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CONVERGENCE ANALYSIS OF A MULTIGRID METHOD FOR A
CONVECTION-DOMINATED MODEL PROBLEM*

MAXIM A. OLSHANSKIIT AND ARNOLD REUSKEN#

Abstract. The paper presents a convergence analysis of a multigrid solver for a system of
linear algebraic equations resulting from the discretization of a convection-diffusion problem using a
finite element method. We consider piecewise linear finite elements in combination with a streamline
diffusion stabilization. We analyze a multigrid method that is based on canonical intergrid transfer
operators, a “direct discretization” approach for the coarse-grid operators and a smoother of line-
Jacobi type. A robust (diffusion and h-independent) bound for the contraction number of the two-grid
method and the multigrid W-cycle are proved for a special class of convection-diffusion problems,
namely with Neumann conditions on the outflow boundary, Dirichlet conditions on the rest of the
boundary, and a flow direction that is constant and aligned with gridlines. Our convergence analysis
is based on modified smoothing and approximation properties. The arithmetic complexity of one
multigrid iteration is optimal up to a logarithmic term.

AMS subject classifications. 65F10, 65N22, 656N30, 656N55
Key words. multigrid, streamline diffusion, convection-diffusion

DOI. 10.1137/S0036142902418679

1. Introduction. Concerning the theoretical analysis of multigrid methods, dif-
ferent fields of application have to be distinguished. For linear self-adjoint elliptic
boundary value problems the convergence theory is well developed (cf. [5, 9, 35, 36]).
In other areas the state of the art is (far) less advanced. For example, for convection-
diffusion problems the development of a multigrid convergence analysis is still in its
infancy. In this paper we present a convergence analysis of a multilevel method for a
special class of two-dimensional convection-diffusion problems.

An interesting class of problems for the analysis of multigrid convergence is given
by
(1.1) {—eAu—&—b-Vuzf in Q=(0,1)2,

' u=g on 0%,

with € > 0 and b = (cos¢,sin¢), ¢ € [0,2r). The application of a discretization
method results in a large sparse linear system which depends on a mesh size parameter
hi. For a discussion of discretization methods for this problem we refer to [28, 1, 2]
and the references therein. Note that in the discrete problem we have three interesting
parameters: hy, (mesh size), e (convection-diffusion ratio), and ¢ (flow direction). For
the approximate solution of this type of problems robust multigrid methods have
been developed which are efficient solvers for a large range of relevant values for
the parameters hy, €, ¢. To obtain good robustness properties the components in
the multigrid method have to be chosen in a special way because, in general, the
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“standard” multigrid approach used for a diffusion problem does not yield satisfactory
results when applied to a convection-dominated problem. To improve robustness
several modifications have been proposed in the literature, such as “robust” smoothers,
matrix-dependent prolongations, and restrictions and semicoarsening techniques. For
an explanation of these methods we refer to [9, 33, 4, 13, 14, 18, 19, 37]. These
modifications are based on heuristic arguments and empirical studies and rigorous
convergence analysis proving robustness is still missing for most of these modifications.

Related to the theoretical analysis of multigrid applied to convection-diffusion
problems we note the following. In the literature one finds convergence analyses
of multigrid methods for nonsymmetric elliptic boundary value problems which are
based on perturbation arguments [6, 9, 17, 32]. If these analyses are applied to the
problem in (1.1) the constants in the estimates depend on ¢ and the results are not
satisfactory for the case ¢ < 1. In [11, 25] multigrid convergence for a one-dimensional
convection-diffusion problem is analyzed. These analyses, however, are restricted to
the one-dimensional case. In [23, 26] convection-diffusion equations as in (1.1) with
periodic boundary conditions are considered. A Fourier analysis is applied to analyze
the convergence of two- or multigrid methods. In [23] the problem (1.1) with periodic
boundary conditions and ¢ = 0 is studied. For the discretization the streamline dif-
fusion finite element method on a uniform grid is used. A bound for the contraction
number of a multigrid V-cycle with point Jacobi smoother is proved which is uniform
in € and hy provided e ~ hy, is satisfied. Note that due to the fact that a point Jacobi
smoother is used one can not expect robustness of this method for hy > ¢ | 0. In [26]
a two-grid method for solving a first order upwinding finite difference discretization of
the problem (1.1) with periodic boundary conditions is analyzed, and it is proved that
the two-grid contraction number is bounded by a constant smaller than one which does
not depend on any of the parameters ¢, hy, ¢. In [3] the application of the hierarchical
basis multigrid method to a finite element discretization of problems as in (1.1) is stud-
ied. The analysis there shows how the convergence rate depends on € and on the flow
direction, but the estimates are not uniform with respect to the mesh size parameter
hi. In [27] the convergence of a multigrid method applied to a standard finite differ-
ence discretization of the problem (1.1) with ¢ = 0 is analyzed. This method is based
on semicoarsening and a matrix-dependent prolongation and restriction. It is proved
that the multigrid W-cycle has a contraction number smaller than one independent
of hy and e. The analysis in [27] is based on linear algebra arguments only and is not
applicable in a finite element setting. Moreover, the case with standard coarsening,
which will be treated in the present paper, is not covered by the analysis in [27].

In the present paper we consider the convection-diffusion problem

—eAu+u, =f in Q:=(0,1)2
(1.2) %:o on Tg:={(z,y)€Q]ax=1},
u=0 on OQ\Tg.

In this problem we have Neumann boundary conditions on the outflow boundary and
Dirichlet boundary conditions on the remaining part of the boundary. Hence, the
solution may have parabolic layers but exponential boundary layers at the outflow
boundary do not occur. For this case an a priori regularity estimate of the form
llullgrz < ce™ Y| f|lz2 holds, whereas for the case with an exponential boundary layer
one only has ||[u]| 72 < ¢ce™2||f|| 2. Due to the Dirichlet boundary conditions a Fourier
analysis is not applicable.
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For the discretization we use conforming linear finite elements. As far as we know
there is no multigrid convergence analysis for convection-dominated problems known
in the literature that can be applied in a finite element setting with nonperiodic
boundary conditions and yields robustness for the parameter range 0 < e < hy < 1.
In this paper we present an analysis which partly fills this gap. We use the streamline
diffusion finite element method (SDFEM). The SDFEM ensures a higher order of
accuracy than a first order upwind finite difference method (cf. [28, 38]). In SDFEM
a mesh-dependent anisotropic diffusion, which acts only in the streamline direction,
is added to the discrete problem. Such anisotropy is important for the high order of
convergence of this method and also plays a crucial role in our convergence analysis of
the multigrid method. In this paper we only treat the case of a uniform triangulation
which is taken such that the streamlines are aligned with gridlines. Whether our
analysis can be generalized to the situation of an unstructured triangulation is an
open question.

We briefly discuss the different components of the multigrid solver.

e For the prolongation and restriction we use the canonical intergrid transfer
operators that are induced by the nesting of the finite element spaces.

e The hierarchy of coarse grid discretization operators is constructed by ap-
plying the SDFEM on each grid level. Note that due to the level-dependent
stabilization term we have level-dependent bilinear forms and the Galerkin
property Ai_1 = rpAgpr does not hold.

e Related to the smoother we note the following. First we emphasize that due
to a certain crosswind smearing effect in the finite element discretization the
z-line Jacobi or Gauss—Seidel methods do not yield robust smoothers (i.e.,
they do not result in a direct solver in the limit case ¢ = 0; cf. [9]). This is
explained in more detail in Remark 6.1 in section 6. In the present paper we
use a smoother of z-line-Jacobi type.

These components are combined in a standard W-cycle algorithm.

The convergence analysis of the multigrid method is based on the framework
of the smoothing- and approximation property as introduced by Hackbusch [9, 10].
However, the splitting of the two-grid iteration matrix that we use in our analysis is
not the standard one. This splitting is given in (6.8). It turns out to be essential to
keep the preconditioner corresponding to the smoother (W} in (6.8)) as part of the
approximation property. Moreover, in the analysis we have to distinguish between
residuals which after presmoothing are zero close to the inflow boundary and those
that are nonzero. This is done by using a cut-off operator (¥ in (6.8)). The main
reason for this distinction is the following. As is usually done in the analysis of the
approximation property we use finite element error bounds combined with regularity
results. In the derivation of a L? bound for the finite element discretization error
we use a duality argument. However, the formal dual problem has poor regularity
properties, since the inflow boundary of the original problem is the outflow boundary
of the dual problem. Thus Dirichlet outflow boundary conditions would appear and
we obtain poor estimates due to the poor regularity. To avoid this, we consider a
dual problem with Neumann outflow and Dirichlet inflow conditions. To be able to
deal with the inconsistency caused by these “wrong” boundary conditions we assume
the input residuals for the coarse grid correction to be zero near the inflow boundary.
Numerical experiments from section 11 related to the approximation property show
that such analysis is sharp.

In our estimates there are terms that grow logarithmically if the mesh size pa-
rameter hyp tends to zero. To compensate this the number of presmoothings has to
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be taken level dependent. This then results in a two-grid method with a contraction
number ||Ti|am4 < ¢ < 1 and a complexity O(Nj(In Ny)*), with Ny = h; . Using
standard arguments we obtain a similar convergence result for the multigrid W-cycle.

The remainder of this paper is organized as follows. In section 2 we give the weak
formulation of the problem (1.2) and describe the SDFEM. In section 3 some useful
properties of the stiffness matrix are derived. In section 4 we prove some a priori esti-
mates for the continuous and the discrete solution. In section 5 we derive quantitative
results concerning the upstream influence of a right-hand side on the solution. These
results are needed in the proof of the modified approximation property. Section 6
contains the main results of this paper. In this section we describe the multigrid algo-
rithm and present the convergence analysis. In sections 7-10 we give proofs of some
important results that are used in the analysis in section 6. In section 11 we present
results of a few numerical experiments.

2. The continuous problem and its discretization. For the weak formu-
lation of the problem (1.2) we use the L2(2) scalar product which is denoted by
(+,+). For the corresponding norm we use the notation || - ||. With the Sobolev space
Vi={veH(Q) |v=0 on 9Q\T'g} the weak formulation is as follows: find
u € V such that

(2.1) a(u,v) = e(ug, vy) + e(uy, vy) + (uz,v) = (f,v) forall ve V.

From the Lax—Milgram lemma it follows that a unique solution of this problem exists.
For the discretization we use linear finite elements on a uniform triangulation. For
this we use a mesh size hy := 2% and grid points x; ; = (ihg, jhy), 0 < i,j < h,;l.
A uniform triangulation is obtained by inserting diagonals that are oriented from
southwest to northeast. Let Vi C V be the space of continuous functions that are
piecewise linear on this triangulation and have zero values on 9Q \ T'g. For the
discretization of (2.1) we consider the SDFEM: find wuy, € V}, satisfying

(2.2)
(5 + 6khk)((uk)mvm) + E((uk)l“vy) + ((uk)z,v) = (f,?) + 6khk’l]m) for all v e Vi
with
_ 8 if >,
(2.3) O = {0 otherwise.

The stabilization parameter § is a given constant of order 1. For an analysis of the
SDFEM we refer to [28, 15]. In this paper we assume
(2.4) Felin

. 31
The value % for the lower bound is important for our analysis. The choice of 1 for
the upper bound is made for technical reasons and this value is rather arbitrary. The
finite element formulation (2.2) gives rise to the (stabilized) bilinear form

(2.5) ag(u,v) = (€ + 6phi) (ug, vz) + €(uy, vy) + (uz,v), u,v € V.

Note the following relation for the bilinear form a(-,-):

1
(2.6) ar(v,v) = ellvy||* + (e + dxhi) vz ||* + 5/ v?dy for veEV.

I'e
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The main topic of this paper is a convergence analysis of a multigrid solver for the
algebraic system of equations that corresponds to (2.2). In this convergence analysis
the particular form of the right-hand side in (2.2), which is essential for consistency
in the SDFEM, does not play a role. Therefore for an arbitrary f € L2(Q2) we will
consider the problems

(2.7) uw €V such that ag(u,v) = (f,v) forall veV,
(2.8) up € Vi such that ag(ug,vy) = (f,vr) for all v, € V.

Note that v and u; depend on the stabilization term in the bilinear form and that
these solutions differ from those in (2.1) and (2.2).

3. Representation of the stiffness matrix. We now derive a representation
of the stiffness matrix corresponding to the bilinear form ag(-,-) that will be used
in the analysis below. The standard nodal basis in Vj, is denoted by {¢¢}i1<e<n,
with N the dimension of the finite element space, Ny := h,;l(hgl —1). Define the
isomorphism:

N,
Py X =RV 5V, Pua= szqﬁl
i=1
On X we use a scaled Euclidean scalar product (z,y)y = h? Zi&l x;y; and corre-
sponding norm denoted by || - || (note that this notation is also used to denote the
L?(Q2) norm). The adjoint P} : V, — X}, satisfies (Pyx,v) = (x, Pfv)y for all
x € Xg, v € Vi. The following norm equivalence holds:

(3.1) CYz|| < ||Prz|| < Cllz|| for all x € Xy,
with a constant C independent of k. The stiffness matrix Ay on level k is defined by
(3.2) (Agx,y)r = ap(Prx, Pyy) for all z,y € Xj.
In an interior grid point the discrete problem has the stencil
11

1 0 —€ 0 1 0 % 6
(3.3) ﬁ —Ek Q(Ek + 6) —Ek + hf —% 0 % R gk =€+ Ohy, .

k| 0 —& 0 Ll _1 1

6 6

For a matrix representation of the discrete operator we first introduce some notation
and auxiliary matrices. Let nj := h,:l and

. 1
D, = h—tridiag(—l, 1,0) € R x™k |
k

ara 1
A, =DID, = — € R
hk

)

1
Ay = h—itrldlag(—l,Q, —]_) c R(lefl)X(nkfl) ,

J = s e R™*™ T = tridiag(0,0,1) € R™*™

N
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Furthermore, let I,,, be the m x m identity matrix. We finally introduce the following
N x Nj, matrices

Dy =1, 1 ®Dw , Api=1I,, 1 ®AZ = D;{Dgc , Ay = Ay ®J
and the N x N blocktridiagonal matrix
B := blocktridiag(I,,,, 41,,,T) .

Using all this notation we consider the following representation for the stiffness matrix
Ag in (3.2):

1 1
(34) A = (E + ((Sk — 3) hk) A, + EAy + EBDJU

The latter decomposition can be written in stencil notation as

z 00 0 [0 -1 0 1 0 -1 1
(3.5) = -1 2 -1 + oz 0 2 0 +6T -4 4 0
k|l 0 0 0 k|0 —1 0 k 1 1 0

with &y = e+ (5k — %)hk > 0.

Some properties of the matrices used in the decomposition (3.4) are collected in
the following lemma.

For B,C € R**" we write B > C iff 27 Bz > 27 Cz for all x € R™.

LEMMA 3.1. The following inequalities hold:

(3.6) A,D;' >0,
(3.7) A,D;' >0,
(3.8) B >2I,
(3.9) AD; > AT,
(3.10) DA < 3.

Proof. To check (3.6) observe A,D;! = DID,D;! = DT. Now note that
DT + D, is symmetric positive definite.
To prove (3.7) it suffices to show that DX A, > 0 holds. We have

K= Dz;Ay = (Ini—1 ®b:{)(f4y®j) :Ay®D:{ )
with the matrix
p— hik . 1. B

1

[N

2

Hence in the matrix K + KT = A, ® (DT 4 D,) both factors A, and DT + D, are
symmetric positive definite. From this the result follows.
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To prove (3.8) we define R := B — 4I and note that |R||? < ||R||||R]1 < 4.
Using this we get

(Bz,x)r = 4|z + (Rz, @), = 4]|z|* — | R]|=]* = 2|«

which proves the desired result. Inequality (3.9) follows immediately from the repre-
sentation of Ay in (3.4) and inequalities (3.6)—(3.8). From the result in (3.9) it follows
that DI A, > 1 DT D,. This implies || D,z||? < 3(Apz, Dyx)y < 3||Agz||||Dyz| for all
x € X}, and thus estimate (3.10) is also proved. O

4. A priori estimates. In this paper we study the convergence of a multigrid
method for solving the system of equations

(41) Ak[L'k = b,

with Ay the stiffness matrix from the previous section. As already noted in the
introduction, our analysis relies on smoothing and approximation properties. For
establishing a suitable approximation property we will use regularity results and a
priori estimates for solutions of the continuous and the discrete problems. Such results
are collected in this section. In the remainder of the paper we restrict ourselves to
the convection-dominated case.

Assumption 4.1. We consider only values of k and ¢ such that ¢ < % hg.

If instead of the factor % in this assumption we take another constant C', our anal-
ysis can still be applied but some technical modifications are needed (to distinguish
between 8, = 6 and &5, = 0) which make the presentation less transparent.

We consider this convection-dominated case to be the most interesting one. Many
results that will be presented also hold for the case of an arbitrary positive € but the
proofs for the diffusion-dominated case often differ from those for the convection-
dominated case. In view of the presentation we decided to treat only the convection-
dominated case. Note that then

< |1 1 _
(4.2) bp=206¢ [3,1} and ghk§5k25+6hk§ ghk-

For the inflow boundary we use the notation T'y := {(z,y) € Q | = 0}. For the
continuous solution u the following a priori estimates hold.

THEOREM 4.1. For f € Ly(Q) let u be the solution of (2.7). There is a constant
c independent of k and € such that

(4.3) [ull + fluall < <l f1],

(4.4) Veluyll < cllf],

(4.5) i aa | + v/ehnlluay || + elluyy | < el £1

(4.6) / u2dy+hk/ uidy—i—e/ uZdychfHQ.
I'p Tw I'p

Proof. Since f € Ly(Q), the regularity theory from [8] ensures that the solution
u of (2.7) belongs to H2(£2). Hence we can consider the strong formulation of (2.7),

(4.7) —EUyy — EkUgy + Uz = [,



1268 MAXIM A. OLSHANSKII AND ARNOLD REUSKEN

with boundary conditions as in (1.2). Now we multiply (4.7) with u, and integrate
by parts. Taking boundary conditions into account, we get the following terms:

3 3
~eys) = () 1) = 5 [ b,
E

—ek (Uga, Ug) = —E—k((ui)w, 1) = g—k/ ui dy > chk/ ui dy (we use (4.2)),
2 2 T'w Tw
(U, ug) = ||| = [Jull?,

1 1
(o) < I + G lhel”

From these relations the results (4.3) and (4.6), except the bound for fFE u? dy, easily
follow. Next we multiply (4.7) with u and integrate by parts to obtain

1
elluy|* + exlluall + §/F w?dy = (f,u) < [[fllllull < e[ fI* (we use (4.3)).
E

Estimate (4.4) and the remainder of (4.6) now follow. To prove (4.5) we introduce
F = f — uy,. Due to (4.3) we have ||F|| < c||f||. Moreover —euy, — €k, = F holds.
If we square both sides of this equality and integrate over {2 we obtain

(4.8) [lugy || + 2eer (uyy, taw) + e ltea|® = 1FII* < c || f]1*.

Further note that for any sufficiently smooth function v, satisfying the boundary
conditions in (1.2), the relations

Uz (2,0) = Va2 (2,1) =0, 2 € (0,1), vy(0,y) = vgy(l,y) =0, y € (0,1),

hold, and thus
(Vyy, Voa) = —(Vy, Vaay) = (Vay, Vay).

Using a standard density argument we conclude that for the solution u € H2(2) of
(2.7) the relation (uyy, Uzz) = (Ugy, Uszy) holds. Now (4.8) gives

& llugy 1 + 2eek[uay|* + i lluael® < [l f]1*.

In combination with (4.2) this yields (4.5). O

The next lemma states that the x-derivative of the discrete solution is also uni-
formly bounded if the right-hand side is from V.

LEMMA 4.2. For f, € Vi, let ux, € Vi, be a solution to (2.8); then

(4.9) I(ur)zll < el fell-

Proof. The result in (4.9) follows from the estimate (3.10) in Lemma 3.1. To
show this we need some technical considerations.

First we show how the size of the x-derivative of a finite element function v € Vy,
can be determined from its corresponding coefficient vector P, v € X}. Let T be the
index set {(4,5) [0 <@ <mp—1, 1<j<mp—1} For (i,5) €T let T, ;) and

TE; 7 be the two triangles in the triangulation which have the line between the grid
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points x; ; and x;41,; as a common edge. Let v € V, be given. For 1 < j <n; —1

we introduce the vector v; = (v(z1,5),... ,v(zn,,;))T. We then obtain
ozl = Z (/ v? drdy +/ v2 dmdy)
(i,5)€T T(Lz',j) T&,j)
v(@it1,;) — v(@iy) ’ 2 2 T
= Z h hig = hy, Z (Dz"j) (D2v;)
(i.d)eT b 1<j<np—1

1 N\T _ _
= hi(DaPy'v)" (De Py o) = [ D P ol
Therefore
(4.10) |ve|| = | Do Py || for any v € Vy.

For the discrete solution of (2.8) with f = fr we have the representation u, =
Py A Py fr. Now from (3.10) and (4.10) it follows that

(ur)z|| = |1 DA PEFLN < 31PE fill < el fil

with a constant ¢ independent of k and e. O

The next lemma gives some bounds on the difference between discrete and con-
tinuous solutions

LEMMA 4.3. Define the error e, = u — ug, where u and ug are solutions of
the problems (2.7) and (2.8) with right-hand side f = fr € Vi. Then the following
estimates hold:

(4.11) [[(ex)el < cll fill
2 1 2 hi 2
(4.12) ell(er)yll” + 5 LG dy < e[| fell”.

Proof. Estimate (4.11) directly follows from (4.3) and (4.9) by a triangle inequal-
ity. The proof of (4.12) is based on standard arguments: the Galerkin orthogonality,
approximation properties of Vi, and a priori estimates from (4.5). Indeed

2 v €V

< nf (eller)yllli(e =)yl + (= + 8hu)ll(en)a I (w = ve)all + (e Il = vil)
< c(ehnll(er)ylllullm + hill(exn)olllullzr2)

h% 2 € 2 h% 2
< ¢ {hellCer)yllllfill + M fll™ ) < 5llCer)yll” + el il

_ 1 )
ell(er)y I + (¢ + 8hi)l|(en)all? + = / & dy = ag(er,e) = inf ag(er,u—vp)
T'e

The estimate (4.12) follows. 0

5. Upstream influence of the streamline diffusion method. Consider the
continuous problem (2.7). The goal of this section is to estimate the upstream in-
fluence of the right-hand side function f on the solution u. The same will be done
for the corresponding discrete problem. In the literature, results of such type are
known for the problem with Dirichlet boundary conditions and typically formulated
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in the form of estimates on the (discrete) Greens function (see, e.g., [31, 20, 16]). A
typical result is that the value of the solution at a point x is essentially determined
by the values of the right-hand side in a “small” strip that contains z. This strip has
a crosswind width of size O(e*|In h|), where £* = max{e, h?}, and in the streamline
direction it ranges from the inflow boundary to a O(h|Inh|) upstream distance from
. In our analysis we need precise quantitative results for the case with Neumann
outflow boundary conditions. In the literature we did not find such results. Hence we
present proofs of the results that are needed for the multigrid convergence analysis
further on. Our analysis uses the known technique of cut-off functions (e.g., [7, 16]),
it avoids the use of an adjoint problem and is based on the following lemma.

LEMMA 5.1. For g, = ¢ + Ohy, assume a function ¢ € HL(0,1), such that
0 < —ex¢, < @. Denote by || - ||l a semi-norm induced by the scalar product (¢-,-).
Then the solution u of (2.7) satisfies

(5.1) ey < 2017116
(5.2) ex 6(0) / 2 dy < |£I3,
T'w
1
(5.3) el o, + el < (0 F,u)

Proof. We consider the strong formulation (4.7) and multiply it with ¢u, and
integrate by parts. We then get the following terms:

3 3
el ) = Gl 2o, + 500) [ uddy =0
E

9 9
~enltass uz) = = F sl + F000) [ udyz ~Flual+ Fo0) [ uay,
T'w

T'w

(U, Pus) = ||um||3;’
1
(fs duz) < I fllslluzlls < IFI1Z + ZHqui-

Now (5.1) and (5.2) immediately follow. To obtain the estimate (5.3) we multiply
(4.7) with ¢ u and integrate by parts. We get the following terms:

—&(uyy, pu) = EHuy”iv
_Ek(uw;cv ¢U) = gk”uxH?& + 516(“3:7 Gu ’LL)
1 1
> epllually — eRlluallzy, — 1||U||3¢$ > —1||UH3¢$7

:1 2 @ 24
(a6 = s, + 252 [ ady

Thus (5.3) follows. 0
For arbitrary £ € [0, 1] consider the function

1 for z € [0,¢],
de(z) = {exp (_%> for z € (&, 1].

For any ¢ the function ¢¢(x) satisfies the assumptions of Lemma 5.1. For 0 < £ <
1n < 1 we define the domains

Qe={(z,y) €Q: <&, Q={(z,y)eQ:z>n}.
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Direct application of Lemma 5.1 with ¢ = ¢¢ gives the following corollary.

COROLLARY 5.2. Consider f € La(2) such that supp(f) € Q, and let u be the
corresponding solution of problem (2.7). Assume n— & > 2e,p|Inhg|, p > 0. Then
we have

(5.4) sl 2oy < B2,

(5.5) ” / W2 dy < W2 £,
T'w

(5.6) Vellula@o < VERREIFIL

Proof. The estimate ||f[|2 = (¢f, fa, < 6m)|IfI13, = ki’ | f]? and (5.1), (5.2)
imply the results (5.4) and (5.5). We also have

(6f,0) = (@f.w)n, <l FI2 + 4 (Gu,w)a, = enlf3 + 5 (~éru ),

4
< exllfI5 + zlluﬂz%-
Together with (5.3) this yields (5.6). 0

We need an analogue of estimate (5.1) for the finite element solution uy of (2.8).
To this end consider a vector ¢ = (¢g, ..., ¢n, ), such that ¢; > 0 for all ¢ and

(5.7) 0< —ep 2

with a constant ¢y € (0, ) and e, = € + Ohy.

Define &), := dlag(@)lgignk, Oy =1, 1® d, with ¢; satisfying (5.7). Let
<.’ '>¢I> = <(I)k'; '>k~

LEMMA 5.3. There exists a constant ¢ > 0 independent of k and € such that

(Apz, Dyx)e > c||Depxl||2  for all z € X

Proof. We use similar arguments as in the proof of (3.10). We use the represen-
tation (3.4) of the stiffness matrix: Ay = &4, +ecA, + %BDm . Note that

DYoL A, = (I, 1 @ D)1, 1 @ &) (A, ® J) = A, @ DTd,.J.

The matrix Ay is symmetric posmve definite. Using ¢; < ¢;—1 and a Gershgorin

theorem it follows that DTq)kJ +J <I>kDT is symmetric positive definite, too. Hence,
DT<I>kA > 0 holds, i.e.,

(5.8) (Ayz,Dyx)o >0 for all z € X.

From the assumption on ¢ it follows that ¢;—1 < (1+ %)qﬁz for all . Using this and
the relation

it follows that
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1 1 1 I
D] D, * z%k(z—Q ”CZ:) I> —2%1 > —2%1

holds. And thus
1
(5.9) &x{Apx, Dyx)e = §k<¢>kDZDwx,Dwx> > —§CO<sz,Dwx>¢> for all = € Xj,.

We decompose B as B =41 — R. A simple computation yields

L1 h 3
|7 R, 1 < 1+\/1+m§1+\/1+300 §2+§Co.
€k

Similarly we get ||<I>,§R<I>;%||OO <2+ 3¢ and thus ||<I>,§R<I>,;%H < 2+ 3¢o. Hence
PR 3 3
©?BO,? > (4— (2+2c0>> I= (2— 200) I

1 1
- — co) (Dyx, D)o for all x € Xj.

and thus

1
(5.10) =(BD,x, Dya)o > <3 :
Combination of the results in (5.8), (5.9), and (5.10) yields

1 3
(Apz, Dyx)e > (3 — 400) (Dyx,Dyx)e > ¢{Dyx, Dyx)e  for all xz € X

with a constant ¢ > 0 (use that co € (0, 5)). O

LEMMA 5.4. For f = f, € V. let uy be the solution of the problem (2.8). Then
nE neg—1 Ui i — Ui 1. 2 nEg nrg—1 )
(5.11) §:§j@@<ﬂgwﬂ>sc§j§j@mmum
i=1 j=1 i=1 j=1

holds. Here u;; is the nodal value of uy at the grid point x; ;, f is the vector of nodal
values of fr, My is the mass matriz, and ¢; satisfies (5.7).
Proof. Let uy, = Pk_luk € X}, be the vector of nodal values of uy; then

(512) Akﬂk == Mkf =: ZA)k.

The diagonal matrices ®; and ®,, are as in Lemma 5.3. The statement of the lemma is
equivalent to (Py D, d, Dytin)r < ¢(Prbg, bk)k, with a constant ¢ that is independent
of by. This is the same as

(5.13) 1D A Hle < c.
Note that (5.13) is a generalization of the result in (3.10). From Lemma 5.3 we obtain

1 1
HDﬂ:Hi < E<Ak$7Dwx><i> < E||Akx||¢>||sz||¢, for all = € Xy;

thus ||Dz|le < ¢||Axx||e for all z. Hence we have proved the result in (5.13). O
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For the discrete case we consider

) 1 for thy € [0,5]7
(5.14) b7 = exp (_“Z;l;&) for ihy > &.

It is straightforward to check that —(¢§ - gbf_l) = (exp(3) — 1) gzﬁf it ihy > &
Therefore, using e < %hk,

(5.15) 0§—5k¢ — 9 L<2 (exp(1>—1>¢§, i=1,2,....
B 2 1

For any ¢ the vector ¢§, 1< < ny, satisfies the condition (5.7) with ¢g = 3 (exp(3) —
1). This constant is less than 3 5- As a consequence of Lemma 5.4 we obtam dlscrete
versions of the results in Corollary 5.2.

COROLLARY 5.5. Consider f, € Vi such that supp(fi) € Q, and let ug, be a the

corresponding solution of problem (2.8). Assume n—& > 8hyp|lnhg|, p > 0; then
(5.16) 1(ur)all o (0e) < el fill,
(5.17) 1)yl age) < c€m I el

Proof. Estimate (5.16) is a consequence of (5.11). Indeed, observe the following
inequalities:

ng—1
Ui 5 — Uy
||('U/k>) ||L2 (Qe) <c Z Z h2< 7,7 i— 17J>

i:th<§ j=1

R,

nEg—1 Ui — Ug_1 neg ng—1
Z Zh <H> Sczzhk¢szfzj

i:th<§ j=1 i=1 j=1
neg Ng— 1
2 2 2p 2
<c (g}gﬁ@) SO B (Muf);; < (g}g};@) £xll? < ch2P|| £l

i=1 j=1
Estimate (5.17) follows from an inverse inequality, the Friedrichs inequality, and
(5.16):
- - -1
(ur)yllLocee) < chy Nurllpa@e < c€hy l(un)ellLoe < c&hh HIfll. O

COROLLARY 5.6. Consider fi, € Vy, such that supp(fi) € Q. Let u and uy be
the solutions (2.7) and (2.8), respectively. Assume n—¢& > 8hyp|lnhg|, p > 0. Then
for ex, = u — uy, we have

l(er)ellLa(ee) < chicllfell,

ek, &
leling < cmax{ /% £ 4wzl

Proof. The proof is made by direct superposition of estimates in Corollaries 5.2
and 5.5. O

The result in Corollary 5.6 shows that the H'-norm of errors close to the inflow
boundary can be made arbitrarily small if the right-hand side is zero on a sufficiently
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large subdomain (€2 \ €2,)) that is adjacent to this inflow boundary. In the proof of
the approximation property in section 10 we will need these estimates for the case
& =hg and p = % Hence we take n = 4hy|In hg| + hi. Note that for the results in
the previous corollaries to be applicable we need right-hand side functions f; which
are zero in '\ Q. For technical reasons we take €2, such that the right boundary
of the domain Q \ Q, coincides with a grid line. We use [Inhi| = kln2 and thus
4hi|Inhy| + hy < (3k + 1)hg and introduce the following auxiliary domains for each
grid level:

(5.18) Q= {(v,y) € Q| x < (3k+ 1)hy }.

As a direct consequence of the previous corollary we then obtain the following.

COROLLARY 5.7. Consider fr € Vi such that fi is zero on the subdomain Q}C"
Let u and uy, be the solutions of (2.7) and (2.8), respectively. Then for e, = u — uy,
we have

1
(519) ||(ek)(L‘HL2(Qhk) < Chli ||fk||a

D,
(5.20) I(ex)yllLa@n,) < C%kaﬂ-

6. Multigrid method and convergence analysis. In this section we describe
the multigrid method for solving a problem of the form Azz = b with the stiffness
matrix Ay from section 2 and present a convergence analysis.

For the prolongation and restriction in the multigrid algorithm we use the canon-
ical choice:

1

(6.1) pr: Xpo1 — Xy, pr=P ' Pooy, 1mh= Zpg-

Let Wy : X — X be a nonsingular matrix. We consider a smoother of the form
(6.2) 2P = Sp (2214, b) = 2 — W W (Agz®d —b)  for 29, b € Xy,

with corresponding iteration matrix denoted by

(6.3) Sp =1 —w,W; ' Ap.

The preconditioner W), we use is of line-Jacobi type:

4e

(6.4) W, =—
hi;

I+D,.

Note that Wy, is a blockdiagonal matrix with diagonal blocks that are ng x ny bidi-
agonal matrices. A suitable choice for the parameter wy follows from the analysis
below.

Remark 6.1. In the literature it is often recommended to apply a so-called robust
smoother for solving singularly perturbed elliptic problem using multigrid. Such a
smoother should have the property that it becomes a direct solver if the singular
perturbation parameter tends to zero (cf. [9], chapter 10). In the formulation (6.2)
one then must have a splitting such that Ay — W), = O(e) (the constant in O may
depend on k). Such robust smoothers are well known for some anisotropic problems.
For anisotropic problems in which the anisotropy is aligned with the gridlines one
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can use a line (Jacobi or Gauss—Seidel) method or an ILU factorization as a robust
smoother. Theoretical analyses of these methods can be found in [29, 30, 34].

If the convection-diffusion problem (1.2) is discretized using standard finite differ-
ences it is easy to see that an appropriate line solver yields a robust smoother. How-
ever, in the finite element setting such line methods do not yield a robust smoother.
This is clear from the stencil in (3.3). For ¢ — 0 the diffusion part yields an z-line
difference operator which can be represented exactly by an z-line smoother, but in
the convection stencil the [0 — & 1] and [-§ & 0] parts of the difference operator
are not captured by such a smoother. It is not clear to us how for the finite element
discretization, with a stencil as in (3.3), a robust smoother can be constructed.

In multigrid analyses for reaction-diffusion or anisotropic diffusion problems one
usually observes a e~! dependence in the standard approximation property that is
then compensated by an e factor from the smoothing property (cf. [21, 22, 29, 30,
34]). However, we cannot apply a similar technique, due to the fact that for our
problem class a robust smoother is not available. Instead, we use another splitting
of the iteration matrix of the two-grid method, leading to modified (e-independent)
smoothing and approximation properties. ]

We consider a standard multigrid method with pre- and postsmoothers of the
form as in (6.2), (6.4). In the analysis we will need different damping parameters for
the pre- and postsmoother. Thus we introduce

Sppr =1 —wipe Wi Ay Skpo =1 — Wi poWy M Ay
We also define the transformed iteration matrices
Skpr = AkSkprAr Yy Skopo = ArSk oAyt
We will analyze a standard two-grid method with iteration matrix

(6.5) T = Sy, (I — prA Ly i Ar) SEE

For the corresponding multigrid W-cycle the iteration matrix (cf. [10]) is given by

(6.6) My™®™ =0, M =Ty 4+ S7% pr(M5")? At re ApSES L, k> 1

In the convergence analysis of this method the auxiliary inflow domain Q" defined in
(5.18) plays a crucial role. As in the analysis of the upstream influence in section 5
we will use a cut-off function in the z-direction. We define diagonal matrices @y, Py
as follows:

(6.7) €= (3k+Dhy, & :=diag(¢f,...,¢5,), Pp:= L1 © Py

here ¢ is the cut-off function defined in (5.14) with & = (3k 4 1)hy. For notational
simplicity we drop the superscript & in qu in the remainder. Note that the diagonal
matrix @y, is positive definite.

For any symmetric positive definite matrix C' € R™*™ we define

(@, y)c =aTCy, ||lzl|& = (x,2)c, ||Blc:=|CEBC7E|

with 2,y € R™, B € R™*™, Note that if C = ETE for some nonsingular matrix £
then ||Bl|c = ||[EBE!|].
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The convergence analysis is based on the following splitting, with A := Ay:
1Tkl ara = 15850 — PR AL i AR)SEE, Nl ar a
= 1y8,0(A7" —pkA,;Elm)((I - @%) +0F) ARSph [lara
< [ISx po( — P Ay, 17"k)( )Aksk pr”ATA
HISh o (A — ALl 1rk)®§f4kss§;r”ATA

(6.8) < 153", AWy W (AL —pkAk 17R)(I = <I>2)||HS”,,,TH
+IISZ’},OIIHI—AkpkAE_lrkllH‘P Siorl-

Remark 6.2. Note that the splitting in (6.8) differs from the usual splitting that
is used in the theory based on the smoothing and approximation property introduced
by Hackbusch (cf. [10]). In this theory the approximation property of the form
A" — peAt 7ell < Ca g(hy, ) is combined with a smoothing property of the form
| A Sy po” < n(pr) g(hy,e)~" with some n(px) such that (k) — 0, p, — oo uni-
formly with respect to hy and €. In numerical experiments we observed that bounds
of this type are not likely to be valid. Due to the fact that the smoother is not an
exact solver for € | 0 (cf. Remark 6.1), it is essential to have the preconditioner Wy,
as part of the approximation property. Furthermore, it turns out that for obtaining
an appropriate bound for ||[Wy (A, ' — pr At 7%) fx|| the right-hand side function f;,
must vanish near the inflow boundary. We illustrate this by numerical experiments
in section 11. This motivates the introduction of the “cut-off” matrix ®; in the
decomposition.

We now formulate the main results on which the convergence analysis will be
based. The proofs of these results will be given further on.

THEOREM 6.1. The following holds:

1
(6.9) Wi A" gl for k=12,....
Proof. The proof is given in section 7. ]

LEMMA 6.2. From (6.9) it follows that

1
|1 —wAW | <1 forall we {0, 4] .

Proof. The proof is elementary. 0
Assumption 6.1. In the postsmoother Sy 5, we take wy po := %.
We note that the analysis below applies for any fixed w0 € (0, } We obtain

the following smoothing property.
COROLLARY 6.1. There exists a constant ¢1 independent of k and € such that

(6.10) IS AW

C1
k,po — M
Proof. Follows from Lemma 6.2 and Theorem 10.6.8 in [10] (or results in [12, 24]).

The result holds with ¢; = \;’227 O

We now turn to the presmoother.
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THEOREM 6.3. There exist constants d; > 0,ds > 0 independent of k and € such
that

<1-2

o) |

Proof. The proof is given in section 8. ]

Assumption 6.2. In the presmoother S, we take wy - == min{ 3, 4 }.

Remark 6.3. The result in (6.11) can be written as || — LA, W, o, <1— 4.
Hence, we have a contraction result in the almost degenerated norm || - ||¢,. This
norm, however, coincides with the Euclidean one for the vectors that have a support
only in Qi". Hence the result in (6.11) indicates that the presmoother is a fast solver
near the inflow boundary (cf. section 11).

Concerning the approximation property the following result holds.

THEOREM 6.4. There exists a constant co independent of k and € such that

(6.12) [Wi(AL " = A ) (I — @) <co for k=2,3,....

Proof. The proof is given in section 10. O
Finally, we present two results related to stability of the coarse-grid correction.
It is well known that for the canonical restriction operator the inequality

[kl < e

holds with a constant ¢, independent of k. The second stability result is the following.
THEOREM 6.5. There exists a constant c3 independent of k and € such that

(6.13) |Arpr At | <es for k=2,3,....

Proof. The proof is given in section 9. 0
We now obtain a two-grid convergence result.
THEOREM 6.6. For the two-grid method we then have

C1C2 dg H
ITillara < 92+ (14 e (1= 55)

Proof. The proof is based on results from (6.9), (6.11), (6.12), and (6.13). We use
the splitting in (6.8). From the Assumptions 6.1 and 6.2 and Lemma 6.2 it follows
that || Sk pr|| < 1 and [|Skpol| < 1. From Assumption 6.2, Theorem 6.3, and || @] < 1
we obtain

G 55 by ol da \**
ob3ps, | < l@f ey fiodl < (1- )

Combine these bounds with the results in Corollary 6.1 and Theorems 6.4
and 6.5. a

Using the two-grid result of Theorem 6.6 we derive a multigrid W-cycle conver-
gence result based on standard arguments.

THEOREM 6.7. In addition to the assumptions of Theorem 6.6 we assume that
the number of smoothing steps on every grid level is sufficiently large:

4
Vi 2 Cpo, M Z Cpr k
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with suitable constants cpo, cpr. Then for the contraction number of the multigrid
W-cycle the inequality

(6.14) | ME | ara < EF

holds, with a constant £* < 1 independent of k and €.
Proof. Define &, := ||M,anm||AzAk. Using the recursion relation (6.6) for M,"*™
it follows that

&k < Tl az a, + Skpoll | Api AL L1€R -1l S pr 1

<\ Tkllag a, + cacnéiioy-

Now use the two-grid bound given in Theorem 6.6 and a fixed point argument. a
Remark 6.4. We briefly discuss the arithmetic work needed in one W-cycle iter-
ation. The arithmetic work for a matrix vector multiplication on level k is of order
O(Ng) = O(n?). The work needed in one smoothing iteration is of order O(Ny).
The number of smoothings behaves like vy + pp ~ k*. Using a standard recursive
argument it follows that for a multigrid W-cycle iteration the arithmetic complexity
is of the order Nj(In Nj)%. Hence this multigrid method has suboptimal complexity.

7. Proof of Theorem 6.1. We recall the representation of the stiffness matrix
in (3.4)

1 1

We will need the following lemma:

LEMMA 7.1. The inequality BD, > 0 holds.

Proof. The matrix %BDJC — %hkAw is the stiffness matrix corresponding to the
bilinear form (u,v) — [, uzv dzdy. For any x € X}, we get

1
(Pxx)(Prz) dedy = 5/ (Pyx)? dxdy > 0.

1 1
6<Bsz,w>k - §<hkAmx,x>k = /
I'g

Q

Since the matrix A, is symmetric positive definite the result now follows. O
We now consider the preconditioner Wy = %I + D,, as in (6.4).
k

THEOREM 7.2 (=Theorem 6.1). The inequality Wi A; " > 11 holds.
Proof. First note that

A . . 1 N N
hyD.DI = D, + DI — —(1,0,...,0)"(1,0,...,0) < D, + DY

and thus hk@f@xﬁgﬁm < DT(D, + DT)D, holds. Using A, = DT D, this results
in hpA2 <2DT A, and thus

(7.1) %hkAi <DIA,.

Note that the following inequality holds for any a,b,c € R and o1, 02,03 > 0:

(a+b+e)<(I+oa+oza*+(1+oz+o )2+ (1401 +051)



MULTIGRID FOR A CONVECTION-DOMINATED PROBLEM 1279

We apply this inequality with oo = 2,01 = 03 = 1. Also using ||4,| < 4h;? and
| B]| < 6 we get for any x € X

2

1Ak < 4e?|| Ayal|® + 38| Aoal|® + 5 || = BDya

o1
6

(7.2) N2 -
<16 (h) (Ayx, ), + 35%”149;13”2 + §||D,Uas||2
k

We recall that &, = e, — 0hg < %hk Now apply the result (7.1) and the estimates in
Lemmas 3.1 and Lemma 7.1 to obtain

4 1
(Wi, Agx) = <h§x + Dz, eAyr + Az + 6BD;cJU>
k

1
) (Ayz, ) + Ep(Dgx, Ayz)p + <Dmm,GBDmx>
k

3
() Ay, 2y + S22 A+ 2 Dua?
24 8
(32(2) o+ Rttt + Sieel)

2
)
(16 (i) o + sttt + S isel?)
k

Y

1
"8
1
8

Combination of this with the inequality in (7.2) proves the theorem. 0

8. Proof of Theorem 6.3. We start with an elementary known result on the
convergence of basic iterative methods.

LEMMA 8.1. Assume C, A, W € R™*"™ with C symmetric positive definite. If
there are constants cqg > 0, c¢1 such that

(8.1) co{Ay, Ay)o < Wy, Wy)e < ci(Wy, Ay)e  for all y e R"

then for arbitrary d € [0, 1] we have

||IfaZ—0AW71||CS,/17dZ—g if 1-VIi-d<a<l+Vi—d
1 1

Proof. Let D := AW~L. From (8.1) we get

(Dy,y)c > sy, y)e , (Dy,Dy)c < c;'(y,y)c for all y.

Note that

[(1-aaw)y
C1

and 2a—a?2>difl—VI—-d<a<l++V1-d. 0

2

2
Co C

= (y,y)c — 2aa<Dy, Yo + 020%<Dy, Dy)c
1

Co Co Co
< (1205 + @B ) iz = (1- o= ) Inl?
1 1

1

C
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Below we use the scalar product (-, )¢ := (Pk-, ) with @y defined in (6.7). We
recall the result proved in Lemma 5.3,

(8.2) (Agz,Dyx)e > c||Dyx||3  forall x € X,

with ¢ > 0 independent of k and of e.

We introduce the diagonal projection matrix Ji, := I,,, 1 ®jk with jk the ng x ny,
diagonal matrix with (jk)” =1if (Ci)k)” =1 and (jk)” = 0 otherwise.

LEMMA 8.2. There exists a constant ¢ > 0 independent of k and € such that

||ka||?p < ck? ( (I - Jk):vH?I, + ||Dw$|<2p) for all z € X.

=l
h3,
Proof. Note that

[ Jxzlle = [|JxDy " Tk Dazlle < ||JkxDy " Jk|lo|| Datl|e
= kD3 Tl Delle < (3k + 1)hg|| Do

And thus, using € < %hk we get

IWezlo = ‘

4e 4e 4e
722+ Do)l < 35l = Ji)zlle + 55 I Jkzlle + [[Dazlle
k 3 k k

4e 4e
< 2 = Bl + KDzl < ok (3310 = Tall + Dozl )
k k

Squaring this result and using (h%)2 < %h% completes the proof. 0

k k

We define ¢, := h%diag(d)i — Git1)1<i<n, With ¢; = gzﬁzg as in (6.7). Consider the
diagonal matrix ¢, :=1,, 1 ® i)m Note that &, > 0.

LEMMA 8.3. The following estimate holds:
1 1,
(Agz,z)e > %H@ﬁxﬂ for all © € Xy

Proof. Recall

1
(8.3) Ap = EpA; +eAy + EBDQ,
Note that
(8.4) DAy = (I, 1 @) (A, @ J) = A, @ &.J > 0.

We consider the term ,®r A, = Ex(Ln,—1 ® @kAE) Note that fi)k/lx = @kﬁfbx A

simple computation yields @kbf — ﬁfti)k = —&,T , with T := tridiag(0,0, 1), and
thus

(85) {::k(i)k/iz = gkbg(i)kﬁqa — gkqA)$TDI.
From the Cauchy—Schwarz inequality it follows that

PPN Al A A 1 .1
(8.6) £ (DT Dyy,y) < 5= 02T DLyl + 5lle: y|[2 for all y e R™.

=
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Using the property (5.15) we get

(8.7) TTd,T < & cody.

Combination of the results in (8.5), (8.6), (8.7) and using ¢y < 3 yields
~ & A 2 1 S22
E(®r sy, y) > &l Dayly, — &y Co||Dzy|| — 5lle2yl

A1l
> ——||®2y|® for all y e R"™.

@\»—‘

And thus
1
(88) ErOrA, > —§(bx

holds. Finally we consider the term §(BD,z,z)e. First we note

-1 1

BD, = blocktridiag(D,, 4D, S,), S, := € R X

1
hy -1

and thus K := 1<I>kBDm = blocktrldlag(@ D, 4<i>kﬁz,<i>k§m). Hence

1 .

S (K + KTy = ﬁbmcktﬁdiag(cpkm +
A simple computation yields
(8.9) ®.D, + DZ;CI)k =d, + h—trldlag(fr,bi, o; + ¢¢+1, *¢i+1)1§i§nk = o, +R

and <I>kS + DT<I>k = <I> T + 7 gzﬁnen , with n := nj and e,, the nth basis vector in
R"™. Thus we obtain

1 1 A
5(K +KT) = ﬁblocktridiag(TT(I)w, 49,,9,7)

1 1 1
+ Eblocktridiag <hk¢nene£, 4R, hkqbnene,TL)

1 PN ~ PN
> Eblocktridiag(TTd)m, 40,,9,7).

By &

€T

1 (®;1) we denote the pseudoinverse of &, (®,). We then have

1__1 T 1 1 s 1 amal Al oaa_ 1
5% 2(K+ K )<I>z 2> Eblocktridiag(cl)x el D2, 41, 2T, 2).

Note that

Nl

||é:)r ¢Z 1_¢’L>

= max
*° z>3k+2(¢l bit1

And thus we get 20, 7 (K + K7)®, ? > L (4 — 2¢¥)I. Hence

(8.10) ~®.BD, = K >
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Combination of the results in (8.3), (8.4), (8.8), and (8.10) yields

11 . 1
GAp > (24 t2—eb)) D, > ~a,. O
k ’“-( 55 68)) ~ 30

Using the previous two lemmas we can show a result as in the second inequality
in (8.1).
THEOREM 8.4. There exists a constant c¢1 independent of k and € such that

(Wia, Wix)e < c1k* (Wi, Agx)e  for all x € X.
Proof. From Lemma 8.3 and (8.2) we get

4e

(Wi, Apz)o = hﬁ<
3

x, Ak:L'>q> + <Dmx, Ak$><p
(8.11)

3
> ¢ (5 @z ahi + 0.3
k

with ¢ > 0 independent of k and . Using ¢; — ¢; 41 = (1 fe*i)gbi > %gbi fori > 3k+1
we get

1. _ 1 _
(8.12) <‘I)x$7$>k > ghkl«f— Jk)‘l)k.%‘,$>k = ghklll(l_ Jk)xHé

From (8.11) and (8.12) we obtain
S
(Wi Axs)o > ¢ (10 = Bl + sl
k

Now combine this with the result in Lemma 8.2. O
We now consider the first inequality in (8.1).
THEOREM 8.5. There exists a constant cg > 0 independent of k and € such that

colApz, Apz)e < Wiz, Wiz)e for all z € X.

Proof. The constants ¢ that appear in the proof are all strictly positive and
independent of k and e. First note that ||Ayz|le < &l|Azz|o+el|Ayz|lo+ 5| BDuzo.
We have

ALl A A1 ~ A 4
1Ay lle = |1 @ 8F)(Ay © NIy @ ;) = 4, @ JI < 7.
k

. Al oaa 1
Note that [¢;¢; | < e and thus ||®7 DT®, ?|| < ch; ' holds. From this it follows
that ||DX|le < chi' holds. With a similar argument we get ||Blle < c. Thus we
obtain, using & < %hk,

4e
I Axzllo < DT Dells + o el + el De o
(8.13) r
g
< llelle + 1Dl
k
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From (8.9) it follows that (D,z,x)s > 0 holds. Using this we get

16&2 16¢
[Wi||3 = hTHx”?p + ?<D$x,x)¢ + || D213
(8.14) - k
€
> ¢ gyleld + 10213 ).
k
Now combine (8.13) with (8.14). 0

Combination of the results of Theorems 8.4 and 8.5 with the second result in
Lemma 8.1 shows that Theorem 6.3 holds.

9. Proof of Theorem 6.5. Let g1 € X 1 be given and define gx_1 :=
(P ) 'ex—1 € Vip_1. Let up—1 € Vi1 be such that

ap—1(tuk—1,V%—1) = (gr—1,v%—1) forall vp_; € Vi_;.

Then A,;llgk_l = Pk_fluk_l holds. The corresponding continuous solution v € V
satisfies ax—1(u,v) = (gr—1,v) for all v € V. Now note that

(Appr P uk—1,Y)k ar(Uk—1, Vk)
Appr At gi_ ]| = max <c¢ max ——— "~
e 7
9.1) < ¢ max 1 (Ur—1, k) a1, Ok) = Gk (Uk—1, Vk)
VR EVK ol vrEV ol
Define ej_1 := u — ug_1. For the first term in (9.1) we get, using the results of

Lemma 4.3,

ap—1(Uk—1, V) < |ag—1(en—1,v%)| + |ar—1(u, vg)|
< chgll(ex—1)allll(vi)zll + ell(ex—1)y lll (Vr)y | + [[(er—1)a | |vrll + [(gr—1, V)|

3
< (Hewn)all + -l ) oul -+ gl
02 < clgeoallioel < clisia ol

For the second term in (9.1) we have, using Lemma 4.2,

lak (up—1,vk) — ar—1(up—1,vx)| = hi|((up—1)z, (Vi)z)]
(9.3) < el (ur—1)zl[Jvill
< cllge-1llllvell < cllge—1lllvell-

Combination of the results in (9.1), (9.2), and (9.3) yields || Axpr A, " gr—1] < cllgr—1]|
and thus the result in Theorem 6.5 holds. ]

10. Proof of Theorem 6.4. We briefly comment on the idea of the proof. As
usual to prove an estimate for the error in the L2-norm we use a duality argument.
However, the formal dual problem has poor regularity properties, since in this dual
problem T'g is the “inflow” boundary and I'y is the “outflow” boundary. Thus
Dirichlet outflow boundary conditions would appear and we obtain poor estimates
due to the poor regularity. To avoid this, we consider a dual problem with Neumann
outflow and Dirichlet inflow conditions. To be able to deal with the inconsistency
caused by these “wrong” boundary conditions we assume the right-hand side is zero
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near the boundary I'yyy. In order to satisfy this assumption we use the cut-off operator
with matrix ®y,.

A further problem we have to deal with is the fact that due to the level dependent
stabilization term we have to treat k-dependent bilinear forms.

We introduce the space

V) = {vp € Vi | vp(z) =0 for all x € Q" }.
Let b, € X, be given. In view of Theorem 6.4 we must prove an estimate HWk(A,:l -
A ) (I — ®)bi|| < ¢||bg|| with a constant ¢ that is independent of ke, and

~ 1 .
bi. Note that (Py)~'(I — ®2)bx, =: fr € V} holds. For this fr € V{ we define
corresponding discrete solutions and continuous solutions as follows:

up € Vi ag(ug, vr) = (fi, vk) for all vy € Vg,
(10.1) u€eV: ar(u,v) = (fx,v) for all veV,
’ Up—1 € Vi1 : ag—1(up—1,v%—1) = (fr,vp—1) forall vp_; € Vi_q,
ueV: ak—1(t,v) = (fr,v) for all ve V.
In the proof of Lemma 4.2 we showed that ||v,| = || D, P, 'v|| holds for all v € V.

We use that Wj, = ﬁ—i[ + D, and obtain
k

IWe(AY = peA=t (1 — D)ol < (AL = ppA= m ) (T — 32D
k(Ay A 1me)( i) kH_hi“( k Ay 1me)( 2 )bkl

1 . 1
D2 AT (0 = 81l + |DapAL L~ @
9
< (gt = el wdol + )
k

€ N -

(102) <e¢ (hg(llu — gl + @ — wp-all + [Ju = all) + [1(ur)s]| + I(Uk—l)xll) :
k

From Lemma 4.2 we get

(10.3) 1(un)ell + | (ur—1)ll < el frll

From the result in Theorem 10.1 below it follows that

_ h;
(10.4) lur — ull + fJup—1 — al| < C?’“ [ fll-

Finally, from Theorem 10.4 we have
(10.5) lu — all < chill fell-
If we insert the results (10.3),(10.4), and (10.5) in (10.2) we get
1. _ FEA .
WAL = oAl r) (1= @0)bill < ell fill < el (BT = @ [1bwll < cllbx |

and thus the result of Theorem 6.4 is proved. It remains to prove the results in
Theorems 10.1 and 10.4.
THEOREM 10.1. For fi, € V9 let u and uy, be as defined in (10.1). Then

hi
(10.6) llu = unll < e = 1 fil

holds.
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Proof. Define ey, := u — uy. Let w € H?(Q) be such that

(10.7) —EWyy — ERWey — Wy = €
with
(10.8) wy,=0o0nTy, w=0onIl\Ty.

Note that for this problem I'p is the “inflow” boundary and Ty, is the “outflow”
boundary. We multiply (10.7) with e, and integrate by parts to get

lexll® = e((ex)y, wy) + ex((er) e, we) — gk/r wyer dy + ((ex)z, w)

= ag (e, w) — Ek/ wyey dy.
I'e
We use (4.6) with w and ey, instead of w and f, respectively, and (4.12) to estimate

1 1
1 b
o wxekdy\qz (/ wzdy) (/ dy) < e lleal 2 full
e s I's \[

From this estimate and the Galerkin orthogonality for the error it follows that for any
v, € Vi

(10.9)

lerl|* < e ((ex)y, (w —vi)y) + ek ((€k)as (w — vk ))
(10.10) he
+ ((ek) e w — vg) + cllekllﬁnﬁcII.

Let Q := Qy,, be as defined in (5), i.e., £, is the set of triangles with at least one
vertex on I'ys. In the remainder of the domain, w = Q\Q},, we take vi as a nodal
interpolant to w and we put vy = 0 on I'yy to ensure v, € V. Note that vy is a
proper interpolant of w everywhere in ) except in ;. Therefore we will estimate
scalar products in (10.10) over w and 2, separately. We continue (10.10) with

lexll” < ce hrll(er)yllwllwll 2w + cen thI(ek) lollwll a2 ()

+ehill(er)ollo w2 >+C||6k||\%|\fkll+lnh

(10.11) < chi IIka*IIekH + 1o,
The term Iq, collects integrals over (2:

Lo, = e ((ex)y, (W —vi)y)q, + ek ((er)e, (W = vk)a)q, + (€x)z,w — vi)g, -

To estimate I, we use Corollary 5.7 and the following auxiliary estimate for the
interpolant vg, € Vi, of w, with wy, = {(z,y) € Q: z € (hg, 2hy)}:

lokllan < ellvkllo, < elllwllw, + llve = wllw)

(] L oo i

dz dy > + ||ok — w||w)
< c(h

1 A2
( / w? dy) + hflws | +hz||w|m<w>) <e (hz + ) lexl-
Tw €

1
2 3z

T ol
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We proceed estimating terms from Ig, , where we use the previous result:

e ((er)y: (w = vr)y)q, <elller)yllan (lwyll +lI(ve)yllan)

1 _ 1 _
< ce?hgl| full (672 ekl + Ry, Hvella,)

1 _1 -1 hi h?
<cethul (7 4 14 2 lenl < ¢ (e + 2 Ul

ek ((ek)z, (W —vk)z)g, < erll(er)zllon (lwzll + [[(vi)zlle,)

1 _ h3
< chZerllfull Ulerll + hy Hlvklla,) < c (hk + :) Il flllexll,

((er)zsw —vi)g, < |l(ex)zlla, (lwlla, + llville.)

< ch} Il (h,z ( | o dy) + i, + ||vk||m)
w

5
h2
<e <hk+€k> el

Inserting these estimates into (10.11) and using & < %hk we obtain

5
h2 h2 h§ h2
2< ek o+ —L+E <ct :
lewll < = ulllenl+ e ( he+ 7 + % ) Ufelllesl < e 25 les]
and thus the theorem is proved. O
For the proof of Theorem 10.4 we first formulate two lemmas.
LEMMA 10.2. Consider a function g € HY(Q). The solution of
(10.12) —EkUgy — EUyy + Uz = Gy

with boundary conditions as in (1.2) satisfies
(1013) [ vz (it o+ [ o dnselad?)
FE 1_‘E

Proof. We multiply (10.12) with u and integrate by parts to get

1
(1019)  enfuslP el 5 [ atdy=~(g.u)+ [ guds

FE 1_‘E

For the right-hand side in (10.14) we have

(g9 ua)l < Ngllllusll < cllgllllgall < e (R lgll® + hllgs]1?)

1
/ gudyg/ gzdy+f/ u? dy.
I'g I'g 4 I'e

Combining these estimates and (10.14) the lemma is proved. O

and
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LEMMA 10.3. Assume g € H' and g|r,, = 0, let u be the corresponding solution
of (10.12). Then the following holds:

; ;
(10.15) ||u|§e<|g|+hk||gx||+(/ dey) w(/ uidy) )
FW FW

(Note that the standard a priori estimates would give only ||u|| < ¢||gz]|.)
Proof. Consider the auxiliary function v(z,y) := fow u(&,y) d€. Tt satisfies

(1016) —ERVgx — EVyy + Uy = g+ €k Uin + Gin,

with w;,(z,y) = u.(0,y) and g = g(0,y). The corresponding boundary conditions
are

(10.17) vy =u(l,y) on T'g , v=0o0ndN\Tg.

Then the estimate (10.15) is equivalent to

: :
(10.18) vm||<c<||g||+hk||gx||+(/ g2dy) +h(/ uidy) )
I'w T'w

The estimate (10.18) is proved by the following arguments. We multiply (10.16) with
v, and integrate by parts to obtain

€ €k 2
ool + 5 [ @2y [ @) dy

FE 1_‘W
(10.19) = (gr02) + el ) + (g ) + 5 [ (02"
I'e
Since g|r, = 0 the estimate (10.13) yields
w020) [ @)ay= [y e (i ol + o).
FE 1—‘E

Now (10.18) follows from (10.19) by applying the Cauchy inequality and estimate
(10.20). O

Using these lemmas we can prove the final result we need.

THEOREM 10.4. For f € VY let w and @ be the continuous solutions defined in
(10.1). Then the following holds:

(10.21) lu— @l < chyll fel.-

Proof. The difference e := u — @ solves the equation
(1022) —EkCrx — ECyy + ex = Ga,

with g = —6hy @, and boundary conditions as in (1.2). Now the result of Lemma 10.3
can be applied. We obtain

z 3
||e||§c<||g||+hk|gw||+</ say) ([ dy)>
T'w T'w
2 z
<ete (lad +maed+ ([ war) 4 ([ 2a)).
T'w T'w
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To estimate the norms ||4,| and ||@..|| we use a priori bounds from Theorem 4.1.
Further we use the fact that f =0 in Q}". Due to the choice of Qi (cf. (5.18)) we
can apply Corollary 5.2 with £ = hy, n = €| Iln hg| + hi, and p = % Using (5.5) and
er > shy we get [ uidy < c | fgl/>. The same estimate holds for [. a3 dy. Thus
we obtain ||e|| < chg|fel]. O

11. Numerical experiments. In this section we present results of a few nu-
merical experiments to illustrate that in a certain sense our analysis is sharp. In
particular it will be shown that the nonstandard splitting in (6.8) which forms the
basis of our convergence analysis reflects some important phenomena.

In the experiments we use the following parameters. For § in (2.4) we take § = %
The pre- and postsmoother are as in (6.2), (6.4) with w, = 1. We take a random
right-hand side vector and a starting vector equal to zero. For the stopping criterion
we take a reduction of the relative residual by a factor 10° . Thus in the tables below
convergence is measured in the norm || - || 47 4. We use the notation Pey, := 2-.

First we present results for a standard V-cycle with pp = v, = 2. In Table 11.1
we give the number of iterations needed to satisfy the stopping criterion and (between
brackets) the average residual reduction per iteration. These results clearly show ro-

bustness of the multigrid solver. For a W-cycle we also observed robust results.

TABLE 11.1
Multigrid convergence: V-cycle with vy = v = 2.

h
Pey, 1/8 1/32 1/128 1/512
1 8(0.06)  10(0.12) 11(0.13)  11(0.13)
10 7(0.04)  8(0.07)  8(0.07)  8(0.07)

le+3  8(0.05) 11(0.14) 11(0.14) 11(0.14)
le+5  7(0.04) 11(0.14) 11(0.14) 11(0.14)

Number of iterations and average reduction factor.

If we consider only the smoother and do not use a coarse grid correction, then for
€ &~ h this method has an h-dependent convergence rate. This is illustrated in Ta-
ble 11.2.

We consider the standard splitting in the convergence analysis based on the
smoothing and approximation property. For ¢ = h? some results are presented in
Table 11.3. The estimates that are given in this table result from the computation of

IA; = pAgifl A4S
171 171

TABLE 11.2
h-dependence of convergence of the smoothing iterations.

h
Pey, 1/8 1/32 1/128 1/512
1 119(0.83)  244(0.91) 533(0.94)  1495(0.986)
10 26(0.44)  51(0.61)  66(0.72) 173(0.88)

Number of iterations and average reduction factor.
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with f € Vj, a discrete point source in the grid point (1,1). These results indicate
O(h~1) behavior for the smoothing property (as expected) and O(v/h) behavior for
the approximation property. Hence this splitting is not satisfactory for proving a

robustness result.

TABLE 11.3
Standard splitting for approximation and smoothing properties.

h
Estimates for 1/8 1/32 1/128 1/512
A, —pAylr|  84e2  5.0e2  27e2  1.4e-2
lARSE|l 1.25 4.48 17.7 70.8

The proof of the modified approximation property is based on the result in Theo-
2

rem 10.1. In that theorem a % bound is proved provided the right-hand side function

fr is zero close to the inflow boundary. We performed an experiment with a function

fx which has values equal to one in all grid points (hg,jh), j =1,... ,nk, and zero
1

elsewhere. Results are given in Table 11.4. We observe an h, * effect. This justifies
the splitting using the cut-off operator ®y.

TABLE 11.4
Approximation property if fi has support near inflow.

h
Pe, 1/8 1/32 1/128 1/512
1 031 060 123 253
10 0.07 017 023  0.46

Values of %H(A,:l - pA;th)f”/HfH

Finally we performed a numerical experiment related to the result in Theorem 6.3.
For the smoother we computed residual reduction factors in the almost degenerated

1
norm || ®7 - || with & := I,,, , ® diag(¢) and

6 = 1 for 1 <4 <5,
T lexp(4—1) for5<i< ng.

For the relaxation parameter w in the smoother we take the value w = 1.2. The
results in Table 11.5 show h-independent and “fast” convergence of the smoother in
this norm.

TABLE 11.5

Residual reduction of the smoother in the ||<I>% - ||-norm.
h

Pey, 1/8 1/32 1/128 1/512

1 93(0.8)  131(0.85) 133(0.85) 133(0.85)

10 23(0.40)  28(0.47)  28(0.47)  28(0.47)

Number of iterations and average reduction factor.
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