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5.1 Definition Existence

5.1 Definition of the Laplace Transform

Use of the Laplace Transform

DEs with constant coefficients
Discontinuous forcings

Definition of the Laplace Transform

Examples

L(1)(s) = 1/s, s > 0
L(eat)(s) = 1/s − a, s > a
L(t)(s) = 1/s2

L(tn)(s) = n!/sn+1

L(sin at)(s) and L(cos at)(s)
L(f )(s), f being discontinous

Piecewise Continuous Functions

Functions of Exponential Order

Existence of the Laplace Transform
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5.1 Definition Existence

Use of the Laplace Transform

Differential Equation −→ Laplace Transform −→ Algebraic Equation

Solve Algebraic Equation −→ Inverse Laplace Transform −→ Solution
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Definition of the Laplace Transform
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5.1 Definition Existence

Example 1: L(1)(s) = 1/s, s > 0

L(1)(s) =

∫ ∞
0

1 e−st dt = lim
T→∞

∫ T

0
e−st dt = lim

T→∞

[
−1

s
e−st

∣∣∣∣T
t=0

]

= lim
T→∞

[
−1

s
e−sT +

1

s

]
=

1

s
for s > 0
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5.1 Definition Existence

Example 2: L(eat)(s) = 1/s − a, s > a

L(eat)(s) =

∫ ∞
0

eat e−st dt = lim
T→∞

∫ T

0
e−(s−a)t dt

= lim
T→∞

[
− 1

s − a
e−(s−a)t

∣∣∣∣T
t=0

]

= lim
T→∞

[
− 1

s − a
e−(s−a)T +

1

s − a

]
=

1

s − a
for s > a
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5.1 Definition Existence

Example 3: L(t)(s) = 1/s2

L(t)(s) =

∫ ∞
0

t e−st dt

= lim
T→∞

∫ T

0
t e−st dt

= lim
T→∞

(
− t

s
e−st − 1

s2
e−st

)∣∣∣∣T
t=0

= lim
T→∞

(
−T

s
e−sT − 1

s2
e−sT +

1

s2

)
=

1

s2

Integration by parts∫
t e−st dt

= −1

s

(
te−st −

∫
e−st dt

)

= − t

s
e−st − 1

s2
e−st
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5.1 Definition Existence

Example 4: L(tn)(s) = n!/sn+1

L(tn)(s) =

∫ ∞
0

tn e−st dt

= lim
T→∞

∫ T

0
tn e−st dt

= lim
T→∞

(
− tn

s
e−st − · · · − n!

sn+1
e−st

)∣∣∣∣T
t=0

= lim
T→∞

(
−T n

s
e−sT − · · · − n!

sn+1
e−sT +

n!

sn+1

)

=
n!

sn+1

Integration by parts∫
tn e−st dt

= −1

s
tne−st

+
n

s

∫
tn−1 e−st dt

= · · ·

= − tn

s
e−st − · · · − n!

sn+1
e−st
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5.1 Definition Existence

Example 5: L(sin at)(s) and L(cos at)(s)

L(sin at)(s) =

∫ ∞
0

sin at e−st dt = · · · =
a

s2 + a2

L(cos at)(s) =

∫ ∞
0

cos at e−st dt = · · · s

s2 + a2
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5.1 Definition Existence

Example 6: L(f )(s), f being discontinous

Compute the Laplace transform of the step function

f (t) =

{
1, 0 ≤ t < 1
0, t ≥ 1

L(f )(s) =

∫ 1

0
1 e−st dt = −1

s
e−st

∣∣∣∣1
t=0

= −1

s
e−s +

1

s
.

Jiwen He, University of Houston Math 3331 Differential Equations Summer, 2014 10 / 14



5.1 Definition Existence

Piecewise Continuous Functions
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Functions of Exponential Order
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Existence of the Laplace Transform
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