Lecture 23section 11.3 The Root Test; The Ratio Test
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1 Comparison Tests

Basic Series that Converge or Diverge
o0 oo

Z ayp converges iff Zak converges, Vj > 1.

k=1 k=j
In determining whether a series converges, it does not matter where the sum-
mation begins. Thus, we will omit it and write ) ag.

Basic Series that Converge
Geometric series: Z:L’k, if |[z] <1
. 1 .
p-series: Z T’ ifp>1
Basic Series that Diverge
Any series f hich i 0
ny series Z ap  for which lim ay, #

1
p-series: Z w ifp<1

Quiz
Quiz
1
1. — b) di .
Z - (a) converges, (b) diverges
1 .
2. Z 7 (a) converges, (b) diverges.
n
1 Z 1 Harmonic series diverges
. - ges.
2 Z 1 series with p = 1 diverges



Comparison Tests

Basic Comparison Test
Suppose that 0 < aj < by, for sufficiently large k.

If Z by, converges, then so does Z ak.
If Z ay, diverges, then so does Z br.

Limit Comparison Test

Suppose that ax > 0 and by > 0 for sufficiently large k, and that klim % =1L
for some L > 0.
Zak converges  iff Z by, converges.
Quiz
Quiz
3. Z ! (a) converges, (b) diverges.
n?+1
4. ZL (a) converges, (b) diverges.
V3n3 +5
3 Z # converges by comparison with Z i
. 21 g Y p 2’
4 Z 27” converges by comparison with Z i
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2 The Root Test
2.1 The Root Test
The Root Test: Comparison with Geometric Series
Root Test .
Suppose that a; > 0 for large k, and that [0.5ex] klim (ag)* = p for some p > 0.

e If p < 1, then > aj converges.
o If p > 1, then > ay diverges.

o If p =1, then the test is inconclusive.



Comparison with Geometric Series

e If Y ay is a geometric series, e.g., Zpk, p > 0, then (ak)% is constant,
ie, p. If p < 1, then 3 ay converges. If p > 1, then > ay, diverges.

o If klim (ak)% = p < 1, then for large k, ap < p* with p < u < 1. By the

basic comparison test, > aj converges.

Examples
k2
Z — converges, by the root test:

ok
2\ 1/k
1/k k _ 1 1/k
(ar)'" = (2k> =5 (kQ)

L {kl/’ﬂr —

> -l<lask — o0

1
2

1
Z converges, by the root test:

(Ink)*k
RN
(e = ((ln k)’“)

— —0ask — o

" Ink

Examples
1\
Z (1 — k) converges, by the root test:

k k
(ak)l/k—<1—]t> —<1—|—(kl)> —el<lask — oo

k
1
Z <1 — k) inconclusive, by the root test:

1
(ak)l/kzl—éﬂlaskﬂoo

. ) . k
the series diverges since ay = (1 — %) —e L £0.



3 The Ratio Test
3.1 The Ratio Test

The Ratio Test: Comparison with Geometric Series

Ratio Test a
Suppose that aj, > 0 for large k, and that [0.5ex] lim —tL
k—oo ag

e If A < 1, then ) a; converges.

e If A > 1, then ) a;, diverges.

e If A\ =1, then the test is inconclusive.
Comparison with Geometric Series

e If 3" ay is a multiple of a geometric series, e.g., Y. cA¥, A > 0, then e

ar
is constant, i.e., \. If A < 1, then > aj converges. If A > 1, then > ay

diverges.

o If klim Gkl _ < 1, then for large k, ar < cu® with A < p < 1. By the
c—o0 Al

basic comparison test, > aj converges.

Examples
kQ
Z oF converges, by the ratio test:

apr1 _ (K+1)* k28 (k+1)°
ap  2k+1 T ok T 9k+1 3

1 (k+1)3 1
2 K2

as k — oo

1
— converges, by the ratio test:

k!
Ak+1 1 . 1 k!

ar  (k+1)! Tk (k+1)

zm—>0ask—>oo

= )\ for some A > 0.



Examples

Z i converges, by the ratio test:
10 ges, by :

apn  k+1 k108 k41
ap 10k 710k T 101k

1 k+1 1
=— — > —ask— o
10 k 10
kk
o diverges, by the ratio test:
agpr  (R+ DR B R (k+ 1D (k+1)*
ar,  (+1! T kKT (B4 1) P
k+1\" 1\*
= (;: ) = <1+k> —e>lask—
Examples
2k
Z 3ok converges, by the ratio test:
Qg1 2k+1 2k 2k:+1 3k _ 2k
ap  3FFL _ gkl T3k _ok ok 3kl _ ok+l
1—(2/3)F 1
=2. 12 9. <lask
32023k T3t wrT™

1
Z —— converges, by the ratio test:

V!

g1 1 1 k!

ar  Jk+1)! VA (k+1)!

—0Qask — o0

“VE+1
Examples
K22k
] converges, by the ratio test:
a1 (k+1)228FL g22F (k4 1)2 2kt k!
ap  (k+D! T kK k2 2k (k+1)!
(k+1)2 2

2 mﬁ0<1ask—>oo



1
Z —— inconclusive, by the ratio test:
2k+1

A1 1 Lo L 2%+l 2k+1
ar  2(k+1)+1 " 2k+1 2(k+1)+1 2k+3
2+1/k
:213§k—>1ask—>oo

[2ex] the series diverges by the limit comparison test:
1 1 2k

1
WT%:mﬁlaSk—)wand Zﬁdiverges.
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