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that enter the system of flow equations as, for example, in the Bingham problem. We describe this appli-
cation in the paper in some detail. Results of numerical experiments are included that confirm the appli-
cability and optimality of the method.
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1. Introduction

Non-staggered grid finite-difference and finite-volume methods
are attractive alternatives to staggered grid discretizations of
incompressible flow problems when numerical simulations in-
volve complex domains, curvilinear coordinates and immersed
interfaces [27,33,37]. For this reason non-staggered approxima-
tions have been considered by different authors, see, e.g. [2,36]
and the references therein. The non-staggered (or semi-staggered)
methods become even more appealing for problems in which
velocity vector or its gradient tensor are involved in additional
quantities that enter the system of flow equations. This is the case
for non-Newtonian flow problems where such grid approximations
were found to be particularly convenient from the point of view of
data structure and algorithmic simplicity [32,23]. At the same time,
non-staggered grid approximations have a well-known stability is-
sue for incompressible flow problems, which has to be addressed
(see Section 2). A finite-difference scheme for the Stokes problem
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which uses one grid for all velocity components and another grid
in elements centers for pressure can be found in the earlier paper
[17] (such schemes are also referred in the literature as half-stag-
gered or semi-staggered). However, a rigorous convergence analy-
sis of non-staggered grid approximations is still somewhat lacking.
The present paper introduces a stabilization procedure and pro-
vides rigorous analysis of the resulting scheme for the particular
case of the Stokes problem. We also apply the method for the Bing-
ham flow problem. This model is briefly described below.

A variety of materials exhibits a visco-plastic medium behavior:
they combine the behavior of solids in the so-called “rigid” regions,
where a certain value of yield stress is not exceeded, and of non-
Newtonian fluids in the “flow” regions. For numerical modeling
of visco-plastic materials the Bingham model is extensively used
in last years, see, e.g. the review article [13]. Naturally emerged
from the computational elasticity most of the existing numerical
approaches for the Bingham problem use the finite element dis-
cretization method. However the integration of this model as a part
of existing CFD tools often calls for finite volume or finite differ-
ence approximations. This paper is concerned with finite difference
solutions for slow steady Bingham flows.

Let Q € R?,d = 2,3 be a bounded connected domain. Consider
the following system of equations
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—divt+ Vp=fon Q, (1)
divu =0 on Q, (2)
u =u, on 0L, (3)
and constitutive relation
Du .
=2uDu + 7,—— if [Du|#0,
T ) s Du|’ |Du| 4)

|z| < 15, if |Du| =0,

where u, p, = are unknown velocity, pressure and stress tensor, (i is a
constant plastic viscosity, 7 is the yield stress, u, is a velocity pre-
scribed on the boundary of @, such that [,u,-n=0;
Du=1[Vu+ (Vu)"] is the rate of deformation tensor and

1
2
Dul ( 5 DguZ) |
1<ij<d

We note that constitutive relation (4) can be written in the equiva-
lent form:

Du—{(l_ﬂ;ﬂ’

0, if |7 < Ts.

if 2| > 15,

For 7, =0 the system (1)-(4) reduces to the Stokes problem. If
7, >0 the relations (1)-(3) hold only in the flow regions,
where Du >0, and make no sense in the rigid region Q, =
{x € Q|Du(x) = 0}.

Applying a finite-difference method to (1)-(4) encounters sev-
eral difficulties. Thus a grid domain, where the discrete analog of
(1)-(3) should be imposed, is not known a priori and finding it is
a part of the problem. One way to avoid this difficulty is to regular-
ize (4) introducing a function 7,.(x):R™? — R¥¢ such that
Ne(X) — 2ux + 75, for € — 0 and setting ¢ = 1. (Du) for some small
€ instead of (4), see [5,28]. This enables one to consider a discrete
system of equation approximating a non-Newtonian fluid model in
the whole computational domain, thus conventional (iterative)
solvers can be applied, e.g. [15,25]. The regularization, however,
can introduce additional modeling errors [13], and has the issue
of (non)linear solvers efficiency for € — 0. In this paper, we con-
sider a finite-difference approximation of the non-regularized
model (1)-(4). We build an iterative method on the variational
inequality and augmented Lagrangian approach of Lions, Glowinski
et al. [14,18] previously used for finite element approximations,
see Section 4. In finite difference setting this approach requires
additional consistency terms to be introduced in the algorithm.

The remainder of the paper is organized as follows: Section 2
presents the finite-difference scheme. The scheme was first consid-
ered in [17] for the Stokes problem and in [23] for the Bingham
problem. It uses one grid for all velocity components and one grid
for pressure and all stress and the rate of deformation tensors com-
ponents. We discuss the stability issue and propose the stabiliza-
tion techniques. In Section 3, we show that the scheme is stable
for the particular case of the Stokes problem. The stability estimate
is proved in the form of a mesh-independent bound for a norm of
the discrete operator inverse. From the stability estimate a conver-
gence result easily follows. In Section 4, we describe an iterative
method and show that the fix-point of the method is a solution
to the non-regularized finite-difference Bingham problem. Results
of numerical experiments illustrating the performance of the
scheme are given in Section 5.

2. Finite-difference scheme
For simplicity we assume Q = Utes, £, where 77, is the partition-

ing consisting of cubic (in 3D) or rectangular (in 2D) elements. All
vertices of elements t form the grid domain @Q; and all element

centers form the grid domain ,, denote Q;=Q; N,
0Q; = QN dQ. For the 2D case the grid element is shown in
Fig. 1. By U, we denote the space of grid vector functions u; de-
fined on Q; and P, is the space of scalar grid functions defined
on £, such that 3, , p,(X) = 0. Both spaces are equipped with
the Euclidian scalar products: (u,,vy) := > xea, Un(X) - Vi(X) for
uy, iy € Uy and (py, ) = e, Pr(X)qn(X) for py, g, € P, || - || de-
notes the corresponding norms for both spaces. By Q, we denote
the space of grid d x d tensor functions z, (discrete stress and the
rate of deformation tensors) defined on ©,. Additionally we denote
by Uﬂ" the space of grid vector functions u, defined on Q; (only
internal nodes).

Using index notation as shown in Fig. 1 we define finite-differ-
ence scalar and vector divergence operators divy, : U, — P, and
div, : Q, — U™ through (we give formulas only for the 2D case,
when the extension to the 3D case is obvious):

Uir1j41 — Uijer + Uiprj — Uij
2hy
Vittj+1 — Vig1j + Vijy1 — Vij
2h, ’

(dthllh),-_j =

+

1 _ .1 11 11
di Tij = Ticiy+ 0o — Ticqja
(divyy);; = 2h
X

12 _ 412 12 12 21 _ 21 21 21
n Tij —Tijaa v 05— Tiho T — Tty T — Tt
2h, ) 2h,
T
2 _ 2 2 2
n Tii — Ui T TS — Titga .
2h,

Components of the finite-difference rate of deformation tensor
Dy : Uy, — Q,, are defined as

(D“uh)}- _ Uipajin = Ui + Ui j — Ui
h 4 2hy ’
Uiprji1 — Uiprj + Uijrr — Uij | Vigrje1 — Vijer + Vig1j — Ui
(Dlllzuh)ij _ Hitlj+ i+1,j ij+ e P ij+ i+1j 1]’

4h, 4h,

(Dﬁluh)i.j = (Dy’uy)
ogy with (D}'uy).

The finite-difference gradient V; : P, — UL"t is defined as trans-
pose to —divy. Given these discrete operators we can formally con-
sider the finite-difference Bingham problem:

j» the component (D;*uy) is defined by the anal-

—divy -1 + Vipy, =, (3)
divyu, =0, (6)
Up|og, = up,

where

- Dyu, .
Ty = 2uDpuy, + rsm, if |Dpu,|#0,

if |Dhuh\ =0.

()

‘7h| < T,y

The direct application of the scheme (5)-(7) encounters the follow-
ing two major problems. The Eq. (5) should be imposed only in

(4,5 +1) (i4+1,7+1)

()

(i, §) (i+1.4)
® - Qi (up) W Qs (ph, Th)

Fig. 1. A grid element.
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those (a priori unknown!) nodes of Q,, where |z,| > 7, for the neigh-
boring 2,-nodes. This problem is overcome by defining the finite-
difference solution {w,,p,,z,} as the limit of the sequence
{u},p}. 74}, 1, generated by a special iterative procedure. On each
iteration a discrete Stokes problem is solved in the whole domain,
see details in Section 4. The second problem is the well-known
instability of the semi-staggered grid approximation for the Stokes
problem. This instability can be characterized as follows: Besides
the trivial constant vector in the kernel of the discrete gradient
V) one has additional “checkerboard” mode in ker(V,;) for the 2D
Stokes problem [29] Moreover, in the 3D case the dimension of
ker(V;) is O(h™ ) ([10], p. 244). Furthermore, restricted on the
orthogonal complement of ker(Vy) in P, the inverse of the Stokes
operator is not uniformly bounded with respect to h in a natural
norm, cf. Remark 7. In practice, the instability leads to non-physical
pressure solutions and the poor convergence of commonly used
iterative methods for solving the discrete Stokes problem. Since
the Stokes problem is the particular case (7 = 0) of (5)-(7) and it
appears as an auxiliary problem in the iterative procedure, see Sec-
tion 4, we have to stabilize the discretization. In this paper, the sta-
bilization is done in the spirit of the techniques well-established for
finite element discretizations, see, e.g. [9,11,3,24] (below we remark
on alternative approaches, see Remark 1): The discrete divergence
constraint (6) is penalized

divyuy + Gpp), = 0, (8)

with a stabilization term Gy, : P, — Py,. The operator G, should sat-
isfy conditions (11)-(13) and can be defined in several ways. For
example, similar to the finite element method from [11] one may
define G, through

Gy = —oh® 4, (9)

where 47 is the usual 5-point (7-point in 3D) approximation of the
Laplace operator with the Neumann boundary conditions imposed
in fictitious points. One has to chose a parameter o and a “charac-
teristic” mesh parameter h.

Another choice for G, was suggested in [23]. Denote by R, the
space of grid scalar functions defined on Q. Let X € Q;, and

Ih|/2},
. Define the operator I, : P, — R, by

Z Du-

X €O (Xjj)

OX)={yec | |y-x=

where h = (hy, hy, h, )T

(Hnpy)y = lo(Xy)|

The operator IT, can be considered as an interpolation from Q, onto
Q,. Similar we define the interpolation operator ﬁh from Q; onto
Q. Other interpolation operators can be considered as well, in par-
ticular for non-uniform grids. We set

Gy = ol — TI,IT,), (10)

o is some mesh-independent parameter, I; is the identity operator.
For uniform cubic grids (hy, = h, = h, = h) we verify, see Lemma 3,
that both choices in (9) and (10) satisfy conditions (11)-(13) below.

Accuracy condition: for any sufficiently smooth p € [*(Q) de-
note by (p), € P, the trace of p on Q,, then

1GuB)al
Tonl — OW: an

For x € Q, denote by @(x) the set of neighboring nodes from Q,:
WX) ={y € 2| ly - x| < |h]},
Stability condition: for any p, € Py

CGZ Z ph ))

XeQy yem(X)

< (GhPy, Ph)» (12)

with some mesh-independent constant ¢; > 0. Moreover, the oper-
ator Gy is symmetric and the estimate

Gl < Ce, (13)

holds with another mesh-independent constant Cg. The latter
assumption is less critical for the performance of the finite-differ-
ence scheme than (11) and (12), but it is helpful for building effi-
cient linear algebraic solvers, cf. Remark 10.

Remark 1. A common approach of curing parasitic pressure
modes problem for non-staggered approximation is to apply
dissipation to the pressure field, e.g. [2,12]. This dissipation is
typically introduced (sometimes implicitly) by modifying projec-
tion or velocity correction step of time-stepping splitting algo-
rithms. The resulting pressure dissipation term can be interpret as
a discretization of a forth order differential operator and usually
depends on the time step and an additional relaxation parameter.
The element-wise divergence-free condition is unavoidably
altered.

The present approach also introduces the pressure dissipation
term. One difference is that the second-order pressure term
(instead of a forth order term) was introduced. Furthermore, we
avoid any time-splitting procedure, so the new term does not
depend on any time-step parameter (the choice (10) avoids mesh
parameter as well) making the method more attractive for steady
and slowly changing in time flows. Moreover, for the new
stabilized scheme we prove a rigorous stability estimate and
convergence result for the case of the Stokes problem, see the next
section. We are not aware of similar stability results for other non-
staggered (or semi-staggered) schemes which can be found in the
literature.

For the stability analysis of the next section and the solution
algorithm from Section 4 we need the following “consistent”
approximation of the vector Laplace operator 4, : U, — Uy:

Ay = 2div,D, — V,divy,. (14)

We note that the relation (14) leads to a different grid stencil than
the common 5-point (or 7-point in 3D) approximation of 4. For
example, with hy = h, = h, = h one gets the following skew-cross
5-point (or an oblique 27-point in 3D) stencil for each velocity
component:

uz 1j-1 + qu] 1+ ux+lj+1 + Ui 1j+1 — 4uij

2D (Apup),; o o (15)
3D (Apitn);

TS [2(Uisr 1 e + Uizt et + Uijat k1) + 3Uic jut et

— AU je + Uit k + Uijeer) — 24U55]- (16)

3. Stability and error analysis for the Stokes problem

In this section, we analyze the stability of the finite-difference
scheme (5),(7),(8) for the particular case of 7, = 0. In this case,
the problem becomes linear and one can eliminate t, ending up
with the system of difference equations:

— 2div;,Dyuy, + Vip), =i,

divyu, + Gpp,, =0, (17)
uh|ml =0.
For the sake of analysis the assume Q= (0,1) and

hy =hy, = h, = h=1/(N + 1). For convenience we assume that func-
tions from Uy vanish on 0Q; and introduce the discrete “energy”
norm on Uy:
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1
([Viug|| := —(dpuy, ug)?,

where A, is the common 5-point (or 7-point in 3D) approximation
of the vector Laplace operator supplemented with the homoge-
neous Dirichlet conditions in boundary grid nodes. First we prove
several technical lemmas.

We need several results for the discrete rate of deformation ten-
sor given in the following lemma.

Lemma 2. The following estimates are valid:

Cal[tp]] < [IDpup]] < Cal[Vaupl|  Va, € Up, (18)
Py, divitg)| < V2||pyl[IDatasl| VP € P,y € Up, (19)
with some mesh-independent positive constants c,,C,.

Proof. The upper bound (18) is proved by the straightforward
application of the triangle inequality. Further, using the sum-
mation by parts and the relation (14) for the discrete opera-

tors Dy, 4, and div, from the previous section one verifies
the identity:

2|[Dyuy|* = (— Apup, up) + [[divgu | Vuy, € Uy (20)

This identity immediately implies the estimate (19) and the discrete
Korn’s type inequality:
(—Apup,uy) < 2|Dpuy|® Yy € Uy, (21)

It remains to show the low bound in (18). This bound follows from
(21) and

202w < (—Apup,uy) VY, € Uy, (22)

In the rest of the proof we verify (22).
First we treat the case d = 2. The summation by parts gives for
each velocity component

~ (Wis1jin — Uij)® + (Uisrj — Uijer)?
—Apup, Uup) = . 23
(—Antp, up) [gﬂ T (23)

Now the bound in (22) (the discrete Friedreichs type inequality) fol-
lows by a standard argument from the following representation:

n
U(X;j) = Uij = Uy j, + Z(uio+lc+l.j0+k+1 — Uigkjork)  VXij € O,
k=0
with some n < ch™' and x;,, € 02, depending on x;;; we call x;j, to
be the basis node for x;;. Using u;,j, = 0 and the Cauchy inequality
one obtains

n

2
[l = > > (Uigrkrtig ekt — Uigakjok)

X i€ k=0
n 2
(ui0+k+1jn+k+1 - uio+kjo+k)
DIDY 2 .
X;j€2 k=0 2h

Further to show the bound in (22) one gets use of (23) and the
observation that any X, ;, € 9Q; can be a basis node for at most
O(h™") inner points Xij.

For the 3D case one computes

(= Aptip, up) =y (@+by’+(a+d?+@+c’+(b

1
2 161

—’ +(b-d)’+(c-a)], (24)
where

a = U1 j+1k+1 — Uijk, b= Uitttk — Uijk+1,

€= Uijke1 — Uijr1ks @ = Uijaqpsr — Ui jk-

Denote

1 2 3
€ijk = Uijk + Uir1jk, €k = Uijk + Uijr1k,  €jp = Uijk + Uijkr1,

dil_j‘k = Ujjk + Uij1k+1s dfj_,k = Uijk + Uip1jk+1,
3
di.j,k = Ujjk + Uit1j+1k;
then (24) yields
1 1 1 1 32 2 2 2
(=Apun,up) > c Z F[(ei.jﬂ,kﬂ —€iji)” + (€1 — Cij)
teTy
2 1 12 2
+ (ei3+1.j+1.k - e?j,k) + (i — dijp)” + (dijak
2 2 3 32
= dijp)” + (dijaen — dije)’]- (25)
By the triangle inequality for any X;;x € ©; it holds
1 2
Uijil < 5 (et + €71l + dijl)- (26)

Noting that e and d quantities vanish on the appropriate parts of
boundary and using (25) and (26) we apply similar arguments as
for the 2D case to prove the bound in (22) ford=3. O

For two matrices (or discrete operators) A and B we write A > B
iff A — B is semi-positive definite.

Lemma 3. Stabilization operators defined in (9) and (10) both satisfy
conditions (11)-(13).

Proof. For the case (9) we get applying summation by part:

(Grpr @) =Y > (Pr(X) = Pp(W)(@n(X) — @5(¥))-

XeQ; yem(X)

Thus, conditions (11) and (13) are trivial. To show (11) we use the
smoothness assumption for p € L*(Q) and Cauchy inequality:

(Gn(P, dn

IGh(P)sll = sup
oy 11l
_ y 2oxe, 2oyeoo (PX) — PY)) (@4 (X) — 44 (¥)
Gl
2
< cahJ oy <M> < cyoth]|(p), .
XeQ) yem(x)

Consider the case (10). Let us enumerate Q,-nodes in tdhedlexico—

graphical order. Then one checks that the matrix G € RN *N" of the

operator G, can be decomposed as
2

d=2: G:a%(M@Ln+Ln®M)

2
d=3: G:oclh@((M@)M+91®1)®Ln+Ln®(M®M+91®I)

+MRL,oM+9IxL, ®1),

where L, € RN is the matrix of the one-dimensional discrete
Laplacian with Neumann conditions:

1 -1

and M e RV is the mass type matrix. For d=2 it holds
M = tridiag(1,6,1) and for d =3 it holds M = tridiag(1,4,1), I is
the identity matrix. In either case the eigenvalues of M satisfy
0<c<AM)<C wherec=4,C=8ford=2and c=2,C=6 for
d = 3. This yields the following relation
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ch’A, < G < ch*A,, (27)

with some positive constants ¢, and C, independent of h and
d=2: A =1L, +L, ],

d=3: A=IxIl,+IoL, I+ L, ®Ix]

Note that A, is the usual 5-point (7-point in 3D) approximation of
the minus Laplace operator with Neumann boundary conditions
on €,. Therefore, (27) yields

—cgth,‘; <Gy < —CGhZA’,;.

Now the same arguments as in the case (9) prove conditions (11)-
(13). O

Further we need two auxiliary finite element spaces:
u" c (H(])(Q))d denotes the space of continuous vector functions
u" bilinear on each grid element of t € 7, an vanishing on 9Q,
P'c [%(Q) denotes the space of piecewise constant with respect
to 77, scalar functions p". We introduce two natural bijections:
¥, : U, —» U" and N P" setting

(Y oup)(X) = uy(x) for x € Q1 and (¢, o p,)(x)
for x € Q5.

= pp(X)

For both spaces U" and P" we use (-,-) and || - || for the L* scalar prod-
uct and norm. These two spaces form the well known Q; — Q, finite
element pair for the Stokes problem, which satisfy the following
‘weak’ LBB condition [20,34,9]:

(p", V- uh) / I h o ph
s > G Ci|h ] vph e p",
uhl:[E)" HV h” ollp"|| = 1< E "’ ) p" €
(28)

with some positive constants Co,C; independent of h. In the last
term one takes the sum over all internal faces (or edges if d = 2)
of mesh elements, [p"] denotes the jump of p" over y.

Lemma 4. The following relations hold for any p; € Py, u;, € U, and
ph :l//pophv u" :l//uouh :

R pall = (1", (29)
h (p,, diviyuy) = (p", diva®), (30)
| Vaw|| < C| V'], (31)
h(Gipy.pi) = chy [ p'ds (32)

with some constants C,c > 0 independent of h.

Proof. Equalities (29) and (30) are easy to check by the straightfor-
ward computation. Let us check (31) for the 2D case first. To this
end, consider a reference square grid element T := (0,1)* and a
scalar grid function u, with values u,(0,0)=a, u(0,1)=Db,
up(1,1) = ¢, and u,(1,0) = d. The corresponding bilinear function
u" on T has the form

u'(x,y) = a(1 =x)(1 - y) +b(1 = x)y + cxy + dx(1 - y).

We may assume a = 0 and (ih,jh) = (0,0). One computes

Vu hHT* [(C—b)z+(C—d)2+(C—b)b+(c—d)d+b2+d2]

—

gle=b7+(c—d)* + b +d]
1

=5 (W11 = Uijar)” + Ui jor — Uierj)” + Uy — Uyg)°
+ (Uij1 — ui.j)z]'

After appropriate scaling we take the sum over all grid elements to
obtain (31) with C = /3. Similar arguments with the reference cube
prove the estimate (31) in the 3D case with C = f

We verify (32) using (12): Let d = 2, then

hz /[ph] ds = hZh pz+1J pz} (pij+1 _pij)z)
ij=1
=-h*(4 D> Pn) < Ch* (Gipy, Pi)-
Exactly the same argument proves (32) ford=3. O

The homogeneous boundary conditions for functions in Uy al-
low us to consider div,D, as a symmetric non-singular (due to
(18)) operator on Uy,

Lemma 5. The following inequality holds on Py
cslp < %div,l [div,D;,] 'V}, + Gy < Csl, (33)

with some positive constants Cs, cs independent of h, I denotes the
identity operator on Py

Proof. For arbitrary p, € P, we have

1.. . -
<<jdlvh[d1thh} 1Vh + Gh)phvph>

(P, divyuy)®

= sup (—2[dithh]uh, uh>

0#upeUy

+ (GnPy, D)

<ph7 dthuh)z

+ (GhPpDh)- (34)
2| Dyuy e

0#up, Uy

The upper bound in (33) now follows from (13) an
prove the low bound we proceed with (34) using (18), (3
and (32):

1.. . _
<<jdlvh [div,Dp] "W+ Gh)phvph>

(py, divyuy,)?
1V H2

. chd< sup (p divu")
ozurcyt |Vl H

with some mesh-independent ¢ > 0. Now (28

<(dth [dithhr

d (19). To
0), (31)

+ (GnPp, D)

Y / P ds)

) and (29) give

>
2CA 0+up, Uy

Vi + Gu)pw, Pu) = clpal,
with some mesh-independent ¢ > 0. O

On the product space U, x P, we introduce the norm

d 1 d 1
11w, Pall| = B ([l + IPallp,)? := h*(IDun|* + 1y ]1*)>.

d . .. . .
The h? scaling factor is introduced to make the norm consistent with
a continuous norm.
Consider the finite difference Stokes operator on Uy, x Py:

-2di
Ay < thDh Vi >
—leh —Gh

The following stability estimate is the main result for the Stokes
problem (42).

Theorem 6. The discrete Stokes operator satisfies
Il Il < C, (35)

2
with the constant C = (1 + \%) max{(2c,) ', cs!} independent of h.

Proof. Denote L, = 2div,Dy, Sy, := dithg'Vh + Gy and consider the
following factorization
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I ON/-L O\[I, L'V,
oAy = Ldi .
p divy Iy 0 -5 0 I

Thus, for the inverse operator we have

_ I L'Vvy\(-L' O ( Iy o>
o= h . . 36
h (O Iy > ( 0o -s,' ~L,'divy Iy (38)

Let us estimate each factor on the right-hand side of (36) separately.
For the first term we have

Iy L'V
0 I

For arbitrary p, € P, consider u;, = L,;lvhp,,, then we get

<1+ 1Ly Villp,~u,- (37)

1 1 1 .
Huh”fjh = _§<Lhuhsuh> = —§<Vhph-,uh> = i(Ph»lehUH

1
< — Duuy||.
lelphllH ||
Therefore
1 1
1Ly Villp,~u, < Nz (38)
The third term on the right-hand side of (36) is adjoint to the first

one and hence enjoys the same estimate. For the second factor we
have

-L,' 0
0 -s;!

For arbitrary v, € U, and u;, = —L,jlvh we get

< max{||Ly " lly, v, IS5 llp, -, (39)

1 1
5 (Vi ) < 5 [l va]

1
< =— ||Dpuy]|||D, .
7, DAV A

1
][5, = — (L, up) =

This yields

1Ly My, —u, < (2€2)7" (40)
Finally, since S, is symmetric the low bound in (33) implies
Jonin(Sn) < €57 (41)
Now (36) and estimates (36)-(41) give

—1
I5h " llp,—p, =

_ 1\2 o
leti 1l < (1+ﬁ) max{(2c,) ¢}, O

The convergence result follows immediately from the theorem and
approximation properties of the discrete operators:

Corollary 1. Assume that the solution {u,p} of the Stokes problem:

—Au+Vp=fonQ
divu =0 on Q,
u=0o0n0oQ

is sufficiently smooth and {uy, p,} is the solution of the discrete Stokes
problem (17) with f;, = (f),,, then

lll(w), — an, (),

Note that we proved the first order convergence for velocity
in the ‘gradient’ norm. Numerical experiments show the (ex-
pected) second order of convergence for the velocity in the L?
norm. It is also straightforward to conclude from (7) for 7, =0
that one has the first order convergence in the [>-norm for the
stress tensor.

—pulll = O(h).

Remark 7. Assume that the stabilization term G, is not added to
the discrete divergence constraint, then the non-trivial kernel of
V, makes the matrix S, singular and thus .7} ! is not well-defined.
Moreover, in this case the minimal nonzero eigenvalue of S, tends
to zero as h — 0. Indeed, in [7] such an h-dependence was shown
for the case of Q; — Qy finite element discretization. Due to the
close relation between this discretization and the finite-difference
method, see Lemma 4, the same h-dependence of A(S;) should be
expected. Therefore, factorization (36) shows that in the case of
Gy = 0 the norm of ;! cannot be uniformly bounded for h — 0
even on Uy, x (kerV,)*.

Remark 8. Finally, we remark on the following discrete Stokes
problem:

— Apy + Vhp,"l = f’h
dthUh + thh = 0., (42)
uh|agl =0.

Unlike the continuous case, the discrete Stokes problem (42) is not
equivalent to (17). We briefly discuss (42) for the following reasons.
The algorithm for the Bingham problem from the next section re-
quires the solution of the discrete Stokes problem on every itera-
tion. Commonly used block iterative methods for the Stokes
problem need an approximation to the velocity sub-matrix inverse,
cf. remark (10). For the approximation of 4,' many efficient meth-
ods such as the multigrid algorithm are available. At the same time
we found that the performance of a standard multigrid for solving
[div,D,]u, = g, may be not satisfactory. That is why we prefer solv-
ing (42) instead of (17) and introduce appropriate correction terms
to the right-hand side. Furthermore, if one uses the semi-staggered
scheme for Newtonian flows, then (42) may be considered as a more
natural way to discretize the Stokes problem. The stability and con-
vergence results similar to the Theorem 6 and Corollary 1 hold also
for the system (42) with a slightly different product norm on
Uy x Pp:

d 1 d 1
1w, pilll = K ([unll§, + 1Pal17,)? := B2V aua]* + [[pa]* )2,

instead of the |||-,
way.

||| norm. The proof can be adjusted in an obvious

4. Iterative method

The iterative method we use is motivated by the variational
inequality and augmented Lagrangian approach by Lions, Glowin-
ski and others, see [14,18,19]. First we recall the idea of the ap-
proach for the continuous problem. Further we adapt it for the
particular discretization suggested in Section 2. To this end, con-
sider the following functional on V = {v € (H}(Q))|divv = 0}

_ 2 — .
v)f,u/Q\D(v)\ dx+‘cs/Q\D(v)\dx Z/Qf vax.

The velocity solution u of the Bingham problem (1)-(4) minimizes J
onV [14]:

u = argminj(v).
veV

To overcome the problem of non-differentiability of [, [D(v)|dx it
was suggested in [18] to introduce the new variable y = D(v) € Q,
where Q = {q|q € (I*(?))"";q" = q} and consider the following
Lagrangian

PWipe) u/w dx+rs/|v\dx
/(D( ) — ) vdx — 2/f vix.
Q
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Thus one looks for the solution of the Bingham problem {u,y,z} as
the saddle point of #:

u, = arg min mangv
{u,y,7} gereV na (Vs 8).

For a given ¢ and u the Lagrangian .# is not coercive with respect to
v. To make it coercive one may consider the augmented Lagrangian
Z:VxQxQ—R

LVt = LViyT) 1 / D) — yPdx, 1> 0.
Q

with some penalty parameter r > 0. For finding the saddle point of
%, one may use the Uzawa type algorithm suggested in [19]: For
given initial guess y°,7° and n=0,1,2,...

1. Find u™! € V such that
Lyt < L (v et
2. Find y™*! such that
Ly < £ (a0 ") Ve Q.

3. Set t"*1 := 7" 4+ 2r(D(u™!) — y™*1). It was proved in [19] that the
algorithm converges for all r > 0.

vv e U.

Based on the above Uzawa type algorithm for the continuous
Bingham problem we deduce below iterative method for solving
the following discrete Bingham problem:

— divyt, + Vi, = fr, (43)
divyu, + Gyp, = 0, (44)
Wyog, = up, (45)
where

th = 2uDpuy + T |g hl’ if |Djuy|0, 46)

lta| < Ts, if Dpuy| =

The iterative method for solving problem (43)-(46) reads:

Step 1: Given 3} € Q, and 1} € Q, find the solution uj*!, pi*! of
the discrete Stokes problem:

_ rAhu,’:“ 4 Vhpzﬂ

= div, (] — 2ry]) — (4 — Ap)W} + rVGrp} + fi, (47)
divpul*! + Gypt!' =0, (48)
Wylog, = up.

Step 2: Compute y}'!' € Q; via

0, if |7} + 2rDpul™!| < 1,

n+1
Yo = P r';JrZrD,,u”Jrl . (49)
(1 - \fx+2rDth“\> e Otherwise.
Step 3: Set
rfl“ =15+ 2r(D,,u”+1 yZH). (50)

If ||z"*1 — 1"|| > € for some € > 0 proceed with step 1.

Note that steps 2 and 3 of the algorithm amount to explicit
node-by-node calculations. On the step 1 one needs to solve the
discrete Stokes problem. Nowadays many iterative methods are
available to solve this problem efficiently, see, e.g. [4,30]. Proving
the convergence of the method (47)-(50) is beyond the scope of
this paper. The lemma below demonstrates that the fix point of
(47)-(50) is the solution to the finite-difference Bingham problem
(43)-(46)

Lemma9. Assume ||7]-! — || = O for alln > N. Then the triple vi*!,
ptl, 1 solves (43)-(46). Moreover, if (43)-(46) has a unique
solution then viI*1, pi*1, and <1 do not depend on the choice of the
penalty parameter r > 0.

Proof. The equality ||z}~' — z}|| = 0 and (50) imply
Dyvi = y}. (51)

Thanks to the condition (14) and relations (51) we can rewrite the
Egs. (47) and (48) in the following way:

— divyt) + Vippptt = £y — rAp(V) — Vi) + 1 VRGh(pl - piY), (52)
divy v 4+ Gyt = 0. (53)
Introduce the notation

Ty = = + 2rDyv . (54)
Taking (51) into account (for n + 1 instead of n) we get from (49)
D, (Vi) {O, if [Ty| < 75,
" (1 \ﬁ\) i

This relation is equivalent to

otherwise.

n+1
thh

DV if D0,

Ty =2(U+ 1DVt + 7o —1

[Th| < s, if [DpViT | =0

Due to (54) we obtain

2D 1, 2V i Dy <0,
[Dyv] ”+]| (35)

[t < Ts, if DpviH| =

Since f~! =1} the relation (55) yields Dyv} = D,v]'. Hence the
discrete Korn's inequality (21) and (22) imply v = v*!. Thus, we
get from (52) and (53)

- dthTZ + Vhsz = ff’h (56)
divyvit! + Gppp! = 0, (57)

Therefore, the triple vii*!, pi*!, ¢! satisfies the system of finite-differ-
enceEgs. (56)and (57) and constitutive relation (55), which is equiv-
alent to(43)-(46). Since the system (43)-(46) does not depend on the
parameter r, the uniqueness assumption ensures that the fix point of
the iterative method (47)-(50) is independent of r. O

Remark 10. The most computationally expensive part of the algo-
rithm is solving the discrete Stokes problem on step 1. The stability
results of the previous section allows a variety of iterative methods
to be used for this purpose. In our numerical experiments we use
preconditioned BiCGstab algorithm with the following block-trian-
gle preconditioner from [16]:

~ 4700
Ay = ' - |,
—leh Sh

where 4, is a preconditioner for the discrete Laplace operator and
Sy is a preconditioner for the pressure Schur complement matrix

= dith,ﬂVh + Gp. In our experiments we define A, as one
V(3,3) cycle of the standard multigrid method, providing a spectral
equivalent preconditioner of the optimal complexity [21]. Due to
estimates (33), which also holds with 2div,D,, replaced by 4, the
simple choice S, := I, gives an effective preconditioner for S,. Final-
ly we note that including inertia terms to the Bingham problem
would lead to the Oseen type problem on step 1, which can be trea-
ted within the same framework [16,26].
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5. Numerical results
5.1. The Stokes problem

We start with verifying convergence results for the finite-differ-
ence scheme applied to the Stokes problem. In this case it is easy to
prescribe an analytical solution. The following example from [6]
was used in 2D:

2y . 2m(e2Y -1 27m(e"1*-1)
£ sin (2,2771)) (1 —cos (ﬁ)) 58)
T X : 2m(e"1*-1) 2m(e"2Y-1)
_ﬁ (esl—l) Sln( o1 ><1 - COS( 21 >>’
i (ZRET 1)) 2w 1)
p =Trirzsin en — 1 S e —1
elixeray
X,
(en —1)(e=2 —1)

with r; =4,r, = 0.1. The solution (58) and (59) is illustrated in
Fig. 2, it simulates a rotating cavity vortex, whose center has coor-
dinates  (xo,¥5), Xo = 1/rilog((exp(r;) +1)/2)=0.842, y,=
1/r, log((exp(r2) + 1)/2)20.512 and maxe|u|~ 1. Hence a boundary
layer occurs near the right part of the boundary.

For the 3D problem we use the example from [9]:

u=

(59)

X+ x> +xy+x3y,
u=1q y+xy-+y>+x%y>%

—2z —3xz — 3yz — 5x%yz,
p=xyz+x’y*z—5./32.

(60)

Table 1 shows the discrete L, norms of the errors in the velocity and
pressure with the analytical solutions (58)-(60). The right column
shows the maximum number of iteration of the preconditioned
BiCGstab method, cf. Remark 10, which is needed to reduce the
residual of the Stokes problem (47) and (48) by the factor 107°.
The second order of convergence is observed for the velocity and al-
most the second order for the pressure, although only the O(h) the-
oretical bound was proved in the latter case. The performance of the
iterative method for the discrete Stokes problem was predicted to
be independent of the mesh size. This is confirmed by the numerical
results. In this numerical experiment and further on we use the sta-
bilization matrix G, from (10) with o = 0.25.

5.2. The Bingham problem

Observing the optimal convergence results for the Stokes prob-
lem we perform numerical experiments for the Bingham problem,
both in 2D and 3D cases. For all tests we use the algorithm (47)-
(50) with r =4 and the stopping criteria ||Dyul*! — 1| < 107

or a maximum of 1000 iterations. The Stokes problem (47) and
(48) is solved iteratively with u?, p" as an initial guess, these itera-
tions are performed until the residual decreases at least by the fac-
tor 1072, In all experiments we set u = 1 and vary 7,. We note that
the convergence of the algorithm (47)-(50) appears to be rather
slow and getting worse with the increase of 7 in all tests consid-
ered below, see, e.g. Table 2.

5.2.1. Analytical test

Unlike the Stoke case, not a lot of reasonable analytical solu-
tions are known for the Bingham problem. One is the flow between
two planes:

-2t if I -1, <y <+,
%[(1727:5 (1—27:5—2y)2},1f0 y<i-t,
Ja-20)-@y-20-1], if 1>y >3z, 6D
v=w=0,
p=—X

The rigid region consists of a constantly moving kernel for
1 -1, <y <l+7,. The yield stress 7, =0.5 is the critical value,
when the flow region disappears. The solution can be considered
in the 3D as well as in the 2D case.

For the computation domain we consider the unit cube (0,1)¢,
d = 2,3. The boundary conditions in (47) are prescribed based on
(61). In this setting Table 2 shows the convergence of the differ-
ence solution for the several values of ,: erry, err,, and err, denote
the L?-norms for velocity, pressure and stress tensor, respectively.
The norm of the error in pressure and the stress tensor was mea-
sured only in the flow region. Although some convergence deteri-
oration can be noted compared to the Stokes case, the order of
convergence is largely the same. In 2D the performance of the
scheme was found to be similar.

Table 1

Convergence of the FD solution and iteration number for the Stokes equations.

h I, = vall  logy izl i(p), —pull logy flBBil stiter
2D test

& 6.21e-3 2.03 1.14e-1 1.95 15

& 1.52e-3 2.00 2.96e-2 1.81 17

s 3.79e-4 2.01 8.46e-3 1.72 17

e 9.44e-5 2.57e-3 17
3D test

& 2.544e-4 1.95 8.141e-3 1.77 30

% 6.537e-5 1.99 2.393e-3 1.82 30

& 1.654e-5 6.776e-4 31

A \\\\\\\\\\\\
fi i ‘“\\*\\\\\\\ 0

\\\\\\\\\\\e\\e‘\
\

\
i 0 ‘\\R\\\

Fig. 2. Velocity and pressure from (58) and (59).
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Table 2

Convergence of the FD solution and iteration number for the 3D Bingham flow (61).

h erry err, err, #lIter eITy erry err, #lIter
T,=0 s =0.1

& 2.63e-4 5.19e-3 3.37e-3 7 2.98e-4 1.37e-2 5.79e-3 44

% 6.69e-5 1.50e-3 1.103e-3 7 7.37e-5 4.56e-3 2.57e-3 33

& 1.65e-5 3.84e-4 3.726e-4 7 2.01e-5 2.19e-4 1.63e-3 53
T, =02 s =03

* 291e-4 2.19e-2 9.56e-3 56 2.85e-4 3.86e-2 1.07e-3 153

> 7.72e-5 8.46e-3 4.88e-3 77 8.02e-5 1.22e-2 4.10e-3 156

& 1.99e-5 2.46e-3 1.55e-3 78 1.97e-5 4.01e-3 2.37e-3 138

0 01 02 03 04 05 06 07 0B 09 1
X

Fig. 3. Stream-function isolines, isobars and rigid zones, 2D problem. Upper pictures: 7; = 1 and 7; = 2; bottom: 7, = 5 and 7, = 10.

5.2.2. Driven cavity test

The next test is the two-dimensional and three-dimensional
driven-cavity problem: @ = (0,1)%, f =0, with u(x)|,_, =(1,0,0)
and homogeneous Dirichlet boundary conditions on the rest part
of the boundary. The solution has a non-physical singular behavior
in the upper corners, however, the problem serves as a standard
benchmark for incompressible CFD codes.

In Figs. 3 and 5 we show the stream-function isolines, isobars
and rigid zones for different values of 7, (h = 5i;). For finding rigid
zones we use the following criteria: |z, < (1 + €)7s, with an ad hoc
¢ =102 which is introduced to remove some oscillations of the
modula of the discrete stress tensor near the critical value ;. For
a better resolution of rigid zones one likely needs to refine adap-
tively the mesh near the interface between solid and fluid regions.

Not so many quantitative results for the Bingham driven cavity
flow can be found in the literature, so a somewhat limited compar-
ison with results form other papers can be made. Moreover, we
have not found any other results for the 3D Bingham driven cavity
flow except the paper [15], where the problem with periodic con-
ditions in y-direction was studied, thus the solution computed in
[15] is essentially two-dimensional. With these reservations we re-
mark that the shape and the position of the rigid zones in the 2D
case are in a good agreement with the results from [15,22,31] com-
puted with finite element approximations. The rigid regions are
growing when the stress yield increases. The results with stabilized
semi-staggered grid for a regularized cavity problem (not shown
here) are also close to those obtain with the MAC-type scheme in
[23]. We note some overlap of the center rigid zone and the
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values of u (0.5,y)
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Fig. 5. Rigid zones for the 3D cavity with 7, = 1,2,5,10. Left: xz-plane for y = 0.5; Right: yz-plane for x = 0.5.

Table 3

Position of the center and the vortex intensity for the 2D driven cavity.

s 0 1 2 5 10

Dmin —0.09980 —0.08978 —0.08233 —0.07881 —0.05697
Xm 0.50 0.50 0.50 0.50 0.50

Ym 0.7646 0.7881 0.8057 0.8350 0.8623

stream-function isolines. This phenomena can be also noted in the
result shown in other papers: [13,15,22,35].

Fig. 4 shows the velocity x-component profiles for x = 0.5. These
profiles are in a very good agreement with those found in [35] with
P1/P1 stabilized elements. Other quantities of interest are the min-
imum value of the stream function (vortex intensity) and the coor-
dinates of the vortex center. The computed values of these
quantities for various 7 are given in Table 3. For the Newtonian
flow (t; = 0) the present values are very close to the reference val-
ues ¢nin = —0.10007627, y,,, = 0,7644162 computed in [1,8] with
higher order methods. As the stress yield increases the vortex cen-
ter travels to the upper lid and its intensity decreases. The same
trend with similar values of the vortex intensity and position were
achieved in [22] using a finite element method. The computed rigid

regions for the 3D cavity problem are shown in Fig. 5 (h = &). The

regions are growing when the stress yield increases. The shape of
the center region is somewhat different from the 2D case.
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