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The differential equations describing the statistical fluctuations of a simple autocatalytic
reaction mechanism are set up and solved completely. The fluctuations are found to approach
a constant limiting value when the amount of reaction product is large compared to the amount
which initiates the reaction. The relative fluctuations which arise from the reaction mechanism
are then equal to the reciprocal of the square root of the initial number of particles. Conversely
the fluctuation in the time required to attain a threshold amount of reaction product also
approaches a limiting value for high thresholds. This limiting value is greater than one time
unit if the reaction is initiated by one particle, and becomes equal to one divided by the square
root of the number of initiating particles if this number is large.

ECENT work by Kunitz and Northrop, and

by Herriott? on the proteolytic enzymes,
trypsin and pepsin, has shown that these sub-
stances can be produced from precursors by an
autocatalytic process, the rate of production of
the enzyme being proportional both to the con-
centration of precursor and to the concentration
of the enzyme itself. Such a type of reaction can
function like an amplifier, inasmuch as a very
small amount of enzyme is sufficient to initiate
the reaction and to let the amount of enzyme
grow exponentially to macroscopic size. In fact
one molecule of pepsin should be sufficient under
favorable conditions to convert in a few hours
any weighable amount of pepsin-precursor. In
experiments designed to test this one must be
prepared to encounter very large statistical
fluctuations in the amount of reaction taking
place in a given time, or vice versa in the time
required to effect a given amount of reaction.
Since in all other cases of chemical kinetics the
statistical fluctuations are negligibly small, these
reactions offer a unique opportunity for the
study of such fluctuations.® A closer theoretical

1 International Fellow of the Rockefeller Foundation.

2For a summary see J. H. Northrop, Crystalline
Enzymes, The Chemistry of Pepsin, Trypsin and Bacterio-
phage (Columbia University Press, New York, 1939).

3 While we do not feel qualified to review adequately
the chemical literature on autocatalysis it should be
pointed out that none of the well-known autocatalytic
reactions lend themselves to a study of these fluctuations.
Those reactions where the catalyst is the H* ion are
unsuitable, because the H* ion concentration cannot be
made small enough. The photochemical decomposition of
N:Os into NO; and O. is autocatalyzed by the light-

study of their finer details seems therefore de-
sirable as an aid for the design of experiments
and to prepare the way for a discussion of the
possible importance of such fluctuations for cell
physiology. From such an aim we are however
still far removed, because for none of the bio-
logical S curves, in which enthusiastic biological
speculators have seen the manifestation of auto-
catalytic reactions has such a mechanism ever
been established.

For the sake of simplicity of calculation it will
be assumed that the amount of precursor
throughout the course of the reaction is large
compared to the amount of enzyme and that
the change in concentration of precursor is
negligible, i.e., we will only consider the initial
stages of the reaction.

We further assume that the rate of the reaction
is always strictly proportional to the concentra-
tion of enzyme. Since we want to consider the
case of few molecules we have to explain a little
further what we mean by ‘‘rate.” Let us consider
an experiment where we set up at time zero a
very large number of samples coutaining each
one molecule of enzyme and a large amount of
precursor. We want to assume then that the
fraction of samples which form their second

absorbing NO,
NO;+hr—NO+10,
NO+N205“>3N02
NO;+hr+N:0;—3NO;+ 10,.

But here the spontaneous thermal decomposition of NyO,
is too fast even at 0°, so that this reaction initially will
furnish more NO; than the autocatalytic reaction.
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enzyme-molecule in a given time-element is
always proportional to the fraction of samples
which have not yet done this at the beginning
of the time-element, and independent of the
time which has elapsed since the samples were
set up. This means that we rule out a reaction
mechanism in which the reaction consists of
separable steps each requiring the completion
of its forerunner before it can occur, and each
requiring a finite average time for its completion.
In actual fact it is quite probable that most
autocatalytic reactions will be separable into
such steps, but our simplified model will still
apply to such cases if one step of the reaction is
much slower than all the others, for instance if
the average time between collisions of an
enzyme-molecule with any precursor-molecule is
sufficiently long, and this can always be secured
by working at low concentrations.

1. TEE FUNDAMENTAL EQUATION

In ordinary reaction-kinetics we are only con-
cerned with the average number of molecules
of each reactant as function of time, since the
deviations from these average values in indi-
vidual cases are negligibly small. For our model
we would then have

dn/di=Fkn, n=mnee*, (1)

where # is the number of enzyme-molecules
present at time ¢, and 7, is the number of enzyme
molecules present at time zero. k is the reaction
rate constant, which will depend on the concen-
tration of precursor, but will be constant during
the course of the reaction according to our
assumption. This equation will hold also for our
case if we substitute for # the average number of
molecules 7, averaged over a very large number
of samples starting from the same initial con-
ditions. We must therefore write

dn/dt=kn, n=mnoet. (2)

However we want to inquire beyond this infor-
mation about the average number 7, into the
statistical fluctuations of » as function of time
and of n,. We therefore do not deal with n as
function of time but with the probability of
having # particles at time £ This probability,
i.e., the fraction of a very- large number of
similar samples, which contains n particles, we
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will call p.(¢). Instead of the one function 7(t) we
therefore will have to handle the infinite series
of functions p.(¢f).

Let us find the differential equation deter-
mining p, as function of time. The probability
that of # particles any one will double in the
small interval dt is equal to nkdt. The samples in
which this happens will leave the class p, and
enter the class p,1. The probability that more
than one particle will double in this interval is
small of a higher order in d¢ and can therefore
be neglected. The quantity p, will change in
the time interval d¢ for two reasons. Firstly it
will increase by (n—1)kp,_.dt because so many
of the samples containing #—1 particles will
produce one additional particle and will thereby
be promoted to the class p,. Secondly it will
decrease by nkp.dt because so many of the
samples containing # particles will advance to
the class pay1.

We therefore have as our differential equation

dpn/di=n—1)kpp1—nkpn. (3)

These equations, together with the initial con-
ditions $.(0) will determine all the functions p,
for all times.

2. THE STANDARD DEVIATIONS

Before we go on to establish and to discuss the
general solutions of these equations we will
consider what we can derive about the fluctua-
tions without explicit knowledge of the p,.
It will be found that we can follow the change in
the mean square deviation of the number of
particles from their mean value without knowing
the actual distribution of the samples over the
classes p, at any time.

The standard or root mean square deviation s
is defined by

st={(n— )= {n¥a— A2

Let us consider the change in time of the mean
square (#%)s.
We have, by definition,

L =S e
— )= 1 Pn.
ar " gt e

The right-hand side we are now going to differ-
entiate term by term and to substitute for the
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derivative of pn' its value from the fundamental
Ea. (3)
=Yl (n—V)kpn1—nkp.].

Now, since we have to sum over all values of 7,
we can always combine the (#+1) term of the
first member with the # term of the second
member, and obtain in this way

=2 [(n+1)n—n*Jkp,
=2 (2n*+-n)kpn
= 2k B,

Now we know already 7 as a function of time,
Eq. (2); therefore this is a differential-equation
for (n?), alone. Its solution is

<n2>Av:A62kt—'fL0€kt=A(n/ﬁ0)2'—n. (4)

The mean square deviation is obtained from
this by simply subtracting 7% The constant 4
will be determined by the standard deviation at
time zero, which we will call s,2. Thus we obtain
for the relative standard deviation at an arbi-
trary time

82/ﬁ2=802/ﬁ02+1/ﬁ0—1/ﬁ. (5)

Here the last term is negligible compared to
1/n, at any late time when 7>>n,. The relative
standard deviation is then the sum of its initial
value and the constant 1/x,. If the initiating
amount is obtained by sampling from a large
reservoir, the first term will also be 1/7, and the
total relative standard deviation will be twice
this value.

3. A COMPLETE SOLUTION OF THE FUNDAMENTAL
EqQuaATiONS FOR THE CASE, IN WHICH
THE INITIAL NUMBER OF PAR-

TICLES 1Is KNOWN

So far we have derived information about the
average number of particles and about the
standard deviation from this average as functions
of time. This would be sufficient for all practical
purposes if we could be assured that the proba-
bility distribution was always normal. However,
since we have already seen that in cases where
the initial number of particles is very small the
standard deviation is of the same order of
magnitude as the mean, the distribution is not
likely to be normal and we must try to obtain
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the complete distribution. This is fortunately
possible.

The Eqgs. (3) are linear. The general solution
consists therefore of the linear combinations of
any linearly independent complete set of solu-
tions. As such we can choose those for which we
have at time zero a definite number, say #,,
particles, i.e.,

pro=1 (6)

and p;=0 for all values of s unequal to m,.
This particular set of solutions, which conforms
to the initial conditions just mentioned we will
designate by p,*®. We find

(n — 1) ! My° Mo\ "0
_ (1——) .
(no— 1)1 (n—mn,)! nne 7l

These are functions of the initial number of
particles, #,, of the time (through 7, which is a
function of 7, and of the time, see Eq. (2)), and
of n, the index number of the function, desig-
nating the class of samples the frequency of
which is given by the formula. It is easily verified
that these functions satisfy both the initial
conditions and the differential-equations. To
prove that the initial conditions are satisfied,
one simply has to put 7=mn,. To prove, that the
differential equations are satisfied one has to
substitute our solution in both sides of these
equations. It is then found that both sides
are equal to

kng - p," - (n—n)/(A—n,). (8)

pn(no) =

4. REACTIONS INITIATED BY ONE PARTICLE

We will use the solution (7) first to consider
the case where we start with one particle at time
zero, no=1. We then have

1 1yt
po=(13) ®)

We are mainly interested in the probability dis-
tribution at a late time, when 7 represents a
chemically or enzymatically measurable amount,
i.e., when 7 is large compared to one. We can
then replace the second factor by an exponential
function and obtain a very simple expression for
our distribution, vzz.

(10)

pn(l) = _e-—nln‘.
7
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We see then that the distribution is by no
means normal. At all times the probability of
finding one particle is greater than the proba-
bility of finding any other specified number of
particles. In particular, the probability of finding
the average number of particles is 1/e times the
probability of finding one particle. As function
of n the probability falls off with a ‘‘decay-
constant” 1/7. It is easily verified, that the
standard deviation is in this case equal to the
mean in agreement with the general formula (5).*

5. ReacrioNs INITIATED BY 79 PARTICLES

Returning to the general solution (7) we will
also here restrict our discussion to a phase of
the reaction when the number of particles is
already large compared to the initial number #,.

We will first find out for which value of »# the
distribution has its maximum. To do this we
observe that .+, and p, stand in the simple
relation

n
prri=—————(1—n¢/n)" p. (11)
Mo

n+1—
pay1 arises from p, by multiplication with a
factor which is at first greater than one and con-
tinuously decreases. $, will have its maximum
where this factor is equal to one. This occurs for

n=m(1—1/n0). (12)

At this point the distribution has therefore its
maximum. It is interesting to note that the
maximum does not occur at the average value 7,
but a definite distance towards smaller values of
n away from it.

We now want to know what the distribution
looks like in the neighborhood of this maximum.
We introduce a new variable f to replace =.
f shall measure the distance from the maximum

*In general experimental conditions will be such that
also initially we will have a statistical distribution rather
than having precisely one particle in each sample. We
can however approximate the above condition by making
the average initial number of particles, #, small compared
to unity. Then e samples will have no partlcles Fe~ will
have one particle and a much smaller fraction (#2/2)e~"
will have two particles. These will cause an alteration in
the final distribution, which works out to be

1 =Cp, [ 145 22| (107

The change becomes large for n/f%>1/7.
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on the n axis and its unit shall be this #yax.
We define f by the equation
n= nmax(l +f)
=n(1—=1/n0)(1+f).

Substituting this value for # into our solution (7)
we obtain (for # large compared to #y)

= CLAAf) (L —no/R)imo Jrot,

(13)

(14)
where Cis independent on f. Here we can replace

(1—mno/A)Aine by e/,

If log p, is then developed into a power series of f
it is found that the first-order term vanishes, the
second-order term has the coefficient —1(ny—1)
and the terms of higher order in ¢ are small in the
region where p, is appreciable. We obtain there-
fore

pa=C-e-tnon), (16)

This is indeed a normal distribution with a
relative standard deviation equal to one divided
by the square root of the initial number of
particles, as given in (5). Under ordinary experi-
mental conditions already the initiating sample
no would exhibit a standard deviation from #, by
this amount. The square of the total final relative
standard deviation of #» would then be the sum
of these two (5), i.e. it would be 2/7,.

6. THE DISTRIBUTION OF THE TIME AT WHICH A
GIVEN NUMBER OF PARTICLES 1S ATTAINED

Up till now we have been concerned with the
probability distribution of the number of par-
ticles at a given time. This corresponds to a
type of experiment, where we set up at time zero
a large number of samples with each containing
the same number of initiating particles, and
where we test at a certain later time the number
of particles produced in the interval in each
sample. We can, however, look at the problem
of the fluctuations from a different standpoint.
Suppose that a certain threshold-value » is
required to produce a given effect. We must
then expect great fluctuations in the time re-
quired by different samples starting with the
same number of particles to attain this threshold-
value. Let us call the fraction of samples which
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Fig. 1. The distribution in time of the arrival at a high
threshold value of samples, starting from one or five
particles,

attain this threshold-value in the time interval
between ¢t and t-+dt w,(¢)dt. This fraction is
given by

wa(Ddt= (n—Dkpn_sdt, (17

because this is the rate at which the class n—1
goes over into the class », multiplied by the
abundance of the class # —1. By virtue of Eq. (3)
it follows from this that

d
—wn(?)=E(P1+P2+' “Pat) (18)

That means that the flux into the class » is
equal to the net loss of all the lower classes.
Substituting our general solution (7) into (17)
we obtain
1 My n—1-—ng
wo(t)=C— 1———) . (19)
7o 7
For late times, when 7 is large compared to #,,
this can again be approximated by
1

wn(t) = C— e~/mno,  f=pq. gkt,
7m0

(20)

Here C stands for all the factors which are not
dependent on the time, and 7 is given by (2) as a
function of ¢ and of .
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Let us now take a closer look at these functions
w,(t), which give the rate at which samples
starting with an equal number of particles reach
their threshold-value of # particles. For n greater
than n,41 they all start with zero at time zero
(when n=mn,), then rise to a maximum and fall
again to zero for large times. The maximum is
easily found to occur at

1 | n—1
tmex == log
k

when #f=n-—-1,

(21)

Ry

We will introduce a new time-variable T, taking
Imax as the origin and 1/k as the time unit. This
time unit is the span in which the average
number of particles increases by a factor e,

fi={(n—1)eT. (22)
Substituting this in (20) we obtain
wa(T)=Cexp [~no(T+eT)].  (23)

This function we have plotted for #,=1 and for
no=235 in Fig. 1. It will be seen that the curve for
ng=1 is rather asymmetrical, it rises in two
time units from 0.005 to its maximum and takes
five time units to fall back to the same value.
The spread in time naturally is smaller when we
start with more than one particle. For large
values of #, we obtain a very sharp maximum,
we can then expand the second term in the
exponent on the right-hand side of (23) and
obtain a simple normal distribution curve

o
wa(T)=Cexp (-——Z—TZ). (24)
The standard deviation of this distribution is
again equal to one divided by the square root
of the initial number of particles:

(AT2>AV = 1/71«0 (243)
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