Lecture 26section 11.6 Taylor Polynomials and Taylor Series
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1 Taylor Polynomials in x — a

1.1 Taylor Polynomials in x — a

Taylor Polynomials in Powers of z — a
Taylor Polynomials in Powers of z —a

The nth Taylor polynomial in x — a for a function f is

(n)
Po(e) = f(@) + @) ) + T a2 g L g,
P, is the polynomial that has the same value as f at a and’the same first n
derivatives: . .
Best Rppradiiatfoda) = 1'(@), P, (a) = [ (a), -+, P (a) = ") (a).
P, provides the best local approximation of f(x) near a by a polynomial of degree
<n.

Pufa) = f(a)
Pi() = (o) + f'(a)(x — a),
Pa) = f(a) + Sl + T30 0 — a2

Taylor’s Theorem and Remainder Term
Taylor’s Theorem

If f has n+1 continuous derivatives on an open interval I that contains a, then
for each x € I, "
: 1))
f(x):f(a)+f(a)(x—a)++ -

Ry (z) = %/z FOEV (@) (@ — )" dt.

(v — a)n + Rn(x)§

Lagrange Formula for the Remainder

§0(e)
(n+1)!

where ¢ is some number between ¢ and x.

Rn(x) = )n+1

(r—a

Estimate for the Remainder Term

R < (el 0)) B2 el or

(n+1)1 7

1



1.2 Taylor Series in x —a

Taylor Series in z — a
Taylor Polynomial and the Remainder

If f(z) is infinitely differentiable on interval I containing a, then

() (g
1) = @)+ S @ -0+ + D oy R )

_ n+1
) < (ol 0 ) S

. J=la,x]or [z,al]

Taylor Series in z — a
If R,(z) — 0 as n — oo, then P,(x) — f(x),
fl@) = fla) + f(a)(@ —a) + -+

Sigma Notation

x):ki (Zl(a)@—a’“:nlzﬁzoifm ~a)f
=0

Taylor Polynomials and Taylor Series in z —a of f(z) = ¢

1 (a) 2 ™ (a)
TR A

f(k)(x):6zv f(k)(a):6a7 v’I/”':O71727

(x —a)™;

Po(z) = f(a) + f'(a)(z — a) +

Taylor Polynomials in z — a of the Exponential f(z) = e”

P,(x) =€+ ez —a)+ 51 (x—a)2+ ..+E(x—a)".

Taylor Series in z — a of the Exponential f(z) = e
=1 o e
Tty Sw—af = et —a)t @ —a) e, Va
k=0
Expansion of ¢” in x — a
Taylor Series in z — a by Translation

Another way to expand f(x) in in powers of x —a is to expand f(t+a) in powers
of t and then set t = x — a.

Taylor Series in = — a of the Exponential f( y=¢e
e 9
(:r — a) + oo +

2! n!
1. Expand e'*® in powers of t =

ef=e*4+e(x—a)+ —
o0
elte = g%t = ¢ —=e

2. Sett=x—a =

1
e“Z— (z —a) k for all real x.
k=0



1.3 Powers in z — a by Translation

Expansion of f(z) in  — a as Expansion of f(t+a) in t

Taylor Series in z — a by Translation

One way to expand f(x) in in powers of x — a is to expand f(t + a) in powers

of t and then set t = z — a. This is the approach to take when the expansion

in t is either known or is readily available.

Ezample 1. Expand f(z) = €*/? in powers of z — 3.

1. Expand f(t + 3) in powers of t =
F(t+3) = e+3)/2 = o3/208/2 _ (3/2

oo

Y R <N

=P gt

k=0 k=0

2. Sett=2-3 = -

1
f(z) = e®/2 = ¢3/2 Z 2Tk'(x — 3)’“, for all real x.
k=0

Expansion of Inz in x —a, a >0

Taylor Series in z — a by Translation

One way to ezpand f(x) in in powers of x — a is to expand f(t + a) in powers
of t and then set t = x — a.

Taylor Series in z — a of the Logarithm f(z) =Inz

1 1 1
lnlenaJrf(zfa)f—Q(xfa) (zfa)?’ o, 0< 2 < 2a.
1. Expand ln(tc—l&— a) in powers of t =

3a3
iy oo (1 £)] et (1£) e U (1) ST

2. Sett=x—a, —1<5§1, —a<t§a,0<t+a§2a, =
k+1
lnx—lna+z x—a)k, for 0 < z < 2a.

Expansion of sinz in z — 7

Taylor Series in 2 — 7 of the Sine f(z) =sinz

1 1 1
sinx = —(x—w)+—'(:r—7r)3—§(x—7r)5+ 7|(1'—7T)7+ <o, V.
1. Expand sin(t + 7) in powers of ¢
sin(t + 7) = sintcosm + costsinT = —sint
Z (2h41 _ i (Gt ) S
|

p 0 2k+1 = (2k + 1)!

2. Sett=z—-71 =
> ( 1)k+1
sinx = Z m(x —m)2F for all real .

k=

k+1



Expansion of cosx in x — 7w

Taylor Series in x — 7 of the Cosine f(z) = cosz

1 1 1
cosx——l + 5@ — )% — (x—w)‘l—i— (x—m)8 —on ]
1. Expand cos(t + 7r§>' ‘in powers 014% 6!
cos(t + ) = costcosm —sintsinm = — cost

> —1)k+1
_ Z kz:;) (<2])€)!t2k

2. Sett=x—7 =
e (_1)k+1

COSJ:ZZW

k=0

(x — )%, for all real z.

Expansion of cos?z in z — 7

Taylor Series in « — 7w of f(x ) = cos?z

k22k 1 ok
cos :c—l—l-z (x —m)°, Va.

1. Expand cos?(t + 7) in powers of t =

1 1 1
cos?(t + 1) = 3 + B cos2(t+m)=-+ 3 cos(2t + 2)
DTS (D S (1)
= 4 cos2t= -+~ 2t)2k = 1
Tpeos2=gg), @i 2 T (2k)!
k=0 k=1
2. Sett=z—-7m1 =
k22k 1
cosz =1+ Z —m)?* for all real x.
Expansion of (1 —z)~! in z and Related .
Expansion of (1 —z)~! in :E and Geometric Series
(1—2)" Zx =l+x+a’+---, |z/<l.

k=0
Expand f(x) = (1 — 22)~! in powers of z + 2.

1. Expand f(t —2) in powers of t =

-1

R SN0

I 2\ 1& 2\

(5 -sx ()
k=0

2. Sett=x+4+2 -1<2t<1,

fla)=(1-20)7" =



Expansion of (1 — z)™" in z and Related
Expansion of (1 —z)™™ in z for m >1

(1—z)™ _1'Zk+1 (k+m—1)z"

Expand f(x) = (1 — 2x)~3 in powers of = + 2.
1. Expand f(t —2) in powers of t =

fE=2)=[1-20¢-2)]" = (620" 513[1@)}3
k—1

11 2\" & 2
:—352 (k+1)( k+2)<5> :Z(k+1)(k+2)5k+3
k=0

2. Sett=x+2 = o0 ok—1
fl@)y=01-22)=>"(k+1) k+25k+3(z+2)
k=0
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