diverge.

1.2 Applying the Integral Test

The p-Sereis
(The p-Sereis)

1 1
Zki_leerer -+ converges iff p> 1.
k=1

3p
Proof.
i L converges  iff / - L dx converges
2 kr g .o ges.
We know that oo q
/ — dx converges iff p>1.
1 P
It follows that > 1
Z Zp comverges iff p>1

k=1



Example (p =1): Harmonic Series
(The p-Sereis)
o

1 1 1 ;
Zi 1_}_74_74_ - converges iff p> 1.
P &

Harmonic Series (p = 1)
When p = 1, this is the harmonic series

SLIRTERES
ko~ 2 3 ’
k=1
and the related improper integral is
1
/ —dx = lnav|1 = lim lnx = oco.
1 x xr— 00

Since this impproper integral diverges, so does the harmonic series.

Example (p =2)
(The p-Sereis)

1 1 1 ;
Zi +f+7+-~-c0nverges if p>1
k=1 R ¥

(p=2)
When p = 2, this is > 1 1
=i 1+ 22 + 32 +,
and the related i 1mproper 1n%egral is
/ Pdm—— *1|1 —1—m1er;Ox L=,

By the integral test, -
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Example

1
Show that Z Tk diverges.
k=2

The related i un{)roper 1n‘7g,@ll is

dr = duflnu|l 5 = hm Inz —Inln2 = o0
5 zlnz In2 U z—

Since this impproper integral diverges, so does the 1nﬁn1te series.

= 1
Show that 1;2 W converges.

The related irlnproper integral is 1
1

L 1 lim a2~ 1
——dr = —du=—u =— — lim 27 = —.
5 x(lnx)? no U2 2 In2  z—oo In2
Since this impproper integral diverges, so does the infinite series.



The Intecsral Test for the nth Remainder S°° _a..n > 1

fln=1)

f(2) +eeet fln) (1) +eeet
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Let aj, = f(k), where f is continugus, decreasing and positive on [n,c0), then

Z aké/ fx)dr < a, + Z ar

k=n-+1 k=n-+1

[ e 3 as [ s

k=n-+1
Let >",7 | ai be convergent. Its nth remainder is defined as

or equivalently

oo oo n o0
R, = E ak:E ak*Eak:Eak*Sn
k=n+1 k=1 k=1 k=1

Let Y77, a; be convergent, so do floo f(x)dx. Then, Ve > 0, N s.t. forn > N,
[ f(@)dz < €, and

o0 oo n
0< R, = Zak:Zak—Zak<e
k=n+1 k=1 k=1

Example

o0
1
Use a partial sum to approximate ]; Pl with an error < 0.01

Estimating the nth remaindfr of the seriels /oo 1

R, = — 4
=2 Ern X Eri ), Ee
k=1 k=1
= tan"! m|oo = T_ tan"! n.
n 2
For 2 —tan~'n < 0.01, we need n > tan(% — 0.01) ~ 100.
] 1 1 1 1
=S L —1.066...
y ;sz—i—l 2510 10001

Therefore s 1
1.066... < — < 1.076...
kz_:l k2 +1

1.3 Comparison Tests

Basic Series that Converge or Diverge
o0

o0

Z ap converges iff Zak converges, Vj > 1.

k=1 k=j
In determining whether a series converges, it does not matter where the sum-
mation begins. Thus, we will omit it and write > ay.

Basic Series that Converge



Geometric series: Zxk, if 2| <1
p-series: Z k—lp, ifp>1
Basic Series that Diverge
Any series Z a ~ for which leIrolo ap, #0
p-series: Z k:i’!” ifp<1
Basic Comparison Test

Basic Comparison Test
Suppose that 0 < aj < by for sufficiently large k.

If Z by, converges, then so does Z a.
If Z ay, diverges, then so does Z by

Comparison with p-Series

c

Zakconvergesif Ogakgﬁ, p>1
c

Zakdivergesif Ogﬁgak, p<1

Comparison with Geometric Series

Zak converges if 0 <ay <czF, |z|<1.

Examples

1 1
Z W1 converges by comparison with Z e
1 1

1
2]{737_"_1 < E and Z ﬁ converges.

k3 1
Z PR converges by comparison with Z 72
k3 k3 1

1
m < ﬁ = ﬁ and Z ﬁ converges.

1 P
Z pER— converges by comparison with Z =

1 1 2 9
B2 S s k372 =3 k>2, and Z 73 converges.




Examples

1 1
Z 1 diverges by comparison with Z m
1 1

1 1
d = — i .
3k+1>3(k—|—1) an 3Zk;+1 1erges

1 1
Z m diverges by comparison with Z 6

In(k + 6)

E+6

1 1 1 .
(k1 6) > 16 for k large  and Z P56 diverges.

—0ask—o0, In(k+6)<k+6 fork large

Limit Comparison Test
Basic Comparison Test
Suppose that a; > 0 and by > 0 for sufficiently large k, and that lim

k—oo O

w _

for some L > 0.
Zak converges iff Z by, converges.

klim Z—k = L means that ay ~ Lby for large k

If lim Ik _ 0, and

k—oo Of
if Zbk converges, then Zak converges.
a
If lim - = oo, and
k—o0 bk
if Zak converges, then Z by, converges.
Example

! 1
Z 7.3 _p converges by comparison with E =R
For large k, ——— differs little f 1
r lar ——— differs li Tom —.
or large r, B _1 ers e fro 3
1 1 k3

m—ﬁzﬁﬁlaskﬁoo
and

1
Z 3 converges.



Example

23k2+2k+1
k3+1

For large k,

3k% + 2k
k341

3
diverges by comparison with Z T

1 3k? 3
+ differs little from =i

3k +2k+1 3 3K +2k° +k

- = —lask — o0

k341 "k 3k3 43

and

Example

Z 5vVk + 100
2k2VE — Wk

For large k,

QkQ\f_

5Vk+100 5 10k*vk + 200k
2k2Vk —9VE 2k 10k2VE — 45VE

and
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converges by comparison with Z

Z % diverges.

=
282

5vV'k 4+ 100 5vVk 5

differs little from

Wk %w2VE 2K

—lask — o0

)
Z op2 converges.
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